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Abstract

Subsurface flows are influenced by the presence of faults and large frac-
tures which act as preferential paths or barriers for the flow. In literature
models were proposed to handle fractures in a porous medium as objects
of codimension 1. In this work we consider the case of a network of in-
tersecting fractures, with the aim of deriving physically consistent and ef-
fective interface conditions to impose at the intersection between fractures.
This new model accounts for the angle between fractures at the intersec-
tions and allows for jumps of pressure across the intersection. This latter
property permits to describe more accurately the flow when fractures are
characterised by different properties, than other models that impose pres-
sure continuity. The main mathematical properties of the model, derived
in the two-dimensional setting, are analysed. As concerns the numerical



discretization we allow the grids of the fractures to be independent, thus in
general non-matching at the intersection, by means of the extended finite
element method (XFEM), to increase the flexibility of the method in the
case of complex geometries characterized by a high number of fractures.

1 Introduction

The presence of fractures can largely influence the flow in porous media in geo-
physical applications. In particular, large fractures and faults can act, according
to their different permeabilities, as barriers of preferential paths to the flow. At
a different space scale micro fractures can alter, according to their density and
orientation, the overall permeability of the porous medium. Numerical simula-
tions of problems related to groundwater flow such as C'O4 storage, oil migration
and recovery or groundwater contamination should be able to account for the
presence of fractures to yield accurate results.

In the applications we are considering, the porous medium is usually character-
ized by the presence of several fractures that can intersect each other. Moreover
the characteristic thickness, or aperture, of the fractures is very small compared
to their length and, in particular, compared to the typical size of the domain
of interest. This geometric complexity makes the simulations particularly chal-
lenging for standard methods.

In [2, 13, 15] the authors proposed a model reduction strategy to overcome part
of the aforementioned problems by using a domain decomposition approach,
where fractures are represented as natural one-codimension interfaces inside the
porous domains. The proposed model can successfully reduce the number of
unknowns in the simulation since, instead of refining the grid to capture a thin
n-dimensional region we are replacing it with a n — 1-dimensional interface.
This approach, originally developed for the single-phase Darcy problem has been
successfully extended to passive transport in porous media [10] and to two-phase
flow [14, 11], with suitable reduced models to describe the flow in the fracture.
However the aforementioned works consider just the restricted case of non-
intersecting fractures, that completely cut the domain into two separated sub-
domains. In [4] this assumptions are relaxed to include fractures that do not cut
entirely the domain, i.e. fractures with tips immersed in the enclosing porous
medium, with the constraint of mesh conformity between the fractures and the
porous medium.

Realistic simulations in a three dimensional domain are presented in [3], where
suitable coupling conditions are imposed at the intersections between fractures.
In particular, the continuity of pressure and mass conservation are enforced.
These conditions however, also used in [2], may lead to inaccurate results if
two intersecting fractures have different characteristics, in particular different
permeabilities. In this case one may expect strong variations of pressure near the
intersection, thus pressure continuity does not seems an appropriate condition
to represent this behaviour in a model reduction approach.



In this work we focus on the development of a reduced model that generalizes the
coupling conditions of [3, 2] to account for different properties of the fractures
such as different permeabilities and thicknesses and to include the effect of the
intersection angle. The new coupling conditions allow for pressure and velocity
jumps at the intersection, similarly to the conditions derived in [15] for the
matrix-fracture system. Hence, we account for the fact that in a fracture system
one fracture can act as a barrier or a preferential path with respect to the
other. We analyse the resulting coupled system of equations to derive its well
posedness, and assess its conservation and positivity properties. Although the
analysis is focused on the two dimensional case, where fractures are modelled
as one dimensional manifolds. We propose a discretization method that allows
for non matching grids at the intersection points with the intent of providing
the maximal flexibility when dealing with complex networks. More precisely,
we employ an extended finite element (XFEM) strategy to treat intersecting
fractures.

We focus just on the fracture network neglecting the flow in the surrounding
medium. This choice can be regarded as an intermediate step for the devel-
opment of the fully coupled model with intersecting fractures immersed in a
permeable medium, but also as a reasonable approximation of realistic situa-
tions where the rock has low permeability and the flow occurs mainly through
the fracture network.

The paper is structured as follows. In Section 2 we introduce the governing equa-
tions and provide the setting for the derivation of the reduced model. In Section
3 the reduced model for the intersecting fractures is derived. The corresponding
weak formulation in mixed form and its analysis is presented in Section 4, while
in Section 5 we address the numerical discretization. In Section 6 we present
some numerical test cases to assess the theoretical properties of the model and
the discretization method. Finally, Section 7 is devoted to conclusions.

2 The governing equations

For the sake of simplicity, let us consider two intersecting fractures 21, 2o € R,
included in a domain of interest D C R™. The results illustrated in this section
may be extended rather easily to the case of several fractures, as the examples
in section 6 show. Furthermore, here we consider the case n = 2.

Following [15] we suppose that, for each €2;, there exists a non auto-intersecting
one dimensional manifold 7; of class C? such that ; may be defined as

QiZ{mER":m:s+Tni,S€’Yi7T€(—di;S)’di;S)>}v (1)

where d; € C?%(v;) is the thickness of Q; and m; the unit normal of ;. If ||
we assume that |v;| > d;, for i = 1,2. Furthermore, we assume that there exist



c1,c2 € RT, with ¢ “small”, such that
d@(s) > c, |d; (S)| < C9 VSE’}/Z' fori=1,2.

In other words, we assume that the thickness of the fracture varies slowly and
is small compared to the other dimensions of the fracture.

Remark 1 The requirement that v; be of class C? may be partially dispensed
with. Indeed, it is sufficient that v; be a piecewise C? curve.

We set I := 1 N Qy. We assume that each 2; can be subdivided into three
disjoint and non-empty sub-regions €2;1, (20 and I, i.e. a T shaped intersection
is not allowed. For convenience let us introduce the following sets, for i,j = 1, 2

Q= ﬁl Uﬁz’ v =71 U9, 'ip =y My and 8]1] =0InN 89,” (2)

It is implicit in this definitions that we assume that v; and ~» intersect each
other at a single point, indicated with 2,,. The extension to multiple intersection
is however straightforward, see Figure 1 for a more general case of multiples
fractures in two dimensions.

Figure 1: Example of a network of fractures and its subdivision (2).

We assume a Lipschitz-continuous boundary for both D and 2. We indicate
with n;;,ng and np the outward unit normals to dI;;, Q2 and 9D, respec-
tively. Here and in the sequel we indicate with the lower case subscripts ¢ and
1j the restriction of data and unknowns to €); or €2;;, respectively, and with the
subscript I the restriction to /. For instance, for u; in €);, u;; indicates the func-
tion in €);; such that u;; = ul|Q and so on. We are interested in computing the
steady pressure field p and the Velomty field w in the whole network €2, which
are governed by the Darcy problem formulated in §2; and I as

V-u = f: V- =
W= in Q; fori=1,2, w=t inl (3)
K, u;+Vp; =0 K; u;+Vpr=0

Here K; € [L* (Q)]"*" and K € [L* (Q)]"*" denote the permeability tensors,
which are symmetric and positive definite, and f € L? (2) is a source term which
represents a possible mass source.



We consider the following physical coupling conditions between I and Q\ I

{pij =DrI on 8[@' for 1,5 =1,2, (4)

Wjj - Nyj = UT * N
and the boundary conditions

u-ng=0 ond\aID,
p=g o7, (5)

u-np=>b onI™.

The first condition of (5) means that we are considering the fractures as im-
mersed in an impermeable medium D \ Q. In the remaining part of 92 we
impose boundary condition for the pressure on I'” with ¢ € H'/2 (I'?), or for
the flux on T% with b € H~1/2 (I'*). Moreover we require that TP # () and that
0€;; N 0D belongs to I'” or I'* for ¢, j = 1,2. Introducing the vector functional
space

Haiv () :={v € Haiy () : (v-mp—b, w) =0, Vw € Hjpru (Q)},

with H} pw (Q) := {w € H' (Q) : w=0in I'*}, we have the following standard
result for the Darcy problem, see [6, 16, 8].

Theorem 2.1 Under the given hypothesis of the data problem (3) coupled with
(4) and (5) is well posed. In particular we have (u,p) € Haiv (Q) x L2 ().

3 Derivation of a reduced model

The derivation of the reduced model follows the approach presented, in a different
framework, in [15]. We start by introducing a reduced model for each €2;, which
approximates the fracture with the line ~;.

We indicate the projection operators in the normal and tangential direction of ~;
as IN; := n;®n,; and T; := I — IN; respectively, with I the identity tensor. Given
two regular functions g and g, we define the tangential gradient and divergence
for each ~; as

V5ng:=TVg and V.- -q:=T;:Vq, (6)

respectively. We require that the permeability tensor K; in Q; \ I, i = 1,2,
can be written as K; = K; nIN; + K; - T;, with K; »,K; + € L™ (€;;) and
strictly positive. This is a reasonable request since we are assuming, in the two-
dimensional case, that the permeability tensor is diagonal in a frame of reference
that is aligned with the fracture. In the three dimensional case this assumption
also implies that the permeability should be isotropic in the tangent plane of the
fracture.



We indicate with the symbol * the reduced variables defined on ~;. In particular,
for any s; € «;, we introduce the reduced pressure p and velocity @ as

=

i

X > R 1 [%
wi(s;) = | Twi(si+rng)dr and pi(si) = — / . Pi(si+rn;)dr.

d;
(7)

iy i3
2 2

Moreover, the reduced source term f and the inverse of the scaled permeabilities
7, and 1) are defined as

di
2 di 1
(s;) 1= (s; +1rn;)d ;= : d i ’
fl(sl) _dzi fi (Sz r l) Ty My Ki,n an i diK¢77—

Using (7) and approximating I'* with 97 and I'' with 977, so that 9y* N
07? =0, we obtain the corresponding reduced boundary data from the last two
expressions of (5),

5 1
bij == / bij(o)do and §ij = m——— gij (o) do.
7 Joaynap 7710940 OD) Ja,nop )

Indeed, by the definition in (7) we have that @; - n; = 0 on ~;, i.e. u; is aligned
to the tangential plane.

The reduced model on each €);; is obtained by integrating 3 along the fracture
thickness and can then be written as

Vo, -t = f; . : @;-np =b; on ¥ ,
. . in ; \ ip, . ) » fori=1,2.
Nt + Vrpi =0 pi = gi on O/}

We derive now a reduced model for the flow in the intersecting region I in
order to find proper coupling conditions. To this aim, we assume that I can
be modelled as a quadrilateral with parallel sides, 4.e. the thicknesses d; can be
considered constant in I. Furthermore, we have assumed that the permeability
tensor K can be taken constant in I. Let us indicate with 7; the tangential
unit vector to v;, and with 7;; its value at ¢, and define d := d; sin 60—, with

sinf = \/1 — (71, '7'27ip)2~ Then |I| = djd}|sinf|. Note that 6 is the angle
between the two fractures at the intersection as shown in Figure 2. We can write
the intersecting region as

ds d*
I = {zc €Q:x =1+ 31714, + T2, Ti € <—2j, 23> fori=#£j = 1,2} ,

see Figure 2 for an example. The reduction process approximates I with 2,
and assumes that the fluxes @; and the pressures p; can be discontinuous at
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Figure 2: Example of an intersection.

ip. Thus, we denote with p; € R the reduced value of the pressure at the
intersection, defined as

1
pr = m/lp[ (x) de. (8)

The intersection point divides each line v; into two parts, ;1 and ;2 respectively,
where the indexes 1 and 2 refer to the orientation induced by the tangent vectors.
The double subscript 5, with i, 7 = 1,2, will then be used to indicate quantities
on ;. Furthermore, since u; is by definition aligned along ; we may write
’lli = U3 T3,
We can then define the jump and mean operator across i, as

a;1 + a2

lai]i, == ai —aiz  and  {ai}; = — for i=1,2.

Thanks to (4), it is reasonable to make the following assumptions,

.. 1 . .
/ ur ~ ;5 (ip)  and d*/ pr = pij (2p), fori,j=1,2.
ali]- 7 alij

Mass conservation implies that

2 2 A 1
;ﬂuk-rk]]ip =Jr with fr= /I I (@) da.

We integrate the first of (3) on I, approximating the integral involving the
velocity u; by the trapezoidal rule on each fracture, to find

2 2
-1, —1|I‘ L. S -1 Loy
/IKI ur ~ K; Q;dZ(Ulirukz):KI ’I’;dz{{uk}}ip-

Furthermore the integral of the gradient of the pressure p; in the intersection
can be written as

2
/Vpl =) 'n'ij/ pr =~ (P12 — P11) nadi + (P22 — P21) mads =
I oI,

ij=1
= —[p1]s,n2d] — [P2]s, 145



Then, we obtain

I Z d* = [p1]s,m2d] + [P2]s, 1 d5.

Multiplying the above relation by 71, or similarly by 75, using the identity d; =
ding - 7 and the fact the @; = (u; - ;)7 we obtain, for i =1 and 2,

I

2
|| . .
df Z d%f {ar -7}, = [pils, inip, (9)
k=1

e

where
I ._ T -1
M = Tig, K Ty (10)
If 41 and 9 are orthogonal and the permeability tensor K7 is such that
Kfl = 77717-112‘@ ® Tl”ip + 17727-271:1’ ® T271:P (11)

the coupling conditions (9) can be simplified yielding
dj .. . . . o,
nvid—i {a; - Ti}}ip = [pils, indy, fori,j=1,2, j#i.

To close the system we derive now a model for the pressure at the intersection.
For each fracture in the first half of the transversal section we approximate the
value of the pressure in %, by the following truncated Taylor expansion

%

pj (ip) = pr (@1) + 5/ Vpy (61) -7 with i # j, (12)

where 01 = i, — Tifld;/2 with & € [0, 1], see Figure 3. In the second transversal
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Figure 3: Example of a bi-dimensional intersection between two fractures.

section we approximate the value of the pressure in the intersection point %, by

*

d*
pj (ip) = p1 (z2) — éfo (02) -7 with i # j, (13)



where 63 = 4, + 7;§2d} /2 with & € [0, 1]. Using (3) and (4) we find

*

. kdj T -1
pj (&p) = pige + (=1)" 57 - K ur(6y)  for k=1,2. (14)

The values of w; in both 6, and 02 are unknown, therefore we express them by
the following convex combination for each fracture

1
3 (w21 +u2p) for & €0, 1],

1
5 (u272 + ’ll,271) for & € [O, 1].

ur (61) =&uii+(1—&)uia+
ur (02) = Suio + (1 —&)ur +

Using the previous expression for u; and integrating in I, equation (14) becomes

R . 4|1 /d; . R ~odi
pr=pin—T7, K [2 <] fail;, + {{U]}ip> + 50,17[[1%]]1',)] ;

b=t K5 (G e, U, ) - @af ol

where éOJg = (2§ — 1)/4 for k = 1,2. Finally using (9) and the fact that
pressure py is single valued, thus {y; = & for £ = 1,2, we obtain the last
coupling condition of our reduced model

> dj . . L

§Oinéﬂui -7ili, = {biks, —Pr indp, (15)

To sum up, the complete reduced model that describes the evolution of w;, p;
and py consists of the following system of partial differential equations

Vo - = fi, ) Q;-np=>b; on VY,
Vi i = oy \ip, {0 7 for i =1,2. (16)
nit; + VD =0, Pi = Ji on !,

and the coupling conditions for the fracture-fracture system for i # j = 1,2,

(2

Z[[ﬁk ~Tils, = [T,

k 1
2 nl, . 17)
Z ’k far - moh;, = [2ili, - (

z[z[[ul Tz]]zp = {{pz}} - Pr-

m\

If the intersection region has a high permeability then 771'13‘ ~ 0 and conditions
(17) reduce to those in [1, 3], i.e. continuity of pressure and mass conservation.
However, our model is more general as it allows for different choices of Ky, and
it is useful in practical situations where fractures have rather different perme-
abilities and may even act as barrier to the flow. This fact will be illustrated in
the section dedicated to numerical experimentation.



4 Weak formulation and functional setting

We describe here the functional setting for homogeneous essential boundary
conditions, .e. all possible b; are set to zero, since the non-homogeneous case
may be recovered by standard lifting techniques. For a given regular curve
v :(0,L) — R? with tangent T defined almost everywhere on v we define the
vector space

Hg () == {w € [LQ(’)/)]2 Ve weL*(y),w-n=0and w-np = O} ,
with norm

w3, ) = lwlZ2ey + 1V - w72,

Furthermore we assume here that elements of w € Hyg;(7) are aligned with ~,
i.e. for a w € Hyy(y) we have w = wr, with w € H'(y). We set Wi =
Hdiv (’71]) and Wl = Wil X W/L'Q with norm

lwilly, = lwitllyy,, + lwiallsy, + [wi - 7];, where w; = (wi1, wiz) € Wi

Let Qij = L2 (’}/U) and Qz = Qil X Qig, Qz may be identified with L2 (’71) We
set W := W7 x Wy with norm

iy = lwilfy, + [wallsy,, where w = (wi, w2) € W,
and Q := Q1 X Q2 X R with norm

lally == llailig, + llaz2llgy, + 43, where q= (a1, a2, 43) € Q.

All those spaces are in fact Hilbert spaces equipped with scalar products asso-
ciated with the chosen norms.

To obtain the weak formulation of (16) we take a test function ¢; € @Q; and
integrate on each branch +; ; the first equation in (16) to obtain, summing over

J

(vﬂ' - Ui, Qi)% = (fzu Qi>7 Vg, € Qi, 1 =1,2.

Taking then a test function w; € W; and integrating on each -; ; the second
equation in (16) we obtain
(Ditei, wi)., — (Pijs V- wi), + [Piwi - 7], + gi (wi -mp) gy =0
Yi Yi P 'Y”
ij: Oy 70
Yw; € Wi, i =1,2.

Note that we have integrated by parts the pressure term and used the natural
boundary conditions. Thanks to the identity [ab] = [a] {b} + {a} [b] we can

10



include the coupling conditions (17) substituting the expression of the pressure
jump and average in

[piwi - 7ils, =[pi]s, {wi - mi}; + £b:i}s, [wi - 7],

Introducing @ := (w1, 42) € W and p := (p1, p2, pr) € @ and summing over 17
the weak formulation of the coupled problem (16) and (17) can be now written
as: find (@, p) € W x @ such that

(18)

{A(a, w) + B, w) = F (w) Ywe W
B(g, ) = Q(q) Vq € Q.

The functionals and bilinear forms in (18) are defined as

2 2
Au, w) := Zai(ui, w;) + Z nin {u; -Tj}}ip {w; - Tj}}ip , (19a)
i=1

ij=1

i#]
2
B(g, w) =)  —(qi; Vi, - wi) 2,y + asfwi - 7], (19b)
=1
Flw)= Y —gi(wi np)lyy (19¢)
ij: 077, #0
2 ~ ~
Q(q) = ; —(fz‘, Qi)Lz(%) + f193. (19d)

The bilinear forms a; in A are given, for ¢, 5 = 1,2 and i # j, by

di ,»
. ~ I

ai(u, w) =i, w) 2, mn-df(foﬂu -1ili, [w- i, + fu-nd, fw o))
(20)

We have the following

Lemma 4.1 (Boundedness of A) There ezist a constant C € RT such that

[Au, w)| < Cllully |wlly,  Vu,we W.

Proof. Aisclearly a bilinear form on W. Since each u,; and w;; are aligned along v;;,

that is w;; = u;;7;, the request that w;; € Haiy(vi;) implies that u;; € H'(;;). Then

the boundedness of A can be obtained from the application Cauchy-Schwarz inequality

together with Sobolev embeddings and trace inequalities, by which we can finally state
that 3C € R* such that

A, w)] < Cllully @]y where € =C (il (0750 Amazs @ ¢ )

with d := ;11&)1<2 d;/d; and ¢, depends on the trace inequality constants for each ;;. O
i#j=1,

11



Lemma 4.2 (Coercivity of A) There exist a constant o € R™ such that
Alu, w) > aluly, Yu e Wy
where Wy :={w € W : B(q, w) =0, Vg € Q}.

Proof. By definition of B we have that a w € W) is characterised by V., - w;; = 0
almost everywhere on 7;; and [w; - 74];, = 0, for 4,7 = 1,2. Therefore, for a w € Wy

we have [Jwl|3, = 327, ||wi||2Lz(%_). Moreover, if w € W we have

Alw, w) i ]

773 /Qwi

2 2 d:
2
L2(v-)+ Z (ﬂzlzd] fwi -7 }; + 0 fwi - i}, fw; ~Tj}}1.p>.
Ydg=1 ¢
i#]
Let us introduce the vectors a; = \/m{{wl . Ti}ip T3, for 4,7 = 1,2 and j # ¢ and

the scalar product (a1, a2)x = a{K;lag. We recall the definition of nfj in (10) to note
that the last sum in the previous equality may be written as

(a1,a1)Kx + (a2,a2)k +2(a1,a2)xk = (a1 + az,a1 +az)x > 0.

Therefore, the wanted inequality is proved with o = infess 7(x). O
rEy1Uvy2

We indicate with M the set of indices ij corresponding to portions of fracture
where we impose pressure boundary conditions, that is

M = {(z, J): 4,7 =1,2 and 0v;; ﬂ@yfj # Q)} and ng:=tM.

Theorem 4.1 (Inf-sup condition) If ng > 0, then for all p € Q there exist a
w € W with w # 0 such that

for B € RT independent on p and w.

Proof. Given p = (p1, p2, pr) € Q@ we construct the following auxiliary problems.
For (i, j) € M we look for function ¢;; € H?(7;;) such that

—Var, (Ve dij) =Dij  in vy

0¢i;  Pr ; .

Sl = (1P ond, (21)
K3

gbij =0 on 8%]— n 875

with |y| = 3", |7i|. While, for all other values of the indices i and j we look for the ¢;;
solution of

*vﬂ: ’ (Vfi¢ij) = ﬁm in Yij

8¢z u
a‘rj =0 on dv;; N OV (22)
¢ij =0 on ip

12



Both problems are well posed and enjoy elliptic regularity.
We consider w;; = V,¢;;. We have, by construction, that the solution of (21) provides
at the intersection point 4,

br i
wij T = —(=1)7T 4. (23)
ng

For the solution of (22) by simple computations we derive that at ,

Wi - T = */ (*Ujﬂﬁz‘jd’% (24)

Yij

Furthermore,

2

L2 R A
Blp. w) = 3 Isliscy, +hlsh+ 3 [ pur
i,j=1 (i,5)eM ~ i

Thanks to Young’s inequality applied to the third term, we have that

2

1 2 . 2
B(p, w) > 5 Z HpinLz(%j) + o7 | = CHP”Qv
i,j=1

with ¢ = 1 min{1, |[y|}. Exploiting standard stability results for the solution of (21)
and (22), we infer that

2 2 2

2 2 . L2
Z ||'winL2(%j) = Z an@jnm(%j) <cC (p? + Z ||Pij||L2(%j)> )
i=1 i=1

i=1

moreover we have

2 2
2 2
D Ve wilai ) = DIV (Vi) (s, =
i=1 i=1

2 2
= _19il52(5,) < C (ﬁ + ||f’ij||izm>>
=1 =1

Thus, Zij ||wlj||%,v] < ||p||2Q Furthermore, [[wl]]fp < ”pZ”zL + p? because of (24) and
(23). In conclusion there exist a constant C' € RT such that [Jw|y, < C|pll,. This
result allows us to complete the proof. (I

Remark 2 The condition ng > 1 in the previous proof is needed, otherwise
we are not able to control the pressure pr. However, if all boundary conditions
are imposed on the wvelocity we are still able to find a solution provided that
the boundary velocity satisfy a global mass conservation. In this case, however,
pi; € L2(y) \ R and p; may take any arbitrary value.

Lemma 4.3 (Boundedness of F and Q) There exists C1,Cy € RT such that

[F(w)] < Cilwlly,  and |Q(g)] < Callally Y(w, ¢) € W x Q.

13



Proof. Let (i,j) € M, then (w;; - np) |s,» satisfies

[wij - mp| < |wis| |7i - np| < fwij| < Cyllwisll g,y < Coyllwigllw,, < Oy llwllw-
We have used the trace inequality for functions in H!. By summing over all (i,j) € M
we have

F(w)| £ max Gii| C-..) ||wl|v -

| (w)] < i P 0 (|ng‘ %J) l|wlly

Furthermore

RIOIED Ji

fi

2

vy lallzag + | lasl < (;\ . ]fID lallg-

t
Thanks to the previous results problem (18) is well posed, [6].
We state now a maximum principle for the continuous problem (18). It is well
know that the original problem in € Uy expressed by (3) satisfies a maximum
principle for the pressure. Namely, in the absence of the source terms f; and
fr a smooth pressure solution is always within the maximal and minimal value
taken at the boundary. We verify the conditions under which a similar property
is enjoyed by the solution of the reduced model.

Figure 4: Example of an intersection with the convention of the directions for
Theorem 4.2.

Theorem 4.2 (Maximum principle) In the case fi =0 and fr = 0, if the
permeability tensor K is isotropic and if the parameter & is such that
sin?(0)
4(dio+1)

d1,2 sin2(0)
(di2 +1) cos(6)’

< éy <
_50_4

where dy 2 = dy/da, then a mazimum principle is satisfied by problem (16) cou-
pled with (17). In particular, given a smooth solution p we have that all pressures
Dij 1 i, as well as pr are within the values taken by the pressure at boundaries

075 N OD.
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Proof. Let @ and j be a solution of the reduced model (16) with f; = 0 and f; = 0.
Each p;; enjoys the maximum principle on 7;;. To prove that this is the case also for the
global problem it is sufficient to prove that: (a) the reduced pressures in the fractures
at the intersection point can be expressed as convex combinations of the pressures at
the external boundaries; (b) the pressure p; is a convex combination of the pressures in
the fractures at the intersection.

The tangent vectors 7; are continuous at 2,,. Without loss of generality we choose a frame
of reference such that 71 o = (1 +m?)71[1, Fm] T, with m = tan6/2 and 0 < |m| < 1,
where 6 is the angle between fractures as Figure 4 shows. Moreover, since the numbering
of the fractures is arbitrary we suppose that d; 2 < 1. Since we have assumed that the
permeability tensor at the intersection K7 is isotropic we set K; = ;1.

Let us indicate with p,; the value of p;; at 4, and with g;; the value at the corresponding
external boundary point of 7;;. Then, by integrating (16), we get, referring to Figure 2,

Li; Lij
Pij — 9i5 = bi (Lij) — piz (0) = —/ Nl ds = _'&ij/ n;ds, (25)
0 0

where we have denoted with L;; the length of the j-th branch of 7;, and set 4;; = +4,-7;
with the convention that #;; is directed towards the intersection. Note that ;; is
constant because of the continuity equation and the absence of source term.

We introduce the following vectors p = [ﬁu,pw,ﬁm,pmf, g= [gll,glg,ggl,ggg]T and
u = [1211, 12, 21, '&22]T and matrix

L,jj
D = dlag {Dll,Dlg,Dgl,Dgg} Wlth Dij = —/ ﬁZdS
0

Relation (25) may be rewritten as
u=D"'(g—p). (26)
Moreover, by manipulating the interface conditions (17) we are able to write
Ap = u. (27)
Now we show that A is such that ker (A) = span ([1, 1,1, 1]T), and that —A is a Z-

matrix for some values of the parameter 50. The entries of the matrix can be written as
. -1
Aij = An,, [4 Eonrm?dsy (d% + d%)] , where Ay, read:

Ay = Ay = —dy (bo(d + dB)(1+m?)? + dim?)

Ay = Ay, = —dd7" (€ (& + BB) (1+m?)” + dim?)

Anys = Anyy = dy (& (6 + ) (14 m?)° — dm?)

Ay = ANy = Anay = Anay = da (b (@ + @B) (1= m?*) + dydom?)
Ay = ANy, = Aney = Angs = da (€0 (B + &) (1 = m) + didom?)

Ay, = Ay, = dBdi (G (& +d3) (14 m?)” - dim?)
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It can be verified directly that each row of the matrix sums to zero, which proves that
the kernel of the matrix contains the constant vector.

The diagonal elements of A are negative for any on > 0 therefore —A is a Z-matrix if
the off-diagonal elements of A are positive. It follows that the parameter éo must satisfy
the following system of inequalities

& > ! m* o> Atz m’
T B, + 1A+ m2) . = B, 1 (1 m2)? i
~ d1 2 m o dl 2 m
1—m?)& > ——— 1 —m2)é, < )
( m )50 - di2 + 1 (1 I m2) ( m )50 =~ diQ + 1 (1 n mz)

Since |m| < 1 the third inequality is satisfied for all fo and, since dj 2 < 1, the first

constraint is at least as restrictive as the second. The system can thus be rewritten as
sin?(6)

4(df, +1)

d172 sin2 (9)
(d7 5 +1) cos(6)

s&s4

We highlight that the bounds depends both on the angle § and on the ratio of the
thicknesses, but not on the permeability. Combining (27) and (26) we can write

(I+D_1A)p:g

Since D is negative and A has the aforementioned properties I+ D~ A is an M-matrix
whose rows sum to one, therefore the pressures p,; are convex combinations of the
boundary values g.

We need now to verify that pr is a convex combination of the p;;. Summing the two
interface conditions (17) we get p; = iZijzl Pij — fodiéni[i 32

i.j=1 Wij, which becomes

1
by using (27), pr = e¥ (41 - fodlén{iA) p, where el = [1,1,1,1]. Because of the

stated properties of A, the vector e’ (1/4I — §0di§ni1iA) has all positive entries which
sum to one, then p; is a convex combination of the pressures p, which completes the
proof. O

5 Numerical discretization

We still consider two fractures with a single intersection, the extension to more
general cases being straightforward. We discretize each curve ~;, i = 1,2 with
a polygonal line 73 ; with vertexes x; € v;, for k = 1,--- | Np,;, and x #
ip. Clearly, ;1 and x; y, , correspond the ends of the curve. For the sake of
notation, we indicate with the same symbol 7j, ; the polygonal line and the mesh
formed by the union of the line elements l;, = [x; 1, xx]. Moreover, we set
hi,k = |lz,k’ and hi = Imaxg h@k, while h = max(h1, hg).

Let If, be the curved element on ~; with the same end points of /;, € vy, ;. If
the mesh is fine enough there exists a unique mapping F; : v; — ~yp,; defined on
each l; ) € y4,; by

x=y— Di(ynp; for z €l and yelj.
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Here, ny, is the normal vector to 74 ;, which is piecewise constant in each [; ;, and
D;(y) := dist(y,vn,:).- The collection of the curved elements [, will be denoted
by v} ;» which geometrically coincides with v;. Because of the a{ssumptions made
on the regularity of v;, and in particular the boundedness on the curvature, we
have that |D(y)| = O (h?) for all y € v; . If we indicate with D; the rate of
variation of D;(y) along 74, we may note that the arc length measures on ~;
and vy, ; satisfy

dy; = (1+ D)V dy;.

We assume that the mesh is fine enough so that D; = O (h) and, in particular,
we have D; € L* (). By properly selecting the orientation of the curves we
have the useful relations

nni -1 =Di(1+ D)7V 1o = (1+ D)7V (28)

where 73, ; is the (piecewise constant) tangent vector of ;. Furthermore, we
have that (1 + D?)™'/2 = 14+ O (h). Let now f : v,; — R, we consider the
transformations P; given by

fe=Pif = foF. (29)

Clearly, f¢:v — R.
For a vector function v : vy, ; — R? aligned with Vhyis €. UV = UTp 4, We consider
instead the transformation P; given by

v'=Pv=(voF): Th,iTi = (vo Fi)Th: ® 7.

Lemma 5.1 Transformation P; is an isomorphism between H (yy,;) and H(v;),
while transformation P; is an isomorphism between Haiy(vhi) and Hgiv(7i).
Furthermore,

/ Vo, - vqdy = / Vo, - vqdy (30)
i Yh

3

for all ¢ € L*(vn4), v € Haiy(Vhi) with ¢¢ = Pig and v¢ = P;v, respectively.
Moreover, for each element Iy, ; of vh

|v‘rh’i : ’U‘Hl(lh,i) = HVT}L,ivTh,i : lezz(lh,i) S |v7-7, : UC|H1(ZE,1‘) + h”vﬂ : ’UCHLQ(I,CW.)
(31)

Proof. By standard integration rules

£ e0 = [ P = [ DY
vt Yh

3
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Thus,
2 o2 2
122 < NN L2 < Cull FllL2gy, (32)
with Cj, = 1+ O (h) > 1. By the same technique we prove that
2 o2 2
[0l 22(y, 00 S NV T2000) < ChllvllL2gy, ,)- (33)

We now note that if s and ¢ denote the arch length coordinates along ~; and s,
respectively, for a vector function v = vy, ; aligned along ~y;, ; we have the identities

dv . dve
Vo, v= yr and V. -v°= I (34)
Thus,
d’U [¢] -/—"z dU dt =9 _1/2
v = =——=(1+D; -
V"'z v dS dt dS ( + Z) VT}L,’L 'U7 (35)

since ds/dt = (1 + D?)Y/2. Consequently,

CthT””i ’ vHLQ(’Yh,i) < an ' UCHLZ(’H) = ||VT’” .UHLQ(’Y}L,’i)

where ¢, is a positive constant that behaves as ¢, = 1 — O (h). Combining this last
result with (32) we get

Ch”v”Hdiv('yh,,i) < ||vc||Hdiv(’Yz‘) < ChH’UHHdiV(A/hJ). <36)
Analogously,
dfe d,
V. fC= c{s 7 and V.  f= d—J;Th,i.
Thus,

. dfoF dt
Ve = dt ds

=1+ Df)_l/QV.,-,hif CThiTi

Taking the L? norm and applying the definition of the H!(7;;) semi-norm we obtain
Ch |f|H1(’Yh,i) < |fC|H1(%) < Ch |f|H1('Yh,i) ) (37)

As for (31) we use again the parametric representation to note that on each element j, ;

d d .
Vr Vs, "Uicwt = —(Vr, 'vicz,i)Ti - [(1 + D2)71/2vﬂm "Uh,z} Ti

ds T dt
. d2 DD d
_ 2\—1/2 % —— = o
- (1 + D7) 12 Uh,iTi 1+ D2)2 dtvh,sz =
. DD .
= (1 + DQ) 1/27'1' ® Th,iV,-h,iV-,-hyi . 'Uh,i — mv-n . vh,iTi7

where it is understood that quantities are computed on corresponding points on I}, ; and
In, and we have used (34) and (35). By taking the L? norm and using the fact that
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D = O (h) we obtain the wanted result. Finally, relation (30) is readily proved using
(35) and applying the usual integration rules. O
We are now in the position of setting up our discrete spaces. We start by defining,
fori=1,2,

RTo(Vh,i) = {w € Haiv () : w € P1(1), VI € iy w = wrp i, w € CO(yn,) }

Note that despite the fact that 73 ; is only piecewise continuous the tangential
component of elements of RTq(vp;) is continuous. We also remind that, since
we are treating problems on a one dimensional manifold, elements of Hgiy(Vp,)
have tangential component in H' and thus admit a continuous representative.
The degrees of freedom on RT¢(vy;) are indeed the values of w = w - 7, ; at the
mesh nodes. Correspondingly we have a set of basis function which we indicate
as {’(ﬁ@k, k= 1, ceey Nh,z’}-

To account for the discontinuity at the intersection we consider the points gp =
]-*ifl(ip) projection of 4, on vy ; and we enrich the space using the XFEM [12]
methodology.

More precisely, let Cp, ; = [x; k—1, @i k] be the element crossed by the projected in-
tersection point and x; 1 and x; 2 the characteristic functions of the sub-elements

li),(l = [@; -1, 1p) and li),(2 = [ip, T; 1), respectively. We consider the space

Ey(Yhi) = {Vn,i : Yhi = v{1¥ikXi1 + viaW¥ik-1Xi2}

The spaces RTy and E, have been defined on v, ;, we can then project them on
the curve and account for essential boundary conditions by defining

Wi = Pi(RTo(yni) ® Ep(vn,i)) N W;. (38)

Correspondingly, W}, ; = ’PZ_I(W}fZ) By construction, W}, ; C RTo(vyn:) @
E(vh4)-

Remark 3 The points fi_l(z'p) are in general different, unless the fractures ;
are straight lines, and Hfl_l(ip) - f{l(ip)H = O (h*) as h — 0. However, in
most practical situations fractures are almost straight and for a sufficiently fine
mesh the distance of the two projection is rather small. For this reason, and
for the sake of notation, we have used a unique symbol, i, for both projected

tersection points.
For the pressure we proceed by setting
Qni = {q € L* () : ali = qit, Y1 € Yni \ Chyis dley = GrXin + GaXi2} »

which is the extended space of piecewise constant functions on v, ;, and we lift it
to 74, by defining Qf , := P;(Qn,;). The space Qf, ; is in fact made by piecewise
constant functions on the curved mesh Vi i By’ construction, both W, ; and
Qn,; are broken spaces, i.e. 7

Whi=Whi x Wiy and Qpn; = Qpni1 X Qn 2,
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where W), ;; is the restriction of Wj; on 5, = P; ' (vi5), and we have that
Whij C Hgiv(7h,i5). Consequently, also Wy . and th can be written as

Wifz = Wif,z’l X wfz,z? and Qf, = Qi,z’l X Q%,a,
with W,fm C W;; and Qh” C Qij. Thus Wy, C Wi and Q5 ; C Q;. We define
Wg = W¢, x W¢, and Q5 = th1 X Qf 5 X ]R and analogously W), and Q.

We can now write the discrete weak formulation of the coupled problem (16)
and (17) as: find (uf, p;) € Wy x Qf, such that

A, )+ B, wf) = F (wh) vawf, € Wy )
B(qp,, uy,) = Q(q5,) Vqj, € Q-
We introduce the following weighted L? norm on functions of Lz(yhﬂ-)
Il = [ (1 D) utn (10)

which, is equivalent to the natural L? norm thanks to Lemma 5.1.
We define now the following problem on the polygonal lines approximating the
fractures: find (up, pr) € Wh x @Qp, such that

Ah(ﬁh, wh) + Bh(ﬁh, 'wh) =Fy ('wh) Ywy, € W, (41)
Bu(aqn, an) = Qn (qn) Yan € Qn,
where
Ap(up, wp) Zahz Upis Why) + Z Mg Qung - mhils fwni - Thily
=1
g
(42a)
2
Bh(qn, wy) == — Z (ahsi» Vo, - wh,i)Lz(%i) +g3[wni - il (42b)
i=1 '
Fn(w):= Y —giwp;-P;'np (42¢)
ij:awfﬂé@
2
Qn(q) := ; (fz o F L an z) ) + f1qs3- (42d)

Here, the bilinear forms ay; are defined as

ani(w, w) =i, w) 2y, +Z77 (50[[%@ il [wni - Thilly +

+ funi - mnal; {wna - Th,i}gp) with j # i.
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Lemma 5.2 Problem (39) is equivalent to (41) in the sense that if taken up, =
(up1,un2) € Wy and pr, = (q1,92,q91) € Qp is a solution of (41) then the
projections (Piup1, Poun2) € W and (Piq1,P2q2,qr) € Q5 are a solution of
(39). Vice versa, if 4§ = (ufhl,ufw) € W¢ and pj, = (qf,45,q1) € QF, is a
solution of (41) then (’Pfluﬁ’l,’Pgluﬁ’Q) € Wy, and (P q1, Py tqe,q1) € Qn
are a solution of (41).

Proof. It is sufficient to apply the definition of the discrete spaces and of the
transformations P; and P;, together with (30), (40) and apply Lemma 5.1. O

_Bh,2
B 1

)

==Ch2

=—Ch1

Figure 5: Subdivision of vy, ; = C; U Bj;.

Theorem 5.1 (Well posedness of the discrete problem) Under the same
conditions of Theorem 4.1, problem (39) is well posed.

Proof. We tackle problem (39) by considering the equivalent problem (41) instead.
First of all we note that thanks to Lemma 5.1 all bilinear forms and functionals in
(41) are bounded, since we have already demonstrated the boundedness of the ones
used in (39). We now note that W} ;; does in fact define a one dimensional RT finite
element space on the “extended grid” 4p.i; = (Yn,ij \ Chi) UL, and Qp 5 a piecewise
constant finite element space on 43 ;;. Therefore we can define a standard interpolation
Hij : Hdiv('?h,ij) — Whﬂjj and projection operators Tij - LQ(’?hﬂ‘j) — Qh,ij~ It is
known that in one dimension the two operator commute with the tangential divergence,
i.e. Vo, - 1jjv = 7m;V,, v, for all v € Haiy(Fn,i5)-

We can then repeat the same steps of Theorem 4.1 on problem (41), where now we take
as velocity field associated to a given g, ;; € Qn,i; the quantity vy ; = I;; V4, @5 to
prove the inf-sup stability of By,. O

Theorem 5.2 (Maximum principle) The mazimum principle is satisfied for
problem (39) under the same conditions of Theorem /.2.

Proof. Again we refer first to the equivalent problem (41). In the absence of source
term the second equation implies that V., ,up; = 0 on each element of the extended
grid 4y, ;5. Therefore wy, ;; = up,;;7h,: is constant. If for any couple 7, j we take as test
function wy, the function such that wy ;5 - 7,;; = 1 on all vertexes xj, internal to s i;
and zero at all other nodes of 7y, 1 U~y 2 and on the intersection point ’i\p, then by simple
computations, the first equation of (41) gives the following relation for the pressures
Ph,ij1 and ppij N, at the first and last element [, ;51 and Iy, ij n,; of Ynij,

Dh,ij, Ny — Dh,ij, 1t = _uh,ij/ iWh,ij - Th,ijdT.

Yh,ij
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Since wy, ;5 - Th,sj IS not negative, pp4; is thus varying monotonically at the interior
nodes of 45,;. Thus, also in this case we are left to prove the same conditions (a)
and (b) stated in Theorem 4.2, where now g = []A)hlel,ﬁh_’12,1,ﬁh721717]§h72,1]T and p =
[ﬁh,ll,Nh7I3h,,12,Nh7ﬁh,21,Nh,ﬁh,22,Nh]T. Since the interface conditions at the intersection
are unchanged from the continuous case we can repeat the same argument of the cited
theorem to conclude the proof for the solution of (41).

As for the solution of (39), it is sufficient to recall Lemma 5.2 and note that the elemental
values of the pressure are unchanged in the two problems and that the transformation
‘P; maintains monotonicity. O

Theorem 5.3 (Convergence) Let (i, p) solution of (18) with @; € H?*(v;)
and p; € H'(7;) and (45, p5) solution of (39), then
I — @y + 16— g < Ch (1l + 7lg)
where
2 2
~12 ~ 12 ~12 A2
|ty = Z Z Vr, 'U|H1(lg,i) and  |plg = Z 1Bl () -
=115 €75 =l
Proof. By standard results of saddle point problems [6, 8] we have that there exist

a constant C independent from h such that

u—1u + ||p — Py, 5( inf |4 — w} + inf ||p—gq; >

| illw + 16— pillg wibye | illw o 1P — dillg
We set P to be the composition of the operators P;, and operating on each portion of
7vi;j of the fractures. That is, for a wj, € W we have that Pwj = H?jzl Piw;; € Wi
Because of Lemma 5.1 we have

o= willy S [P~ @ —waly,

where wy, = P_l'w,cl € W;. We choose then on each vy ;, wp; = HI’P_l'&i, where II7}
is the extended RTy interpolant for the velocity field on described in [7], which is an
extension of that introduced in [5]. We can then apply the interpolation error bound
contained in the cited references with the results of Lemma 5.1 to obtain

2
H'P—lﬂ—whHWhSZ Z Uil [V, - Pl

1=11p,i€Yn,i

H(lp,:)°

Applying (31) and using the fact that ||V, ﬂHH(li  is bounded we obtain

inf 4 —wilw S hlaly, -
withye 12— Willw S Ry

We proceed analogously for the pressure term. We consider the transformation P

which maps (qi1,¢12,¢21,922,q1) € Qn to (Piqi1, P11z, P2go1, Paq22,q1) € Q5. We
have thanks to Lemma 5.1

1= dillo S P75 = anll,,, -
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We choose qr, = (qn11,4n,125 qn,21, Gn,22, qn,1) by applying the extended L? interpolant
7¢ defined in [7] on (P; 'qi1, P; *qi2), for i = 1,2, while we set g, 1 = g7. Using the
result of the interpolation error for this extended interpolant we have

2
1P —anlly, < SN0 al|P'p

1=11p, ;€Yn,i

HY(vn,i) °

We then apply (37) on each vy,;; to map back on the curve 7;; and obtain the wanted
result. (]

Remark 4 In the numerical setting we will solve the problem in the form given
by (41). Note that, since we use RTq finite elements we may replace the norm
L2 () with the (simpler to compute) norm L?(yp;). Indeed, since D = O (h)
by the application of the Strang Lemma to our problem we obtain a solution
converging with the same order of convergence.

6 Applicative examples

We present some numerical experiments to validate the proposed reduced model
and verify the theoretical results.

6.1 Model error

We start with an analysis to validate the reduced model presented in Section
3. We consider two rectilinear fractures v; and vy of thickness d; = 0.005
intersecting orthogonally. The fracture permeabilities are K1 » =1 and Ky » =
1072, respectively and in the intersection we have K; = 1072I. Thus, 7 acts
as a barrier for the other fracture. The scalar source term is set to zero in
both fractures and the shape parameter is taken as éo = 0.25. We impose only
essential boundary conditions, namely g11 =0, g12 =1, g2.1 = —1 and g2 2 = 1.
We want to compare the results obtained with the reduced model with a reference
solution obtained solving the complete two-dimensional problem with a very fine
two-dimensional grid of approximately 120 - 10® triangular elements.

We compare our reduced model with that proposed in [1, 3], where continuity
of pressure is assumed at the interface. The results are represented in Figure 6.
The solution of the two-dimensional problem is smooth in the intersection region
but nevertheless exhibits a steep pressure gradient due to the low permeability
imposed in 25 and in the intersection region. If we consider the reduced model
with the coupling conditions presented in [1, 3] the solution cannot not reproduce
this behaviour, while with the proposed conditions (17) we are able to replace
the pressure gradient of the 2D solution with a correct pressure jump at the
intersection and thus obtain the correct pressure gradient and flux in each branch
of the fractures.
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Figure 6: In the top-left figure p and a zoom near the intersection of (3) with
(4). In the top-right figure the solution of (16) with the conditions of [1, 3]. At
the bottom the solution (16) with (17). In the 1D simulations ~; is coloured in
blue and 73 in red.

We now consider the behaviour of our reduced model for different values of the
parameters. To this purpose we compare the pressure of the fractures at the in-
tersection point and the pressure in the intersection obtained solving the original
problem (3), (4) with the reduced pressures given by (7),(8). The solution of the
two-dimensional problem is computed again with a fine grid and the computed
pressure is averaged in the intersection region and on each edge of I to obtain
the values to compare with those produced by the reduced model.

Table 1: Comparison of the model error for different values of the slope m.
The two-dimensional mesh is formed by ~ 120k triangles, while both the mono-
dimensional meshes have ~ 50 segments.
m| =1 |m| =10 |m| =0.1

2D 1D erTrel 2D 1D erTrel 2D 1D erTrel
pr 0.494 | 0.493 0.2% 0.495 | 0.493 | 0.4% 0.495 | 0.493 | 0.4%
p1,1 | 0.366 | 0.327 | 10.7% 0.324 | 0.331 2.2% 0.314 | 0.324 | 3.2%
p1,2 | 0.624 | 0.663 | 6.25% 0.666 | 0.660 | 0.9% 0.676 | 0.666 1.2%
P21 | 0.492 | 0.478 | 2.85% || 0.639 | 0.642 | 0.5% 0.337 | 0.317 | 5.9%
P22 | 0.496 | 0.498 | 0.4% 0.351 | 0.334 | 4.8% 0.652 | 0.658 | 0.9%

We first consider the effect of the intersection angle. Let the two fractures
have slope +m respectively in the zy plane. We set K1 » = 1, Ky » = 1072,
K; = 1072I and d; = 1072. Table 1 shows the comparison of the pressures
for different values of m. The relative error err,. is computed as the ratio
between the difference of the corresponding pressures and the pressure of the bi-
dimensional grid. We can see that the errors are rather small and independent on
m. This indicates that reduced model is sound and capable of treating reasonable
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well intersections at different angle.

Table 2: Comparison of the model error for decreasing values of the thickness
d;. The spacing of the meshes are the same as in Table 1.
d; = 0.01 d; = 0.005 d; = 0.0025

2D 1D erryel 2D 1D errrel 2D 1D erryel
pI 0.495 | 0.494 | 0.2% 0.495 | 0.494 | 0.2% 0.495 | 0.495 -
p1,1 | 0.411 | 0.392 4.6% 0.45 0.437 2.9% 0.472 | 0.463 1.9%
P12 | 0.579 | 0.598 3.3% 0.54 0.553 2.4% 0.519 | 0.527 1.5%
P21 | 0.493 | 0.483 2% 0.494 | 0.485 1.8% 0.495 | 0.486 1.8%
P22 | 0.495 | 0.498 0.6% 0.495 | 0.498 0.6% 0.495 | 0.498 0.6%

Table 2 shows instead the relative errors when the thickness of the fractures
decreases. In this case we have taken K; = 50.57'I, i.e. the harmonic mean
of the K; r, and |m| = 1. Also in this case the errors are rather small and, as
we expected, they decrease when the thicknesses decrease. Even if this is not a
rigorous analysis of the model error, it gives numerical evidence of its asymptotic
behaviour with respect to the fracture thickness.

Finally we address some different choices to prescribe the permeability in the
intersection region. The choice should of course be driven by physical arguments.
For instance, if we assume that v, is “younger” then -, i.e. it was generated
after 2, than K should be equal to the Ki ,. Alternatively we can impose
a tensor Ky = Kyl that is the harmonic mean of K; -, if we suppose that
the properties of each ~; are mixed in I. Finally we can impose to K7, in the
direction aligned to each ~;, the value K; - obtaining a non-isotropic tensor Kr.
In Table 3 we compare the three choices for a system of two orthogonal fractures
of thickness d; = 0.01 and permeabilities K1, =1, Ko, = 10~%. This test is the
most critical for our reduced model. The best fit between the two dimensional
and our reduced model is obtained with the third strategy, imposing a non-
isotropic tensor at the intersection. In the other cases, the mismatch of the
pressure, particularly evident for pq 1, is due to the complex two-dimensional
pressure distribution in the intersection region I that the reduced model is not
able to reproduce in full.

Table 3: Comparison of the model error for different values of K;. The spacing
of the meshes are the same as in Table 1.
K[:sz-,—I K[ZKH KI:KT

2D 1D errrel 2D 1D erTrel 2D 1D ertrrel
pI 0.499 0.497 0.4% 0.500 | 0.499 0.2% 0.500 | 0.500 —
p1,1 | 0.0208 0.01 51.9% 0.029 | 0.019 | 34.5% 0.502 | 0.505 0.6%
D12 0.979 0.990 1.1% 0.971 | 0.981 1.1% 0.500 | 0.485 3%
D2,1 0.497 0.483 2.9% 0.498 | 0.488 2% 0.500 | 0.505 1%
D22 0.500 0.5024 0.5% 0.500 | 0.502 0.5% 0.500 | 0.505 1%
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6.2 Maximum principle

We want to verify, with numerical experiments, the bounds derived in Theorem
5.2 for the parameter éo that ensure the fulfilment of the maximum principle.
Let us consider two fractures of the same length L = 1 and thickness d; = 0.01
that intersect orthogonally. We set n; = 1 while in the intersection point we
consider an isotropic permeability tensor K; = 107*I. We impose pressure
as a boundary condition on all four end points, in particular we set g;1 = 0
and g;» = 1 for ¢ = 1,2. For this configuration, according to Theorem 5.2,
the maximum principle is satisfied if 50 > 1/8. Figure 7 shows the solution
we obtained with éo = 0, a value that does not satisfy the hypotheses: it is
clear that the maximum principle is violated, indeed the pressure inside the
domain exceeds 1 which is the maximum at the boundary. In the same figure
we represent the solution obtained with éo = 1/8, which satisfies the maximum
principle, as indicated by the theory.

Figure 7: In the left image éo is such that the maximum principle is not fulfilled,
while in the right is fulfilled.

In the first part of Table 4 we report the maximum value of pressure in the
domain for different &y to prove that the violation of the maximum principle
vanishes as we approach the theoretical bounds.

Table 4: Top values of max; p; for different éo in the orthogonal case, bottom for

the non-orthogonal case.
&o 0.025 0.05 0.075 0.1 0.125
max; p; | 1.022 1.003 | 0.996 | 0.992 0.990

&o 0 0.0025 | 0.005 | 0.0075 | 0.01
max;p; | 1.116 | 1.033 | 0.993 | 1.018 | 1.035

We then consider two fractures that intersect forming a small angle of 0.2rad. In
this case the bound on éo are 4.934-1073 < fo < 5.034 - 1073, We report in the
second part of Table 4 the maximum pressure in the domain for different éoz it
can be observed that 0.005 is indeed the only value for which the solution fulfils
the maximum principle. This numerical experiment points out the bounds are
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rather sharp.

6.3 Convergence rates

Let us consider two intersecting fractures described by equations

V3 V2
Nn={(y:y=z} and y={(z,y):y=1-2}, =€ [—27 TRk
The permeability of the fractures is K; » = 1 while K; = 0.011. Both fractures
have thickness d; = 0.01, the boundary conditions are g = [0, 1, 0, 1] and the
source term is set to f; = 0.01 only in v for x < 0. Finally choosing &y = i,
the exact solution is

2 13 5
_%+ES 56[0’1) ES 86[071)

p1(s) = | . Da(s) = 1
—1(1—3)4—1 se(1,2] —1(1—8)4—1 s € (1,2]

and py = 5/8. Figure 8 shows the errors computed with decreasing grid spacings.
The numerical results are in good agreement with theorem 5.3.

1072 - T TIITTI R TYrewrrp
[ S U I, B (et
10 + ”””” ””””” 1 |prn— D1l e
1074 Lot e —
s b V7 - (g, — )|
- \ o~ ali, |
10-¢ - ******* ********* 1 reference O (h) ——

0.01 0.05 0.1

Figure 8: Convergence rates for each pieces of the norm W and @. In the legend
we have indicated by ||-|| the L? norm.

Let us now consider the case of curved fractures to evaluate the error associated
with the approximation of geometry as piecewise linear. The two fractures are
now described by the following equations

n={y):x=0y=0} and
vo={(z,y): z=sinf,y=1+cosb}, 60¢c[-1,1].

We impose the same permeabilities, thicknesses, source term and boundary con-
ditions as in the previous case: since the arc length of the four branches is the
same we obtain the same exact solution. The errors obtained for different grid
spacings are reported in Figure 9. It can be observed that the error decreases
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linearly as in the case of straight fractures and the absolute values are compara-
ble, thus, if the grid size is small enough compared to the fracture curvature, the
approximation of geometry does not affect the quality of the numerical solution.

1072 R
I U R B b
R e 1 |brn— il St
10-4 *1 (|2, — @]
B e V7 (i — @)
P ‘ [ —als, 7| - =
1076 ' ”””” ********* i reference O(h) Em——

0.01 0.05 0.1
Figure 9: Convergence rates for the curve case.

6.4 Network of fractures

As already mentioned the method proposed in this paper can be applied to
networks composed by an arbitrary number of fractures. Let us consider a set of
three fractures <y; 23 characterized by the same permeability. Imposing g;1 =0
and g;2 = 1 for all ¢ we obtain the pressure distribution reported in Figure 10.
We now insert a new fracture 4 with lower permeability, and, following the
considerations of subsection 6.1, we impose in all the intersection with ~4 the
permeability of this latter. As shown in Figure 10 the solution obtained with the
classical model [1, 3] is everywhere continuous while the new coupling conditions
allow us to mimic the blocking nature of 4.

In realistic applications fractured porous media are often characterized by the
density and orientation of the fractures rather than by detailed information on
the geometry and properties of the single fracture. In this second test case we
consider a grid of Ny horizontal fractures and Ny fractures that form a variable
angle 6 with the horizontal ones. We impose homogeneous boundary conditions
for the pressure on all tips except for one where we set g1 » = 1 as shown in Figure
11 left. Figure 11 right shows the resulting pressure field for Ny = Ny = 5 and
0 = 80°. Thanks to the efficiency of the reduced one-dimensional model we are
able to analyse different configuration with a low computational cost. Figure
12 shows the value of the pressure in the centre of the network for different
orientations of the fractures, i.e. different angles 6, and for increasing density of
the vertical fractures in the orthogonal case. We can observe that as we increase
the number of fractures, thus the transmissibility of the network, the pressure
in the central point tends to an asymptotic value.
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Figure 10: Top-left: p; without 4. Top-right and bottom: p; with the classical
conditions and our model respectively.

/ / / / /
[Tl |
I

Figure 11: Left grid of fractures with the interesting point. Right simulation of
ten fractures with 8 = 80°.
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Figure 12: In the left p; for different values of the angle between the fractures.

In the right pr increasing the number of the fractures.
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7 Conclusions

In this paper we derived and analysed a reduced model for flow in a network
of fractures. The derivation is similar to that given in [15] and [7], yet here we
propose new coupling conditions to handle in a more realistic way the intersecting
fractures. These conditions takes into account the intersection angle and, by
allowing a discontinuous pressure at the interface they are capable of giving
accurate results also in the case where the permeability of the fractures are very
different. This is not the case for the coupling conditions in [3, 2]. This can
be relevant to applications since a fracture may sometimes act as a barrier or a
preferential path.

Well posedness analysis has been given for both the continuous and discrete prob-
lem and numerical experiments have been performed to validate the theoretical
results of convergence and positivity. The comparison with two dimensional
simulations on refined grids proved that the new coupling conditions give rea-
sonable accurate results, and they perform better than the classical one in the
case of impermeable fractures. We have also shown how the model can be used
to simulate more realistic configurations with the presence of several intersecting
fractures.

Further developments will consist in extending the analysis to the coupling be-
tween the network and the surrounding porous medium introduced in [9], to
obtain a complete framework for the simulation of mono-phase flow in presence
of an arbitrary set of fractures.

We have dealt only with two dimensional problems. However the derivation here
presented forms the basis for a similar reduced model in a three dimensional
setting. The main difficulty in the extension to three dimensional problems is
that the interface condition is not anymore an algebraic one, but it involves
the interaction with a one-dimensional model that describes the flow along the
intersection. This matter is the subject of ongoing work. Two dimensional
simulations have however, already an applicative relevance. They may be used
to better understand the behaviour of the flow in the presence of fractures and
drive, for instance, upscaling techniques.
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