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Abstract

We propose a new approach for developing continuum models �t to

describe the mechanical behavior of textiles. We develop a physically mo-

tivated model, based on the properties of the yarns, which can predict and

simulate the textile behavior. The approach relies on the selection of a

suitable topological model for the patch of the textile, coupled with consti-

tutive models for the yarn behavior. The textile structural con�guration is

related to the deformation through an energy functional, which depends on

both the macroscopic deformation and the distribution of internal nodes.

We determine the equilibrium positions of these latter, constrained to an

assigned macroscopic deformation. As a result, we derive a macroscopic

strain energy function, which reects the possibly nonlinear character of

the yarns as well as the anisotropy induced by the microscopic topological

pattern. By means of both analytical estimates and numerical experiments,

we show that our model is well suited for both academic test cases and real

industrial textiles, with particular emphasis on the tricot textile.
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1 Introduction

The purpose of this paper is to set up a model �t to investigate the relation
between the mechanical properties of the textile and its texture. In order to
achieve this objective we develop a multi-scale model for the textile structure,
which describes the behavior of the textile under a�ne deformations.

The mechanical behavior of even relatively simple plain-weave fabric is com-
plex due to the intricate interactions of the yarns forming the fabric mesostruc-
ture. Despite the many attempts to develop e�ective models for fabric behavior,
there is currently no widely accepted modeling approach that can accurately
capture all the important aspects of fabric deformation and e�ectively predict
both the macroscopic mechanical response of the fabric as well as the response
of the component yarns at the mesostructural level. This is due in part to the
variability of requirements for fabric models in di�erent applications. Specialized
fabric models employing various approaches have been proposed by researchers.

One of the simplest approaches is to homogenize the behavior of the underly-
ing mesostructure and to approximate the fabric as an anisotropic continuum. In
the framework of a continuum formulation, a woven fabric can be treated as an
anisotropic planar continuum with two preferred material directions. Homoge-
nized formulations for fabrics or fabric composite structures have been proposed
by a number of di�erent researchers. In [1, 5] elastoplastic anisotropic contin-
uum formulations for �lamentary networks are proposed. In [5, 6, 7] the authors
introduce a multiscale model for a fabric material. The model is based on the as-
sumption that on the macroscale the fabric behaves as a continuum membrane,
while on the microscale the properties of the microstructure are taken into ac-
count by a constitutive law derived by modeling a pair of overlapping crimped
yarns as extensible elasticae. Several further e�orts deal with the tensile prop-
erties of textile fabrics [9, 10, 11, 12]. In the above papers the authors compute
the biaxial tensile properties of the plain tricot starting from the structure of
the fabric and using some of the mechanical properties of the yarn. A consti-
tutive model for the mechanical behavior of textile fabrics has been proposed
in [3], where a new approach for developing continuum models for the mechan-
ical behavior of textile fabrics in planar deformation is proposed. Moreover, in
[3] a continuum model that can both simulate existing fabrics and predict the
behavior of novel fabrics based on the properties of the yarns and the weave is
considered.

In this paper, we present a new model for the mathematical and numerical
simulation of the structural properties of textiles. The model of the yarns inter-
action is derived from the equilibrium response of crossed yarns in contact. This
model is then used to derive the energy functional for the textile. The energy
functional depends on two types of variables. On the one hand, the macroscopic
deformation gradient provides the shape of the textile in the deformed con�gura-
tion. On the other hand, the internal nodes provide further degrees of freedom,
which aim at minimizing the elastic energy of the joining yarns.
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The e�ective energy functional of the macroscopic textile is obtained by
minimizing the internal degrees of freedom, that is, by assuming that the internal
nodes are immediately able to adjust to the new microscopic panorama induced
by the macroscopic deformations. In this minimization process the topology of
the texture plays a crucial role: in order to bring the texture properties into
light, we introduce and compute a texture tensor, which determines the elastic
response of the textile. The eigenvalues of such a tensor are the key ingredients in
the model we develop: their assessment allows to obtain a quantitative measure
of the isotropic or anisotropic character of the textile, and they further provide
a measure of the rigidity of the textile response, as a function of the macroscopic
deformation.

The constitutive law which governs the yarn elastic response determines the
possibly nonlinear character of the textile. We �rst consider a linear constitutive
equation for the yarns. In this particular case, we show that the texture tensor
is constant, in the sense that it only depends on the texture topology, and not
on the deformation. Then, in order to deal with more realistic cases, we also
take into account nonlinear constitutive equations for the yarns, and in this is
case, the macroscopic properties of the textile become strain-dependent.

A major point in the model we propose deals with the determination of the
position of the internal nodes that minimize the energy functional. To this end
we apply the Nelder-Mead algorithm [4, 8], a classical numerical direct search
method for multidimensional unconstrained minimization. The numerical results
for academic textiles patterns ascertain the accuracy of the method. We next
apply our algorithm to more realistic cases, in particular to the tricot textile. The
results we obtain con�rm that the model is well suited for practical applications.

The outline of the paper is as follows. In Section 2 we present our model
and discuss the properties of the energy minimizers. The numerical algorithm is
discussed in Section 3; in Section 4 we present the results of a number of numer-
ical experiments, which aim both at validating and using our model. Finally, in
Section 5 we draw some conclusions and discuss further research perspectives.

2 Mathematical Model

The approach to textile modeling proposed here is based on a point of view which
is both continuum and discrete, since we de�ne an elastic energy associated to a
deformation of a given patch of textile through minimization of the total strain
energy associated with the (rectilinear) pieces of yarns which crisscross the given
patch.

In this section we introduce the appropriate terminology and describe the
conceptual framework of our approach. A piece of textile with shape P0 (such
as a square or a rectangle) is given in a reference con�guration. However, we
do not look at the material as continuous but, rather, as formed by a discrete
network of one-dimensional segments of two (possibly di�erent) types of yarns,
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which are under tension and obey an elastic constitutive equation, to be speci�ed
later on. Each yarn crosses the region P0 changing direction at points which we
identify as knots, where di�erent types of yarns are tied together. A sort of \no
slip" condition holds at each knot, so that a piece of straight yarn connecting
two adjacent knots is composed always of the same material elements (in other
words: we assume in�nite friction at knots).

A homogeneous deformation with gradient F may be assigned to a given
subset R of knots, which we think of as being on the boundary of the given patch.
Let P = FP0. The deformation described by F prescribes the displacement of
the knots in this set R, while the �nal position of the remaining knots in the
patch P is computed through minimization of the total strain energy associated
to the pieces of yarns connecting adjacent knots. The topology of the piece of
fabric under scrutiny is taken into consideration at this level. In other words, in
this analysis a relevant goal is the deduction of the macroscopic (i.e., continuous)
properties from the description of one-dimensional pieces of yarn.

We now introduce some necessary terminology and notation. First of all we
only discuss fabric which is composed by two possibly di�erent types of yarns,
denoted as I and II or sometimes as red and blue (the situation in which more
than two types of yarns are present would be described by a straighforward
extension). Of course, we shall assume that yarns I and II might have di�erent
mechanical properties but we take them to be homogeneous along their whole
length. We think of each piece of yarn which crosses the given patch of textile
as \coming in" from a given knot and \going out" from another knot. Thus,
each segment of yarn I or II connecting directly two knots has an orientation.

We denote the position of knots which are present in the reference con�gu-
ration of patch P0 by p and index them as pi, with i 2 N := f1; 2; 3; : : : ; Ng.
Next, we say that knot pi is directly I-connected (resp. II-connected) to knot pj
if there is a piece of yarn I (resp. II) which goes from pi to pj . A visualization
of a patch of textile we have in mind is shown in Figure 1. It also evidences a
common property in textile patches, that is, the presence of a basic cell whose
replication allows to cover the complete region P0.

For later use it is useful to create two sets of pair of indexes (i; j) 2 N �N .
We let CI (resp. CII) be the set of pairs (i; j) 2 N �N such that: (1) i 6= j; (2)
pi is directly I-connected to pj (resp. II-connected). We list as many copies of
a given pair (i; j) in CI as there are yarns of type I directly connecting pi to pj ,
and we do the same for CII.

Without loss of generality we consider homegeneous deformations which leave
the origin �xed and are described by x = Fp, where F is a tensor with positive
determinant and Cartesian components

F =

�
a b
c d

�
:

The coordinates of the position vectors of points p and x are given by p = [X;Y ],
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Figure 1: An example of reference con�guration P0. The basic periodicity cell
is evidenced in gray.

(0, 0) (1, 0)

(1, 1)(0, 1)

(0, 0)

(a, b)

(a + c, b + d)

(c, d)

F

(Xi, Yi) (xi, yi)

Figure 2: A homogeneous �nite deformation.

x = [x; y], so that we may write(
x = aX + bY;

y = cX + dY;

a deformation which we visualize in Figure 2.
The subset of knots p on which F acts is written as R and its typical element

as r. We think of points r as being held �xed by some sort of external device
after the deformation F is applied, which is then viewed as a constraint. The
remaining set of knots, which we collectively denote through the letter q, are
then free to move and to adjust their position in order to minimize a strain
energy which is associated to yarns I and II. For better clarity we write y for
the present position of points r 2 R (whose position in space is determined by
F), and we write w for the present position of points q, which are free to move
around.

Each piece of yarn I and II directly connecting two adjacent knots has a
strain energy which we take to be a prescribed function of the distance between
them. More precisely,

UI(jxi � xj j); (i; j) 2 CI; UII(jxi � xj j); (i; j) 2 CII:

where functions UI and UII may be di�erent, since they may describe yarns with
di�erent material properties.
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The total strain energy is computed as

U(x) :=
X

(i;j)2CI

UI(jxi � xj j) +
X

(i;j)2CII

UII(jxi � xj j): (1)

Notice that the totality of points x is formed by two di�erent subsets: points
y whose position is prescribed by F, and are thus not free to move, and points
w which try to get to a position which minimizes the total strain energy. It is
therefore sometimes convenient to think of U(x) as a function U(w;y) of two
sets of variables, where y = Fr. (For the sake of simplicity we omit indexes
when a whole set of points is taken into consideration.)

The elastic strain energy for patch P0 associated with the deformation F is
de�ned as

E(F) = min
w

U(w;Fr): (2)

The density of elastic energy (per unit of surface) is obtained from E(F) through
a division by A(P0), the area of the given patch P0 in the reference con�guration,
and is thus de�ned as

W (F) := E(F)=A(P0): (3)

We have thus reached the key point of our model. The fabric under discussion
is viewed as an elastic (two-dimensional) continuum, where the stored energy for
a given strain tensor F is computed from the mechanical constitutive equations
for yarns I and II, which are knitted together according to some topological rules
and, at a smaller scale, make up the essential and real structure of the textile
to be modelled. In this paper we present some numerical experiments with yarn
strain energies UI and UII both linear and nonlinear, which are meant to check
that relevant results can be derived.

2.1 Linear yarns

First of all we investigate linearly elastic yarns, for which we choose

UI(xi;xj) =
1

2
KIjxi � xj j

2; (i; j) 2 CI;

UII(xi;xj) =
1

2
KIIjxi � xj j

2; (i; j) 2 CII;

(4)

where KI and KII are the elastic constants of yarns I and II. Each straight piece
of the yarns, connecting two adjacent knots, is thus viewed as a simple linearly
elastic spring.

After the introduction of Cartesian coordinates of points xi = (xi; yi) the
total strain energy U(x) can be written as

U(x) =
X

(i;j)2CI

1

2
KI(xi � xj)

2 +
X

(i;j)2CII

1

2
KII(xi � xj)

2

=
X

(i;j)2CI

1

2
KI

�
(xi � xj)

2 + (yi � yj)
2
�
+

X
(i;j)2CII

1

2
KII

�
(xi � xj)

2 + (yi � yj)
2
�
:
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The following Proposition shows that, in the linear case, it is possible to
carry out the minimization process which provides the equilibrium positions w
of the free knots when the restricted nodes are transformed through F.

Proposition 2.1 Let fpig denote the equilibrium positions of the knots in the
reference con�guration ( i.e., when F = I). Then, the equilibrium con�guration
when F acts on the restricted knots is simply obtained by transforming through
F the reference equilibrium positions. In other words, the minimum of U(w;Fr)
is attained when w = Fp.

Let further C := FTF be the (symmetric and positive de�nite) right Cauchy-
Green strain tensor [2], and � be the (symmetric and positive semi-de�nite)
texture tensor, de�ned as

�(p) :=
X

(i;j)2CI

KI(pi � pj)
 (pi � pj) +
X

(i;j)2CII

KII(pi � pj)
 (pi � pj); (5)

where 
 denotes the standard tensor product. Then,

E(C) =
1

2
C �� and �S = �=A(P0); (6)

where �S is the second Piola-Kirchho� stress tensor, de�ned in terms of S and
T (the �rst Piola-Kirchho� and the Cauchy stress tensor, respectively) as [2]

�S = F�1S = (detF)F�1TF�T : (7)

Proof. The position of points q which minimizes the total energy U(p) =
U(q; r) in the reference con�guration is such that the resultant force acting on
each point is null. In the linear model this force can be written as

f(qi) =
X

j2CI(i)

KI(pj � qi) +
X

j2CII(i)

KII(pj � qi);

where CI(i) is the collection of all j such that (i; j) or (j; i) belongs to CI (a
similar de�nition holds for CII(i)). Then, obviously, if we apply F to all points
we obtain

f(Fqi) =
X

j2CI(i)

KI(Fpj � Fqi) +
X

j2CII(i)

KII(Fpj � Fqi);

and, in view of linearity,

f(Fqi) =
X

j2CI(i)

KIF(pj � qi) +
X

j2CII(i)

KIIF(pj � qi) = Ff(qi):

In particular, if the total force acting on node qi is zero for F = I, then it also
vanishes in a con�guration obtained applying F to all points, which proves our
�rst assertion.
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Moreover, if we let x = Fp, we deduce that U(x) = U(Fp) can be written
as

2U(x) =
X

(i;j)2CI

KI(xi � xj)
2 +

X
(i;j)2CII

KII(xi � xj)
2

=
X

(i;j)2CI

KI(Fpi � Fpj) � (Fpi � Fpj)

+
X

(i;j)2CII

KII(Fpi � Fpj) � (Fpi � Fpj)

=
X

(i;j)2CI

KIF(pi � pj) � F(pi � pj) +
X

(i;j)2CII

KIIF(pi � pj) � F(pi � pj)

=
X

(i;j)2CI

KIF
TF(pi � pj) � (pi � pj) +

X
(i;j)2CII

KIIF
TF(pi � pj) � (pi � pj):

In view of the identity Ca �b = C �a
b, the expression for U(x) can be written
as

2U(x) =
X

(i;j)2CI

KIC(pi � pj) � (pi � pj) +
X

(i;j)2CII

KIIC(pi � pj) � (pi � pj)

= C �

� X
(i;j)2CI

KI(pi � pj)
 (pi � pj) +
X

(i;j)2CII

KII(pi � pj)
 (pi � pj)

�
:

If we now de�ne the texture tensor � as in (5), the energy corresponding to
the equilibrium con�guration for a prescribed F can be computed as U(x) =
1
2C � �(p). When points q (which are free to move) are in the equilibrium
con�guration q�, while points r are �xed by some external constraint, we have
E(C) = 1

2C ��(p). (We remark that, because of frame-indi�erence, it is to be
expected that the strain energy is a function of the strain tensor C, rather than
of F alone.)

The strain energy per unit surface W determines the second Piola-Kirchho�
stress tensor �S through [2]

�S = 2
@W

@C
: (8)

From W (C) = E(C)=A(P0) =
1
2C ��(p)=A(P0), we compute

@W

@C
=

1

2
�=A(P0):

In view of (8), we conclude that �S = �=A(P0), which completes the proof. �

We remark that, in this linear case, the texture tensor can be derived by de-
termining the equilibrium positions of the knots q in the reference con�guration.
Thus, the detailed knowledge of the equilibrium reference con�guration allows
to determine the strain energy and the stress tensors for any other con�guration
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obtained through F. In particular, for m the unit normal pointing outwards
from a region, the vector F�Sm = �m=A(P0) is the force per unit length acting
on the boundary, as measured in the reference con�guration.

Equation (6) shows that the second Piola-Kirchho� stress tensor is propor-
tional to the texture tensor. In particular, it is constant, in the sense that it
does not depend on the strain. Nevertheless, this does by no means imply that
the traction necessary to obtain a prescribed deformation does not depend on
the strain itself. Indeed, if we invert equation (7), and then make use of (6), we
can prove that

T(F) =
1

A(P)
F�FT ; since A(P) = A(P0) detF:

We note that a homothety does not a�ect the stress tensor, since the deformation
gradient is simply multiplied by the dilation factor, and the area scales as the
square of the dilation factor itself. This fact is a consequence of the absence of
any intrinsic length in the de�nition of the quadratic potential (4).

We can give a precise meaning to the components of tensor � as normal and
shear stresses. Moreover, notice that the material symmetry of the strain energy
W (C) can be computed from the action of the rotation group on �. Indeed, for
a rotation Q of the reference con�guration we have that F 7! F� := FQ and, as
a consequence, C 7! C� := QTCQ. Thus, W (C�) = QTCQ � � = C �Q�QT

and W (C�) =W (C), for all F, if and only if

� = Q�QT : (9)

In conclusion, the symmetry group of W (C) is the set of all rotations Q such
that (9) holds.

Remark 2.1 A symmetric tensor � on a two dimensional vector space has only
two possibilities:

(a) the eigenvalues are equal, and so � is a multiple of the identity and the
material is isotropic, since (9) is satis�ed by any rotation Q;

(b) the eigenvalues are di�erent and the material is orthotropic respect to the
material directions corresponding to the orthogonal eigenvectors of �.

We identify the Cartesian components of the symmetric tensor � through

� =

�
�11 �12
�21 �22

�
(10)
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and, in view of de�nition (5), we easily compute them as

�11 =
X

(i;j)2CI

KI

�
Xi �Xj

�2
+

X
(i;j)2CII

KII

�
Xi �Xj

�2
;

�12 = �21 =
X

(i;j)2CI

KI

�
Xi �Xj

�
(Yi � Yj) +

X
(i;j)2CII

KII (Xi �Xj) (Yi � Yj) ;

�22 =
X

(i;j)2CI

KI

�
Yi � Yj

�2
+

X
(i;j)2CII

KII

�
Yi � Yj

�2
:

where pi = (Xi; Yi).

Remark 2.2 The eigenvalues �max and �min of � are useful for describing the
elastic properties of the patch of fabric under exam, since they essentially coin-
cide with the principal stresses. We can easily and explicitly compute the maxi-
mum and minimum eigenvalue as the real roots of the characteristic equation of
�. The eigenvectors then correspond to the direction of principal stresses of the
tensor �S.

2.2 Nonlinear yarns

We now move a step forward, and take into account nonlinear generalizations of
the yarn energy. The equilibrium energy per unit surface W , as de�ned in (2)
and (3), is now to be computed through a minimization process over the possible
positions wi of the unconstrained knots, for any �xed value of the deformation
F acting on the knots rj , once a choice of the topological structure of the yarn
connections among knots has been made. The situation is now signi�cantly more
complex than in the linear case and numerical experiments become necessary to
obtain both qualitative and quantitative information on any given fabric.

In the following we will show how we can extract from the results of the
numerical simulations the mechanical properties of the possibly nonlinear and
anisotropic materials. First, we show how suitable derivatives of the density of
elastic energy help us in reconstructing the second Piola-Kirchho� stress ten-
sor �S. Next, we derive from it the Cauchy stress tensor T, which eventually
determines how the elastic response of the textile depends on the imposed de-
formation.

Let F0 represent a �nite deformation with respect to the reference con�gura-
tion. For any given tensorU, we de�ne the one-parameter family of deformations
FU(t) = F0+ tU, with t 2 [0; �t]. When �t is su�ciently small, detFU(t) 6= 0, and
thus FU(t) represents another admissible deformation. We denote by WU(t)
the density of elastic energy obtained by optimizing the position of the internal
nodes when the deformation FU(t) is applied on the constrained knots. The
following proposition relates the second Piola-Kirchho� stress tensor to WU(t).

Proposition 2.2 Let WU(t) be de�ned as above in terms of the deformation
FU(t). Let further �S be the second Piola-Kirchho� stress tensor associated with
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(0, 0) (1, 0)

(1, 1)(0, 1)

rj (0, 0) (a, 0)

(a, 1)(0, 1)

Frj

qi wi

Figure 3: A family of pure stretches parametrized by a.

the deformation F0. Then

_WU(0) = �S � sym(FT
0U); (11)

where a dot denotes di�erentiation with respect to the parameter t.

Proof. Let FU(t) = F0 + tU. Then CU(t) = FT
U
(t)FU(t), so that

_CU(0) = FT
0U+UTF0 = 2 sym(FT

0U):

Then, by using (8) we obtain

_WU(0) =
@WU
@C

� _CU(0) = �S(F0) � sym(FT
0U): �

The repeated application of equation (11), with suitable choices of the tensor
U, allows to arrive at the complete expression of �S:

U1 = F�T
0

�
ex 
 ex

�
) �S11 = _WU1

(0)

U2 = F�T
0

�
ex 
 ey

�
) �S12 = _WU2

(0) = S21 (12)

U3 = F�T
0

�
ey 
 ey

�
) �S22 = _WU3

(0);

where fex; eyg are the unit vectors of the Cartesian basis. Once �S has been
obtained, the Cauchy stress tensor may be obtained from (7)

T =
1

detF0
F0

�SFT
0 : (13)

To better illustrate the above procedure, we now explicitly consider the case
in which F0 is a uniaxial extension, which represents the most common exper-
iment, both in numerical simulations and in real applications. We consider a
square patch and apply a pure stretch in the direction of the x axis

F0 = a ex 
 ex + ey 
 ey : (14)

We remind that F0 is to be interpreted as a constraint on the position of the
boundary knots when determining the equilibrium con�guration of the set of free
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knots wi, according to the topological structure of the textile patch. In Figure 3
the dots on the boundary correspond to points whose position is constrained by
the homogeneous deformation F0, while qi and wi describe points which, in the
present con�guration, adjust their position in order to minimize the energy U .
From (12) and (14) we obtain

U1 = a�1 ex 
 ex; U2 = a�1 ex 
 ey; U3 = ey 
 ey:

Once the above tensors have been used to compute _WUi
(0), equations (12) and

(13) provide

�S = _WU1
(0) ex 
 ex + _WU2

(0)
�
ex 
 ey + ey 
 ex

�
+ _WU3

(0) ey 
 ey

T = a _WU1
(0) ex 
 ex + _WU2

(0)
�
ex 
 ey + ey 
 ex

�
+ a�1 _WU3

(0) ey 
 ey:
(15)

The Cauchy stress tensor completely characterizes the mechanical properties
of the textile after the deformation F0. We will, in particular, trace the behaviour
of the principal stresses, that is the eigenvalues of T. Their average will evidence
the hardening character of the typical nonlinear responses, while their relative
di�erence will be a measure of the anisotropy of the material.

3 Numerical Discretization

In this section we discuss the issue of the numerical approximation of the follow-
ing problem: �nd the position of internal nodes such that the energy functional
(1) is minimized. Such a problem is an unconstrained optimization problem, and
in order to e�ciently solve it we make use of the Nelder-Mead algorithm which
is an iterative method for minimizing a real-valued function f(x), x 2 Rn, that
is, �nd x� 2 Rn such that f (x�) � f (x) for all x 2 I (x�), with I (x�) a suitable
neighborhood of x�.

We describe the algorithm in the bi-dimensional case we are addressing, i.e.,
n = 2.

Given an initial guess, at the k-th iteration, we assume that the points x
(k)
j 2

R
2, j = 1; 2; 3 that are the vertices of a non-degenerate simplex �k are available,

then the Nelder-Mead algorithm computes the vertices x
(k)
j+1, j = 1; 2; 3, as

follows.

Algorithm 3.1

1. Order the three vertices x
(k)
1 , x

(k)
2 , x

(k)
3 to satisfy

f(x
(k)
1 ) � f(x

(k)
2 ) � f(x

(k)
3 ):

2. Let x
(k)
b := (x

(k)
1 + x

(k)
2 + x

(k)
3 )=3 be the barycenter of the triangle

identified by x
(k)
1 , x

(k)
2 and x

(k)
3 . If x

(k)
b and x� are sufficiently

12



close (in a suitable sense) we set x� = x
(k)
c and the algorithm

ends, otherwise we go to step 3.

3. Compute the reflection point x
(k)
r = 2�x(k)�x

(k)
3 , where �x(k) = (x

(k)
1 +

x
(k)
2 )=2 is the centroid of the best two points.

(a) If f(x
(k)
1 ) � f(x

(k)
r ) � f(x

(k)
2 ), we set

x
(k+1)
1 = x

(k)
1 ; x

(k+1)
2 = x

(k)
2 ; x

(k+1)
3 = x(k)r ;

and we begin a new iteration step.

(b) If f(x
(k)
r ) � f(x

(k)
1 ), the reflection step has produced a new

minimizer (that means that x� could lie outside �k ).

Therefore, we compute the expansion point x
(k)
e = 2x

(k)
r � �x(k).

(b.1) If f(x
(k)
e ) < f(x

(k)
1 ), we set

x
(k+1)
1 = x

(k)
1 ; x

(k+1)
2 = x

(k)
2 ; x

(k+1)
3 = x(k)e ;

and we begin a new iteration step.

(b.2) If f(x
(k)
e ) > f(x

(k)
1 ), since f(x

(k)
r ) < f(x

(k)
1 ), we set

x
(k+1)
1 = x

(k)
1 ; x

(k+1)
2 = x

(k)
2 ; x

(k+1)
3 = x(k)r ;

and we begin a new iteration step.

4. If f(x
(k)
r ) > f(x

(k)
2 ), then the minimizer probably lies within

a subset of �k. We therefore generate a contraction point x
(k)
c as

x(k)c =

8><
>:

1

2
(x(k)r + �x(k)) if f(x(k)r ) < f(x

(k)
3 );

1

2
(x

(k)
3 + �x(k)) otherwise.

(a) If f(x
(k)
c ) < f(x

(k)
3 ) and f(x

(k)
c ) < f(x

(k)
r ), we set

x
(k+1)
1 = x

(k)
1 ; x

(k+1)
2 = x

(k)
2 ; x

(k+1)
3 = x(k)c ;

and we begin a new iteration step.

(b) If f(x
(k)
c ) � f(x

(k)
3 ) or if f(x

(k)
c ) � f(x

(k)
r ), then n new points

are generated.

Figure 4 (top) shows the Nelder-Mead simpleces after reection and an exten-
sion step, Figure 4 (bottom) shows the Nelder-Mead simpleces after an (outside)
contraction.
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(a) Nelder-Mead simpleces after a reexion (left) and an ex-
tension (right) step.

x3
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x

xr

xc

xc

x1 x2 x1 x2

(b) Nelder-Mead simpleces after an outside contraction
(left) and a contraction (right) step.

Figure 4: Sample of Nelder-Mead algorithm steps. The original simplex is shown
with a dashed line.
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4 Numerical Experiments

In this section we present the result of some numerical experiments which test
the capabilities of our model. The results we present have been obtained with
MATLAB

R. We address the question of estimating the elastic properties of
some textiles with a given texture, by considering both linear/academic and
nonlinear/realistic industrial test cases. The strain energy is de�ned as in equa-
tion (1), with a potential U to be speci�ed below. In our experiments we restrict
attention to planar textiles. Thus, we assume that a reference plane � exists,
such that all the node positions lie in � both in the reference and in the actual
con�guration. Tests have been performed on square grids of 10�10 nodes in the
reference con�guration. Among the 100 resulting nodes, 36 lie on the bound-
ary, and are thus constrained by the macroscopic deformation. The positions of
the remaining 64 internal nodes are thus determined through the optimization
algorithm described in Section 3.

4.1 Linear yarns

We have �rst considered a linear model, based upon the potential given in (4).
Two topological patterns are considered below, each of which is allowed to be
weaved with two di�erent yarns. To ease the presentation in the linear case, we
identify yarn I with the red color, and yarn II with the blue color, and write
Kred � KI, Kblue � KII.

Textile-90

The pattern we identify as Textile-90 is assumed to consist of two families of
continuously distributed yarns which, in the reference con�guration shown in
Figure 5, are orthogonal to each other when crossing. Each blue yarn is knitted
alternatively with two red yarns, which respectively lie on its left and its right.
To better explain Figure 5, we remark that the knots (which represent the nodes
whose position is to be optimized) are evidenced as blue squares, while at the
crossings in which no square is illustrated no interaction between the crossing
yarns occurs. The two sets of yarns have allowed to possess di�erent material
properties, represented by di�erent values of their elastic constants.

Since an overall multiplying constant may clearly be factorized out from
the elastic energy, we �x the value of Kred = 1, and analyze how the equilib-
rium con�gurations and material properties depend on the value of the ratio
Kblue=Kred. Figure 6 shows the results obtained for di�erent values of Kblue.
We have computed the eigenvalues �max � �min of the texture tensor � (see
(5) and (10)). The material properties are then expressed in the last two
columns through the average strength �� = 1

2(�max + �min) and the anisotropy
� = (�max � �min)=�max 2 [0; 1]. Isotropic textures (� = 0, or �min = �max)
are obtained if and only if the elastic constants coincide, and the anisotropy
increases monotonically with the ratio Kblue=Kred.
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Figure 5: Reference con�guration for the Textile-90 pattern.
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Figure 6: Elastic properties of the Textile-90 pattern as a function of Kblue.
(The elastic constant Kred has been set equal to unity.)

As we already pointed out in Remark 2.1 and Remark 2.2, �max and �min

essentially coincide with the principal stresses of the textile. Whenever � >
0, the material is orthotropic with respect to the directions identi�ed by the
corresponding eigenvectors, which yield the principal material directions.

Figure 7 illustrates how the equilibrium con�guration of the internal nodes
depends on the ratio Kblue=Kred. As Kblue increases, the increasing rigidity of
the blue yarns manifests in the shortening of the blue paths, which thus tend to
align parallel. Their orientation does clearly coincide with the direction of the
eigenvector associated with the maximum eigenvalue �max, which consequently
diverges as Kblue increases. On the contrary �min remains bounded, since its
corresponding eigendirection is orthogonal to the blue yarns, and Kred = 1. As
a consequence, complete anisotropy (� ! 1, or �min=�max ! 0) is approached
in the Kblue � Kred limit. This is an important feature, since it shows that in
this topology it is not su�cient to harden the elastic properties of one of the two
yarns in order to harden the whole material.
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Figure 7: Equilibrium con�gurations for Textile-90 pattern when Kred = 1.
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Figure 8: Textile tricot: reference con�guration. (Courtesy of Carvico s.p.a.)

Tricot

Our second texture models the tricot fabric. In a tricot, the yarns follow a
complex topological pattern, illustrated in Figure 8. We have run in this case
the same set of experiments as before. Figure 9 illustrates the results of the same
numerical experiments reported in Figure 6. While the average rigidity �� does
con�rm its monotonic, almost-linear behavior, the complex topological pattern
completely modi�es the behavior of the anisotropy �. In particular, it is not
possible to obtain an isotropic (� = 0) textile for any value of Kblue. Moreover,
the minimum value of � is not attained when Kblue = Kred, but rather when
Kblue=Kred � 2:87.

The equilibrium con�gurations for choices Kblue = Kred and Kblue = 5Kred

are shown in Figure 10. The left panel is to be compared with the reference
textile con�guration shown in Figure 8. The overlap between the the two pictures
is satisfactory, as the presence of a similar periodicity pattern reveals. The
right panel evidences that, as Kblue increases, the textile approaches the same
type of equilibrium con�guration we have already encountered in the Textile-
90 case. The stronger blue yarns minimize their path by align almost parallel
to the y-direction, which becomes the principal direction associated with �max.
Meanwhile, the weaker red yarns perform much longer paths, mostly parallel to
the x-direction, which in turn becomes the principal direction associated with
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Figure 9: Elastic properties of the tricot pattern as a function of Kblue. (The
elastic constant Kred has been set equal to unity.)
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Figure 10: Equilibrium con�gurations for the tricot pattern when Kred = 1.

�min. This is the microscopic reason why �min remains bounded whatever the
value of Kblue is, so that again � ! 1 as Kblue=Kred ! 1. In particular, we
�nd that even in this complex topology it does not su�ce to harden one of the
two involved elastic constants in order to retrieve a hard textile in all directions.

4.2 Nonlinear tricot textile

In this section we restrict attention to the tricot topology, and consider a non-
linear model for the yarns. In order to simulate the properties of a standard
tricot fabric, as the one shown in Figure 8, we moreover assume that the elastic
properties of red and blue yarns are identical. All the yarns will thus obey to the
same nonlinear constitutive equation, which will replace Eq. (4). The nonlinear
potential we adopt is given by U

�
xi;xj

�
= UNL(jxi � xj j), with

UNL(d) =
1

2
K1d

2 +
1

2
K2H(d� d1)

�
(d� d1)

2 +
(d� d1)

4

d22

�
; (16)
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where H is the Heaviside step function, K1;K2 are elastic constants, and d1; d2
are characteristic lengths we will discuss below.

The microscopic model underlying equation (16) is the following. We con-
sider a textile in which each yarn is in fact composed by two di�erent types of
threads. The �rst is an elastomer, which is an extremely exible material which
preserves a linear response up to remarkable strains. Its response is thus repre-
sented by the term proportional to K1 in (16). The second type of thread is of
polymeric origin, and it is initially knitted in excess. This means that, as long
as the distance between two adjacent knots does not exceed a tunable threshold
(modelled by d1 in (16)), the second thread is not in tension and it does not
contribute to the energy minimization. When, on the contrary, the distance d
exceeds d1, the second thread comes on stage. The length d2 is a character-
istic length which identi�es the length at which the nonlinear character of the
polymer shows o�. The physically relevant case is d2 . d1, since typically the
polymeric material induces a nonlinear response as soon as the initial threshold
is exceeded. When coming to numerical simulations, we have set K1 equal to
unity, since again an overall multiplying factor does not qualitatively inuence
the results. In the results reported below, we have �xed K2 = 5, d1 = 0:1, and
d2 = 0:15.

In the linear case, investigated in the previous section, the second Piola-
Kirchho� stress tensor does not depend on the deformation itself. Thus, the
texture tensor contains all the relevant information about the mechanical re-
sponse of the textile. When, on the contrary, nonlinear yarns are considered,
we need to make resort to equation (15) to compute the stress tensors �S and T,
which are now both strain-dependent.

Figure 11 shows how the principal Cauchy stresses depend on the strain,
measured by a, when the macroscopic deformation (14) is imposed on the relaxed
sample. The left panel shows the average between the principal Cauchy stresses,
that is, the eigenvalues of the Cauchy stress tensor T. The right panel shows the
anisotropy, which is still de�ned as � = (Tmax�Tmin)=Tmax. When a is close to
unity, the response is linear, since only the elastomeric thread is in tension. We
remark that, even in the linear regime, the anisotropy exhibits a non-monotonic
dependence on the strain. This lack of monotonicity is not to be confused with
the non-monotonic plot of Figure 9(b), where � was studied as a function of
the ratio Kblue=Kred. Indeed, if we plotted the eigenvalues of the second Piola-
Kirchho� stress tensor �S, we would have found them to be independent of a in
the linear regime. On the contrary, in view of (13), T depends on a even when
�S is constant. When a & 2 the nonlinear thread comes into play, as the plot of
�T evidences. The right panel evidences how the onset of the nonlinear behavior
coincides with the inexion point of � which, as usual approaches its maximum
allowed value � = 1 as a increases.
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Figure 11: Average stress (left) and anisotropy (right) for a nonlinear tricot
textile.

5 Conclusions

In this work we have proposed a new mathematical model and a numerical
algorithm for studying the structural properties of textiles. We focused on the
estimation of the elastic properties of the textile by minimizing the total energy
of the system with respect to the position of the coordinates of the internal
nodes. The related multidimensional minimization problem is solved by means
of the Nedler-Mead algorithm. As a result we derive a macroscopic strain-energy
density whose nonlinear and anisotropic character reects the topological pattern
along which the yarns are knitted. The possibility of knitting together di�erent
types of yarns is also included in our analysis, as well as the limiting cases in
which the yarns possess very di�erent elastic constants.

We have analyzed both linear and nonlinear models. In the linear case we
have proved that the second Piola-Kirchho� stress tensor �S is independent of the
macroscopic deformation. Thus, the information on the topology of the textile
and the elastic constants of the threads combine to give rise a unique texture
tensor (de�ned in (5)) which, combined with (13), allows to compute how the
Cauchy stress tensor of the textile depends on the macroscopic deformation.

The nonlinear case appears clearly to be more suited for practical appli-
cations. Our proposed nonlinear potential (16) contains several constitutive
parameters: the elastic moduli of the threads, a excess length d1 which models
the possibility of knitting a thread in excess, and the length d2 which character-
izes the onset of nonlinearity. However, they are all parameters related to the
yarns, and not to the particular topology of the textile. Thus, they can be easily
estimated by a suitable �tting procedure in a particular textile - e.g., the tricot
textile proposed in our simulations - and then be used to predict the properties
of the same yarns when knitted in a di�erent topology.

Possible future developments go along the following directions.

� We have considered planar textiles. However, in real applications, textiles
lean on curved substrates. Thus, it will be crucial for practical applications
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to generalize the present model to the case in which the knots lie on an
assigned curved surface. When this is the case, we expect the curvature
tensor to interact with the texture tensor. As a result, further anisotropic
properties are expected to manifest. A further development would be
obtained by considering the substrate itself as an unknown, by including
textile-substrate interactions.

� The knots have been simply modelled by assuming they possess in�nite
friction. In other words, the yarns are not allowed to slide on each other
in their contact points. From the practical point of view, this assumption
stands on the thermo�xing process which is performed on the fabrics after
knitting. Indeed, yarns are almost prevented from sliding after thermo�x-
ing is complete. However, a possible generalization of our model would
take into account a �nite friction coe�cient, which would allow sliding
when the di�erence in yarns tension exceeds a critical threshold.

� The microscopic model underlying our macroscopic strain energy allows
to identify the knots and the yarns which are more stressed from the me-
chanical point of view. This is a quite important information for practical
purposes, since the yarns which are under greater tension are also more
likely to tear. Internal fractures imply a reduction of the elastic constants
of the yarns, so that our model is �t to analyze also failures thresholds for
the fabrics.

� To possess a numerical algorithm able to capture the macroscopic behavior
in terms of the microscopic topology and elastic properties can be a very
useful tool in order to anticipate the properties of ideal textiles, without
the need of actually weaving real samples. Di�erent knitting topologies
are usually classi�ed by simple numerical strings, which serve as input for
the weaver machines. It is our aim to develop our numerical algorithm
to allow for accepts such numerical strings as inputs for the coding of the
knots topology.
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