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Abstract

Since the earliest stages of human civilization, advances in technology have been tightly linked to our
ability to understand and predict the mechanical behavior of materials. In recent years, this challenge has
increasingly been framed within the broader paradigm of data-driven scientific discovery, where governing
laws are inferred directly from observations. However, existing methods require either stress-strain pairs
or full-field displacement measurements, which are often inaccessible in practice. We introduce Neural-
DFEM, a method that enables unsupervised discovery of hyperelastic material laws even from partial
observations, such as boundary-only measurements. The method embeds a differentiable finite element
solver within the learning loop, directly linking candidate energy functionals to available measurements.
To guarantee thermodynamic consistency and mathematical well-posedness throughout training, the
method employs Hyperelastic Neural Networks, a novel structure-preserving neural architecture that
enforces frame indifference, material symmetry, polyconvexity, and coercivity by design. The resulting
framework enables robust material model discovery in both two- and three-dimensional settings, including
scenarios with boundary-only measurements. Neural-DFEM allows for generalization across geometries
and loading conditions, and exhibits unprecedented accuracy and strong resilience to measurement noise.
Our results demonstrate that reliable identification of material laws is achievable even under partial
observability when strong physical inductive biases are embedded in the learning architecture.

1 Introduction

Materials have shaped technological development throughout human history, from the Stone and Iron Ages
to the modern era of silicon and engineered matter. As a matter of fact, the ability to understand and
predict the mechanical response of deformable bodies underpins progress in fields spanning structural engi-
neering, soft matter physics, biomechanics, and geophysics [44, 57]. Within modern sciences, this challenge
has traditionally been addressed through mathematical models, known as constitutive laws [2, 21]. The
parameters of these models are typically calibrated using experimental measurements, but their functional
forms are typically human-defined and only partially informed by experimental evidence. More recently, a
new data-driven paradigm has emerged, which bypasses predefined functional forms and instead learns the
material response directly from data [32, 40, 25]. This shift aligns with a broader movement toward the
automated discovery of governing physical laws from data [29, 5, 59, 8, 28], spanning approaches such as
sparse identification of nonlinear dynamics [4, 5], symbolic regression [55], and neural networks [46, 7].

Constitutive law identification can be naturally cast as a constrained inverse problem, where the unknown
is the governing material law, which must be inferred from observations of the system response. Within this
paradigm, a distinction is commonly made between model-free and model discovery approaches. Model-free
methods [32, 6, 33, 49] do not yield an explicit constitutive relationship; instead, a collection of recorded
strain–stress pairs is used to infer the material response online, by locally approximating the behavior based
on data points closest to the current state of each material point. While effective in certain settings, these
approaches cannot readily leverage a priori physical knowledge and are typically both data-hungry and
memory-intensive, as the full dataset must be queried during the simulation.

In contrast, model discovery methods aim to identify an explicit constitutive model in the classical sense,
yet without prescribing its functional form a priori. Such models may be based on symbolic regression
techniques [12, 38, 13, 14, 15], where the constitutive law is discovered by combining elements from a library
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of simple mathematical expressions, or on machine learning models such as neural networks [48, 37, 26, 52],
Gaussian processes [16], or neural ordinary differential equations [50]. Symbolic approaches offer enhanced
interpretability, whereas machine learning models provide superior expressive power. Moreover, several
architectures have been proposed to automatically embed physical and mathematical constraints into the
learned model, thereby restricting the hypothesis space a priori [38, 50].

Regardless of whether the model is symbolic or black-box, existing methods also differ in the type of data
they require. The majority of approaches are supervised in nature, as they rely on paired strain–stress data
[39, 39]. However, such data are often unrealistic to obtain in practice: stress measurements are typically
available only in simple mechanical tests, such as uniaxial tension, which fail to capture the full complexity
of constitutive behavior. As a matter of fact, the simultaneous measurement of all tensorial components of
strain and stress is practically infeasible.

A more realistic experimental setting involves direct measurements of the displacement field of a specimen,
for instance obtained via digital image correlation (DIC) techniques [18], together with global force measure-
ments recorded during the deformation process. The Virtual Field Method (VFM) [20] has been leveraged
for addressing material discovery problems in this setting [26, 12, 13]. The VFM identifies the constitutive
model that minimizes the residual of the force balance, given the measured displacement field. Despite the
significant progress enabled by this approach, important limitations remain. Since the displacement field is
directly used in the fitting procedure, measurement noise can severely affect the results, making denoising
techniques necessary. More critically, the method requires access to the complete displacement field, which
prevents its application to scenarios involving partial measurements, such as surface-only observations in
three-dimensional specimens, where internal displacement measurements are challenging. As a consequence,
this class of methods has so far been restricted to two-dimensional benchmark problems under plane strain or
plane stress assumptions, and realistic three-dimensional applications capturing complex material behavior
remain largely out of reach.

This work fills this gap, by introducing the first material model discovery method capable of operating
in a fully unsupervised setting while explicitly handling partial or defective data, such as boundary-only
observations. The proposed approach, termed Neural Differentiable Finite Element Method (Neural-DFEM),
embeds a differentiable finite element solver for the equilibrium equations directly into the training process,
thereby establishing a direct link between candidate constitutive laws and the resulting deformation fields.
By formulating the loss function in terms of the discrepancy between available measurements and model
predictions on the training specimens, Neural-DFEM enables constitutive model discovery from limited data
and exhibits exceptional robustness to measurement noise.

Embedding a differentiable solver within the training loop introduces two main challenges. The first chal-
lenge arises from the requirement that the elastostatic equilibrium problem associated with each intermediate
candidate model remain solvable throughout the optimization process; failure of the finite element solver at
any stage would lead in fact to training breakdown. To this end, we here introduce a novel neural-network-
based constitutive model ansatz, termed Hyperelastic Neural Network (HNN) which, for the first time in the
literature, provides mathematically provable guarantees of physical and thermodynamic consistency, as well
as mathematical well-posedness of the associated equilibrium problem.

The second challenge concerns computational cost. This issue is addressed through the use of a quasi-
Newton optimization strategy, which significantly reduces the number of training epochs required for conver-
gence, combined with a continuation strategy during the initial stages of training. In addition, to mitigate
the local convergence properties of the Newton solver employed for equilibrium, a backtracking strategy is
incorporated into the line search of the quasi-Newton training algorithm, automatically rejecting parameter
updates that would move the system outside the Newton basin of attraction. These numerical strategies
together ensure robustness and computational efficiency of Neural-DFEM.

The contributions of this work are threefold:

• A computational framework for unsupervised constitutive discovery under partial observability, en-
abling material identification from boundary-only measurements.

• A structure-preserving neural constitutive class (HNN) with provable physical consistency and well-
posedness guarantees.
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Figure 1: Overview of the Neural-DFEM framework. (a) HNNs constitute a novel family of neural
networks designed to approximate the strain energy density functional of a hyperelastic isotropic material.
By construction, an HNN satisfies the seven physical and mathematical requirements necessary for well-
posedness and physical consistency, as indicated in the figure alongside the architectural components that
enforce them. The figure highlights the main design traits of HNNs, including weights with controlled sign,
and a specific choice of the activation function. Optionally, HNNs can include skip connections, although
they are not represented in the figure. (b) The training data consist of (possibly partial) displacement
measurements and global reaction forces, coming from Nexp experiments. (c) Training is performed by
embedding a differentiable finite element solver within the loss evaluation. The loss measures the discrepancy
between predicted and observed data, while the Piola-Kirchhoff stress tensor is obtained by differentiating
the HNN output with respect to the deformation gradient. (d) Once trained, the HNN can be integrated
into standard finite element solvers to predict the deformation of new specimens, enabling generalization
across geometries, loading conditions, and boundary conditions.
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• An efficient solver-in-the-loop training strategy that efficient resolution of the inverse problem.

The resulting framework is validated across multiple two- and three-dimensional test cases, demonstrating
robustness to substantial measurement noise and generalization across geometries and loading conditions.
An overview of the Neural-DFEM framework is shown in Fig. 1.

2 Methods

2.1 Notation

We denote with capital bold letters matrices, e.g., A,B ∈ Rn×n, and by lowercase bold letters vectors, e.g.,
a,b ∈ Rn. The Frobenius norm is denoted by | · |, that is |A| = tr(ATA)1/2 = (

∑
i,j A

2
ij)

1/2. With a ⪰ b
we mean that each component of a is greater or equal to the corresponding component of b. We denote by
1n ∈ Rn the n-dimensional vector with all entries equal to 1, and by 1n×m ∈ Rn×m the n×m matrix with
all entries equal to 1.

We denote by d = 3 the space dimension. I ∈ Rd×d is the identity tensor, 0 ∈ Rd×d is the zero tensor.
The set of second order tensors with positive determinant is denoted as GL+(d) = {A ∈ Rd×d | detA > 0}.
The special orthogonal group is denoted as SO(d) = {A ∈ Rd×d | ATA = I,detA = 1}.

2.2 Material model discovery: problem setting

Let us consider a bounded domain Ω ⊂ R3, representing the stress-free reference configuration of an elastic
body, and χ : Ω → R3 the deformation map such that χ(Ω) is the deformed configuration. We denote by
d(x) = χ(x) − x the displacement field, by F = ∇χ = I + ∇d the deformation gradient tensor, and by
J = detF its determinant. We denote by C = FTF the right Cauchy-Green tensor, and its invariants by
I1 = trC and I2 = 1

2 (tr(C)2 − tr(C2)). Moreover, we denote the isochoric invariants as Ī1 = J−2/3I1 and

Ī2 = J−4/3I2.
We consider a hyperelastic material, characterized by a strain energy density functional W : GL+(d) →

R ∪ {+∞}, such that the Piola-Kirchhoff stress tensors is given by P(F) = ∂W
∂F . In such a way, the strain

energy density W characterizes the material constitutive law. The knowledge of W allows to predict the
material response to deformations. The goal of this work is to reverse this process, that is to discover the
function W by observing the deformation of specimens of the considered materials.

The following differential problem models the configuration assumed by a body when subject to a dis-
tributed load f , to a boundary load h on ΓN ⊂ ∂Ω and assigned displacement g on ΓD ⊂ ∂Ω (where ΓN

and ΓD form a disjoint partition of ∂Ω):
−∇ ·P(F) = f in Ω,

P(F)n = h on ΓN ,

d = g on ΓD,

(1)

where n denotes the outward normal vector to ΓN . Notice that method proposed in this work extends
to different kind of boundary conditions (such as follower loads, spring-like boundary conditions, sliding
conditions, symmetric conditions), but, for the sake of brevity, we will carry on the presentation restricting
ourselves to the case of (1).

We assume that Nexp experiments are conducted, each corresponding to a potentially different specimen
geometry Ωi, boundary conditions type, and loads f i, hi, gi. Let di : Ωi → R3 denote the displacement field
resulting from the i-th experiment, for i = 1, . . . , Nexp. For each experiment, we dispose of measurements

of the displacement at a collection of N i
pts points. Specifically, we denote by dij

obs ≃ di(xij) a (typically

noisy) measurement of the displacement of the i-th experiment at the j-th point (denoted by xij ∈ Ωi), for
j = 1, . . . , N i

pts.
Furthermore, typical experimental setups allow to measure the global reaction forces acting on the

boundaries where prescribed displacements are assigned, that is correspondence of Dirichlet boundary con-
ditions. Suppose that the i-th experiment has N i

reac Dirichlet boundary segments, denoted by Γik
D ⊂ ∂Ωi,
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for k = 1, . . . , N i
reac. Then, we denote by Rik the function that maps a displacement field into the associated

reaction force:

Rik(d) :=

∫
Γik
D

P(I+∇d)n · ndσ.

Using this notation, we denote by Rik
obs ≃ Rik(di) the (typically noisy) measured reaction force.

To summarize, the full set of training data is given by:

{dij
obs}

j=1,...,Ni
pts

i=1,...,Nexp
, {Rik

obs}
k=1,...,Ni

reac

i=1,...,Nexp
.

2.2.1 Finite element approximation

Considering problem (1), let us introduce the space of kinematically admissible displacements V , and the
space of admissible variations (test function space) V0:

V := {d ∈ [H1(Ω)]3 s.t. d = g on ΓD},
V0 := {d ∈ [H1(Ω)]3 s.t. d = 0 on ΓD}.

The equilibrium residual r : V × V0 → R is given by:

r(d,v) =

∫
Ω

P(F) : ∇v dV −
∫
Ω

f · v dV −
∫
ΓN

h · v dσ.

The weak formulation of problem (1) reads as finding d ∈ V such that r(d,v) = 0 for all v ∈ V0.
Let us consider a finite element space Vh ⊂ V , defined on a triangulation of the domain Ω, and let us

define Vh,0 = Vh ∩ V0. Let {φn}
Nh
n=1 be a basis for Vh,0. Then, each function of Vh can be expressed as

dh(x) =
∑Nh

n=1 diφn(x) + gh, where gh ∈ Vh is the lifting of the boundary datum g. By using this notation,
the finite element approximation of problem (1) consists of finding dh ∈ Vh such that r(dh,vh) = 0 for all
vh ∈ Vh,0, or, equivalently, such that r(dh,φn) = 0 for n = 1, . . . , Nh. In what follows, we will employ the
superscript i to denote the variables associated with the i-th experiment (e.g., V i

h , d
i
h, N

i
h, φ

i
n).

2.2.2 Material law discovery

We introduce an hypothesis space H ⊂ {W : GL+(d) → R∪{+∞}}, that is a set of candidate material laws.
The issue of designing a convenient hypothesis space, sufficiently rich but at the same time numerically
tractable, will be addressed below. For the moment, let us assume this space to be given. Unsupervised
material discovery consists in finding the material lawW ∈ H that is, in a suitable sense, most consistent with
the observations dij

obs and Rik
obs. Such material discovery problem can be formulated in different manners.

A first possibility is to rely on the VFM formulation (such in [12]), which consists in looking for the
material law such that the equilibrium residual is minimized:

W∗ = argmin
W∈H

Nexp∑
i=1

Ni
h∑

n=1

∥r(di
h,obs,φ

i
n)∥2 + αR

Nexp∑
i=1

Ni
reac∑

k=1

∥Rik
obs −Rik(di

h,obs)∥2
 ,

where di
h,obs ∈ V i

h is a suitably denoised projection of the observed displacement {dij
obs}j=1,...,Ni

pts
onto the

finite element space V i
h , and where αR > 0 is a weight constant. Clearly, this approach is valid only when

the observed displacement {dij
obs}j=1,...,Ni

pts
covers the whole domain Ωi, otherwise the equilibrium residual

cannot be computed.
Instead, we propose to change the role of the equilibrium condition from a penalization term to a con-

straint, and using the observed displacement as a penalization. Our proposed formulation thus reads:

W∗ = argmin
W∈H

Nexp∑
i=1

Ni
pts∑

j=1

∥dij
obs − di

h(x
ij)∥2 + αR

Nexp∑
i=1

Ni
reac∑

k=1

∥Rik
obs −Rik(di

h)∥2
 , (2)
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subject to the constraints r(di
h,v

i
h) = 0 for all vi

h ∈ V i
h,0. In this work, the normalization constant is defined

as

αR =

∑Nexp

i=1

∑Ni
pts

j=1 ∥dij
obs∥2∑Nexp

i=1

∑Ni
reac

k=1 ∥Rik
obs∥2

so as to balance the relative contributions of the displacement and reaction terms in the objective function.
A third alternative is to treat both the equilibrium condition and the displacement observations as

penalization terms. In this case, both the constitutive law W and the displacement fields di are variables of
the optimization problem. This formulation, when neural networks are used as ansatz for the displacement
fields and the equilibrium condition is expressed in strong form, takes the form of a Physics-Informed Neural
Network (PINN) [45]. As preliminary investigations with this techniques highlighted very little stability of
the training process and serious difficulties in convergence, we decided not to proceed further, and focus on
the second approach only.

2.3 Designing the hypothesis space

In this section we address the issue of designing an hypothesis space H of candidate constitutive laws that
is sufficiently rich to encompass a wide range of possible materials, while being computationally tractable.

2.3.1 Constitutive modeling requirements

To define a suitable hypothesis space H, let us first review the requirements that the strain energy den-
sity functional W : GL+(d) → R ∪ {+∞} must satisfy for physical meaningfulness and mathematical well-
posedness of the equilibrium equation (1) [54, 2, 21].

R1 Residual energy condition: W(I) = 0.

This condition fixes the zero of the energy and ensures uniqueness of the energy reference. Although
the energy always appears under differentiation in the stress, having a reference value is convenient for
consistency.

R2 Residual stress free condition: P(I) = 0.

This ensures that, in the rest configuration (d = 0), no residual stress is present.

R3 Frame indifference: W(RF) = W(F) ∀F ∈ GL+(d),R ∈ SO(d).

This expresses the requirement, also known as objectivity, that the material response is independent of
rigid-body rotations of the current configuration. Physically, the internal energy of the material does
not change if the body is rotated as a whole.

R4 Material symmetry: W(FR) = W(F) ∀F ∈ GL+(d),R ∈ G,
where G ⊆ SO(d) is the material symmetry group, i.e., the set of all rotations that leave the material
response invariant. For isotropic materials, G = SO(d).

R5 Polyconvexity: W(F) = g(F, cof F,detF) for some convex g : R3×3 × R3×3 × R → R ∪ {+∞}.
This condition, together with suitable growth and coercivity conditions (see next points), ensures
existence of weak solutions to the equilibrium equation (1), as proved by John Ball [3]. Notice that
polyconvexity can be relaxed to the weaker notion of quasiconvexity (a necessary condition for the
existence of solutions) [3], but the latter is untractable and difficult to verify in practice, as it is a
global property which cannot be reformulated as a local one [35].

R6 Extreme compression growth: W(F) → +∞ as J → 0+.

This condition ensures physically realistic behavior under extreme compression and prevents interpen-
etration of matter, reflecting that infinite energy would be required to collapse a volume element to
zero.
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R7 Coercivity: W(F) ≥ c0(|F|2 + | cof F|3/2) + c1 ∀F ∈ GL+(d) for some c0 > 0, c1 ∈ R.
Similarly to the previous condition, this ensures that the extreme strains should be maintained by
infinite stresses. From the mathematical viewpoint, this condition is key for the application of the
direct method of the calculus of variations to the proof of existence, as it guarantees that minimizing
sequences remain bounded and that a weakly convergent subsequence exists, allowing the attainment
of a minimizer. The coercivity condition considered in this work is a weaker version of the original one
used by [3], and is due to Müller [42].

The frame indifference requirement R3 is equivalent to asking that W can be expressed as a function of
the right Cauchy-Green tensor C = FTF. Furthermore, for isotropic material (G = SO(d) in R4), W can
be expressed as a function of the invariants I1 = trC, I2 = 1

2 (tr(C)2 − tr(C2)) and J , that is there exists a
function WĪ : [0,+∞)× [0,+∞)× [0,+∞) → R ∪ {+∞} such that W(F) = WI(I1, I2, J).

2.3.2 Structure preserving general form

Several neural network architectures have been proposed in the literature to satisfy subsets of the require-
ments outlined above; however, to the best of our knowledge, no practically usable architecture has yet been
shown to satisfy all of them simultaneously. For instance, the approach in [11] guarantees frame indifference
and material symmetry, but polyconvexity may be violated. In [56], some of the constraints are enforced
only weakly through penalty terms in the loss function and are therefore not guaranteed throughout the
training process. The work of [34] represents the first neural-network-based constitutive model in which
polyconvexity is enforced by design; however, this is achieved at the expense of exactly satisfying either
frame indifference or the residual-stress-free condition. In [50], Neural ODEs are employed to guarantee
convexity with respect to individual invariants, but under the assumption of an additive decomposition of
the energy into terms depending on a single invariant, which precludes the representation of energies in-
volving interactions among multiple invariants. In [52], polyconvexity and the residual-stress-free condition
are jointly enforced; nevertheless, coercivity is not guaranteed by construction. Moreover, a convex and
monotonically increasing dependence on the Jacobian J is imposed, whereas convexity alone would suffice,
thereby unnecessarily restricting the admissible hypothesis space. Finally, the isochoric invariant Ī2 is used
as a network input; since this invariant is not polyconvex [22, Lemma 2.4], the overall polyconvexity of the
strain energy density is not strictly guaranteed.

To define a general strain energy formulation that fully preserves the structure imposed by the require-
ments listed in the previous section, we observe that, when the strain energy density is expressed as a function
of the invariants, the Piola–Kirchhoff stress tensor admits the following representation:

P(F) =
∂W(F)

∂F
=

∂WI

∂I1

∂I1
∂F

+
∂WI

∂I2

∂I2
∂F

+
∂WI

∂J

∂J

∂F

=
∂WI

∂I1
2F+

∂WI

∂I2
2(I1F− FFTF) +

∂WI

∂J
cof F

If follows that, in the reference configuration F = I:

P(I) =

(
2
∂WI

∂I1
+ 4

∂WI

∂I2
+

∂WI

∂J

)∣∣∣∣
F=I

I (3)

Hence a practical way of guarantee the residual stress free condition R2 is to let the term inside the parenthesis
in (3) vanish.

Based on the above observations, we express the candidate strain energy density functionals in the general
form of the next theorem.

Theorem 1. Consider the strain energy density functional:

WI(I1, I2, J) = Wbase(I1, I2, J) +Wvol(J) + ω(J − 1)−W0, (4)

where:
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• Wbase is a polyconvex energy density;

• Wvol : [0,+∞) → [0,+∞) is a convex, C1 function such that Wvol(1) = W ′
vol(1) = 0.

• ω ∈ R is a constant defined as: ω = −
(
2∂Wbase

∂I1
+ 4∂Wbase

∂I2
+ ∂Wbase

∂J

)∣∣∣
F=I

;

• W0 ∈ R is a constant defined as: W0 = Wbase|F=I.

Then, the material model (4) satisfies the requirements R1–R5.

Proof. Requirements R1–R2–R3–R4 are easy to verify. Polyconvexity follows from the fact that the sum of
polyconvex functions is polyconvex, and that a convex function of J is trivially polyconvex.

Theorem 1 provides a systematic mechanism to enforce most of the requirements listed in Sec. 2.3.1, while
retaining substantial flexibility in the choice of Wbase. In particular, the construction reduces the design of
the constitutive model to ensuring polyconvexity of Wbase and the satisfaction of the associated growth and
coercivity conditions for the resulting strain energy density functional.

Remark 1. To ensure the residual stress free requirement R2, the term ω(J − 1) could be equivalently
replaced either by 1

2ω(I1 − 3) or by 1
4ω(I2 − 3), or by linear combinations of these three terms. However,

this would render more tricky to ensure polyconvexity. Indeed, polyconvexity requires that the strain energy
be a convex function of F, cof F, and detF. While J is directly one of the polyconvex arguments and thus
adding a term proportional to (J − 1) preserves polyconvexity regardless of the sign of the coefficient, the
invariants I1 and I2 are convex functions of F and cof F, respectively. Hence, polyconvexity is preserved
provided that I1 and I2 are composed with a convex non-decreasing function (see Proposition 1). However,
ensuring that the corresponding coefficient ω is non-negative is not straightforward if Wbase is allowed to
take general expressions.

2.3.3 Polyconvex Neural Networks

We introduce here a neural network architecture that satisfies polyconvexity by design, termed Polyconvex
Neural Network. Similarly to other architectures proposed in the literature, PNNs are inspired by Input-
Convex Neural Networks (ICNNs), introduced in [1], which are built upon two fundamental principles: (i)
non-negative weighted sums of convex functions are themselves convex, and (ii) the composition of a convex
function with a convex, non-decreasing function preserves convexity.

Definition 1. A Polyconvex Neural Network (PNN) with L ≥ 1 hidden neuron layers and n1, . . . , nL neurons
per layer is a function WPNN : [0,+∞) × [0,+∞) × [0,+∞) → R, mapping (I1, I2, J) 7→ zout as recursively
defined below:

z1 = ρ(w1
1(I1 − 3) +w2

1(I2 − 3) +wJ
1 (J − 1) + b1),

zi = ρ(w1
i (I1 − 3) +w2

i (I2 − 3) +wJ
i (J − 1) +Wi−1zi−1 + bi), for i = 2, . . . , L

zout = Wwout · zL.
(5)

Here, zi ∈ Rni denotes the vector of neuron activations of the i-th layer, for i = 1, . . . , L. The activation
function ρ : R → R is a convex, non-decreasing, non-constant and C1 function, while W > 0 is a fixed
scaling constant. The trainable parameters of the network are w1

i ,w
2
i ,w

J
i ,bi ∈ Rni , for i = 1, . . . , L;

Wi ∈ Rni+1×ni , for i = 1, . . . , L− 1; wout ∈ RnL . To ensure polyconvexity, the parameters must satisfy the
positivity constraints w1

i ⪰ 0, w2
i ⪰ 0, Wi ⪰ 0, wout ⪰ 0 for any i.

Following the design of ICNNs [1], two architectural choices are made: first, positivity is required for most
of the weights; second, the activation function ρ is chosen to be a convex and non-decreasing. As we prove
below (see Theorem 3), these two choices combined together ensure that WPNN is polyconvex. We notice
that the weight that directly multiplies J is not required to be positive. In fact, as observed in Remark 1,
while I1 and I2 are convex functions of the the triplet (F, cof F, J), and hence can be multiplied only by
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nonnegative weights to preserve polyconvexity, J is part of the triplet itself, and so can safely be multiplied
by negative weights.

The constant W > 0 is a dimensional hyperparameter necessary to recover the physical dimension of an
energy density (e.g. Pa). Its value could be set based on a prior estimate of the material overall stiffness, to
provide the model with the suitable order of magnitude.

We notice that, for the sake of generality, we have included skip connections in (5), allowing each layer
to directly depend on the invariants I1, I2 and J , through the weights w1

i , w
2
i and wJ

i for i ≥ 2. However,
these terms can be removed without compromising the validity of the theoretical results stated below.

Theorem 2. Let us consider the strain energy density functional WPNN of Definition 1. Then, for any
choice of the neural network hyperparameters and parameters satisfying the positivity constrains listed in the
definition, WPNN is polyconvex.

Proof. First, we observe that

I1 = trC = tr(FTF) = |F|2,
I2 = tr(cofC) = tr((cof F)T cof F) = | cof F|2,

(6)

where we have exploited the identity cofC = J2C−T = J2F−1F−T = (cof F)T cof F. This shows that I1
and I2 are convex functions of F and cof F, respectively.

Each entry of the argument of ρ in the first layer is polyconvex, being the sum of polyconvex functions.
Hence, each neuron of the first layer in the network is also polyconvex, being the composition between a
polyconvex function with a convex non-decreasing function. By similar arguments, also neurons in successive
layers are polyconvex. Finally, WPNN is polyconvex being the positive-weighted sum of polyconvex functions.

2.3.4 Hyperelastic Neural Networks

We are ready to introduce the hypothesis space H used within this work.

Definition 2. A Hyperelastic Neural Network (HNN) is a functionWHNN : [0,+∞)×[0,+∞)×[0,+∞) → R,
defined as in (4), by setting Wbase = WPNN, with WPNN being a PNN, and where ω and W0 are defined as
in Theorem 1.

The following results shows that, for an HNN, all the requirements R1–R7 are satisfied by design, provided
that the volumetric term Wvol satisfies two additional hypothesis (growth at J → 0+, and superlinear growth
at J → +∞).

Theorem 3. Let us consider a HNN, where Wvol satisfies the hypotheses of Theorem 1 with the additional
hypotheses:

lim
J→0+

Wvol(J) = +∞, lim
J→+∞

Wvol(J)

J
= +∞. (7)

Then, for any choice of the neural network hyperparameters and parameters, the strain energy density func-
tional satisfies all the requirements R1–R7.

Proof. Requirements R1–R5 follow from Theorem 1 and Theorem 2. To prove requirement R6, it suffices to
observe that WPNN is non-decreasing in both I1 and I2, being the composition of non-decreasing functions.
Therefore WPNN(I1, I2, J) ≥ WPNN(0, 0, J), which has clearly a finite limit when J → 0+. Hence, thanks to
(7), requirement R6 holds true.

To prove coercivity (requirement R7), we start by observing that, as ρ is C1 convex and non-decreasing
but non-constant, we have that ρ(y) ≥ ay + b for some a > 0 and b ∈ R. It follows that the first layer of
WPNN satisfies:

∃ a > 0, b ∈ R, c ∈ R s.t. z1 ⪰ a(I1 + I2) + bJ + c.

9



By the same argument, all successive layers zi satisfy the same inequality. Therefore, we have:

∃ a > 0, b ∈ R, c ∈ R s.t. WPNN(I1, I2, J) ≥ a(I1 + I2) + bJ + c.

Then:
∃ a > 0, b ∈ R, c ∈ R s.t. WHNN(I1, I2, J) ≥ a(I1 + I2) + bJ +Wvol(J) + c.

The function J 7→ bJ +Wvol(J) is continuous and tends to +∞ both for J → 0+ and J → +∞ (thanks to
the super-linear growth of Wvol), and hence it is bounded from below. It follows that

∃ a > 0, b ∈ R, c ∈ R s.t. WHNN(I1, I2, J) ≥ a(I1 + I2) + c = a(|F|2 + | cof F|2) + c,

where we have exploited (6). This entails the coercivity of the strain energy density functional.

The term Wvol(J) determines the behavior of the energy for J → 0+ and J → +∞. In principle, we
could think of learning Wvol(J), by designing an architecture that satisfies all the associated hypotheses.
However, this would be poorly constrained by the training data, as both extreme regimes of volumetric
compression and expansion are not observed in experiments. Indeed, the role of Wvol(J) is mainly to
ensure the mathematical well-posedness of the problem and the finite element solvability along the whole
optimization process. Therefore, we prefer to chose a priori the shape of Wvol(J), and limit ourselves to learn
a multiplicative parameter. Specifically, we set Wvol(J) =

1
2wvol(J − 1) log J , where wvol > 0 is a trainable

parameter. Notice that this choice is very conservative, as is has a very mild growth both for J → 0+

(logarithmic) and for J → +∞ (∼ J log J , considering that superlinear growth is required by Theorem 3).

Remark 2. An alternative to the architecture described in Definition 1 consists in replacing the invariants
I1 and I2 with their isochoric counterparts. More precisely, we can replace I1 by Ī1. However, it is not
convenient to use Ī2, since it is not polyconvex (see Lemma 2.4 in [22]), and therefore the proof of Theorem 2

would no longer apply. As an alternative, one may use Ī
3/2
2 as an input of the neural network, since this

quantity is proven to be polyconvex (Corollary 2.3 in [22]). With this choice, the result of Theorem 2
remains valid. On the other hand, the corresponding HNN is no longer strictly coercive in the sense of
requirement R7, but only coercive on sublevel sets of the form (J < Jmax), as can be readily shown by
revisiting the proof of Theorem 3. Nevertheless, the volumetric term Wvol(J) prevents excessive growth of
J in practice, and therefore this formulation can still be safely employed in applications.

2.4 Initialization and parametrization of HNNs

The initialization of trainable parameters plays a crucial role in the successful training of any neural network
architecture. Poor initialization may result in slow convergence or cause the optimizer to become trapped
in undesirable regions of the parameter space [19, 36]. Whenever a novel neural architecture is introduced,
a carefully designed initialization strategy is therefore essential. Typically, initialization schemes aim to
control the magnitude of activations and gradients, avoiding both explosion and collapse, while preventing
saturation of the activation functions, typically by keeping pre-activations in a neighborhood of zero [19, 24].

Moreover, in the HNN architecture several weights are constrained to assume positive values in order to
preserve polyconvexity. Since most training algorithms are designed for working in unconstrained parameter
spaces, a reparametrization is required to convert the constrained optimization problem into an unconstrained
one. In this section, we describe the proposed strategy that jointly addresses the parametrization and
initialization of the HNN trainable parameters.

First, we select an activation function satisfying ρ(0) = 0. Specifically, thorough this work, we employ
the shifted softplus function ρ(z) = log(1 + ez)− log(2), which is convex, non-decreasing, C1, non-constant,
and therefore satisfies the assumptions of Definition 1. Moreover, we initialize all biases bi to zero. These
conditions together ensure that, in the rest configuration (i.e. F = I), all the activations in Eq. (5) vanish.
Consequently, around the rest configuration, the activation function operates in the vicinity of z ≈ 0, where
its response is well-conditioned.
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Controlling the activations alone, however, does not guarantee that the initialized constitutive model
exhibits physically meaningful properties. Indeed, since the Piola-Kirchhoff stress tensor is obtained by
differentiating the strain energy densityW with respect to the deformation gradient F, it is essential to ensure
that the gradients of the network with respect to its inputs neither vanish – leading to an excessively compliant
material – nor blow up – resulting in an unrealistically stiff response. This issue is particularly delicate for
the derivatives with respect to the invariants I1 and I2, whose associated coefficients are constrained to be
non-negative: because the linear layers also involve non-negative weights, successive layers may accumulate
positive contributions, potentially amplifying gradients as the number of neurons increases. To counteract
this effect, we scale each linear layer by the inverse of the number of incoming neurons, as we detail below.

Moreover, to enforce positivity of the constrained weights, we adopt a standard reparametrization in which
each constrained weight is expressed as the composition of an unconstrained trainable variable with a smooth
positivity-enforcing function τ : R → (0,+∞). Specifically, we use the softplus function τ(w) = log(1 + ew).

In conclusion, the resulting parametrization (for i = 1, . . . , L) reads:

w1
i = τ(w̃1

i ), w2
i = τ(w̃2

i ), Wi =
1

ni
τ(W̃i), wout =

1

nL
τ(w̃out),

where w̃1
i , w̃

2
i , w

J
i , W̃i, w̃out are initialized independently according to Gaussian distributions with zero

mean and standard deviation σinit > 0. Similarly, we parametrize wvol as τ(w̃vol), with w̃vol initialized to
zero.

In Appendix C, we show analytically that, thanks to the proposed scaling and parametrization, the
expected value of the derivatives of the hyperelastic energy with respect to the invariants, evaluated at the
reference configuration, is kept under control (i.e., it does not vanish nor it blows up) as the number of
neurons increases.

2.5 Neural-DFEM

Our proposed material discovery method is based on the formulation (2) wherein the HNN architecture
described in Sec. 2.3.4 is employed to define the hypothesis space H. The HNN parameters are learned by
minimizing the loss function (2), whose evaluation involves the solution of a set of finite element equilibrium
problems, one for each training experiment. Crucially, the training procedure exploits a differentiable finite
element solver, allowing gradients to be propagated through the equilibrium solution itself. As a result, the
parameter updates explicitly account for the effect of the constitutive model on the mechanical response of
the training specimens. We refer to this approach as Neural Differentiable Finite Element Method (Neural-
DFEM).

The practical realization of this framework entails a number of nontrivial challenges that must be ad-
dressed to ensure scalability and robustness. In the following, we outline these challenges and describe how
they are resolved within the Neural-DFEM framework.

• The first challenge concerns the differentiation of the finite element solver. Since the governing equilib-
rium problem is nonlinear and solved via an iterative Newton scheme, gradients cannot be conveniently
obtained by directly differentiating the solver iterations. Instead, we rely on the solution of the cor-
responding algebraic adjoint system associated with the discretized equilibrium equations [10]. This
approach requires solving one sparse linear system per training experiment to compute the gradients
with respect to the constitutive parameters.

• A second challenge arises from the computational cost associated with the evaluation of the loss func-
tion, which requires solving multiple finite element problems – one for each training experiment – at
every training epoch. This may potentially lead to a significant per-epoch cost. To mitigate this ef-
fect, we reduce the total number of training epochs by adopting a quasi-Newton optimization strategy,
specifically the BFGS method [43]. This choice is particularly effective in the present setting, as the
neural constitutive model operates in a low-dimensional space (e.g., the space of strain invariants),
resulting in a relatively small number of trainable parameters. Consequently, the linear systems in-
volved in the BFGS updates do not constitute a computational bottleneck. As a stopping criterion,
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the optimization is terminated when the relative improvement of the loss over the last 50 iterations
falls below 10−4.

In addition, the cost of the initial training phase is controlled through a load continuation strategy,
which is used to compute a suitable initial equilibrium solution. During subsequent training epochs,
the finite element solver is warm-started using the equilibrium solution from the previous epoch. Since
the constitutive response evolves smoothly over the course of training, the equilibrium solution changes
only marginally between consecutive epochs, leading to a modest cost for each finite element problem.

• A further challenge stems from the fact that the loss function depends on the solution of the equi-
librium problem, which must remain well posed throughout the entire optimization process, from the
initial parameter guess to the final learned model. This requires mathematical well-posedness to be
ensured over the whole hypothesis space explored during training. In Neural-DFEM, this requirement
is satisfied by the HNN architecture introduced in Sec. 2.3.4, which is constructed to inherently enforce
the fundamental principles of hyperelasticity. As proved therein, the HNN guarantees physical mean-
ingfulness and mathematical well-posedness of the equilibrium problem for all admissible parameter
values.

• Despite the mathematical well-posedness of the equilibrium problem, convergence of the finite element
solver cannot be guaranteed in all cases, as the Newton method guarantees only local convergence.
Two strategies can, in principle, be adopted to address this issue. A first option consists in introduc-
ing a continuation procedure to gradually transition between successive equilibrium solutions. While
effective, this approach increases the computational complexity of the training process. In Neural-
DFEM, we instead adopt a more conservative strategy, to prevent parameter updates from moving
the system outside the region in the parameter space of approximate linearity, where gradient-based
directions remain reliable. This is achieved by leveraging the backtracking mechanism embedded in
the line search of the BFGS algorithm, so that trial steps leading to non-convergence of the Newton
solver are automatically rejected. As a result, the optimization proceeds while remaining within the
basin of attraction of the equilibrium solution, without requiring additional continuation steps during
training.

2.6 Hyperparameters tuning

In this work, the following hyperparameters of the HNNs are tuned via a grid search over finite sets of
candidate values, listed below:

• the number of layers, L ∈ {1, 2, 3};

• the number of neurons in each layer, ni ∈ {5, 10, 20};

• the presence or absence of skip connections;

• the choice of input invariants, either the native set (I1, I2, J) or the isochoric set (Ī1, Ī
3/2
2 , J), where

the exponent 3/2 ensures polyconvexity, as discussed in Remark 2;

• the initialization standard deviation, σinit ∈ {0.05, 0.1, 0.2, 0.5, 0.8};

• the dimensional scaling constant, W ∈ {1, 5, 10, 20}.

The optimal configuration is selected as the one achieving, for σnoise = 10−3, the lowest training loss.
Owing to the strong structural priors embedded in the HNN architecture, which substantially restrict the
admissible hypothesis space, we do not employ cross-validation for hyperparameters tuning, as discussed in
the Results. The selected hyperparameters values are reported in Appendix D.
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2.7 Test cases

In this section, we provide details regarding the test cases implemented to test the capabilities of the proposed
method.

2.7.1 Material models

We consider the following ground-truth constitutive laws.

• Ishihara (IH) [27], with C1 = 0.5, C2 = 1, C3 = 3, K = 1.5:

W(F) = C1(Ī1 − 3) + C2(Ī2 − 3) + C3(Ī1 − 3)2 +K(J − 1)2;

• Mooney-Rivlin (MR) [41, 47], with C1 = 1.0, C2 = 0.8, K = 1:

W(F) = C1(I1 − 3− 2 log J) + C2(I2 − 3− 4 log J) +
1

2
K(J − 1) log J ;

• Fung (FU) [17], with C = 1, b = 3, K = 1.5:

W(F) =
C

2b

(
eb(Ī1−3) − 1

)
+

K

4
((J − 1)2 + log(J)2).

2.7.2 Mechanical setups

Setup 1. Setup 1, taken from [12], consists of a square plate with edge length 2 containing a central
circular hole of radius 0.1, as shown in Fig. 2a. The mesh consists of 1441 nodes. The plate is subjected
to asymmetric, displacement-controlled biaxial tension, with prescribed displacements of δ in the vertical
direction and δ/2 in the horizontal direction, with δ ∈ {0.1, 0.2, . . . , 0.8}. For computational convenience,
only the top-left quarter of the plate is simulated, with symmetry boundary conditions applied to account
for the remaining portion of the domain. Specifically, the following boundary conditions are applied:

d · n = 0, (I− n⊗ n)(Pn) = 0 on Γleft ∪ Γdown,

d · n = δ, (I− n⊗ n)(Pn) = 0 on Γup,

d · n = δ/2, (I− n⊗ n)(Pn) = 0 on Γright,

Pn = 0 on ∂Ω \ (Γdown ∪ Γright ∪ Γup ∪ Γleft).

Setup 2. Setup 2, also from [12], consists of square plate with two ellipsoidal holes, as shown in Fig. 2b.
The mesh has 4334 nodes. The specimen is subjected to displacement-controlled uniaxial tension in the
vertical direction, with displacement δ ∈ {0.1, 0.2, . . . , 1.0}, while the remaining portions of the boundary
sides (including those of the inner holes) are traction-free. The boundary conditions read as follows:

d = 0 on Γdown,

d =

(
0
δ

)
on Γup,

Pn = 0 on ∂Ω \ (Γdown ∪ Γup).

Setup 3. Setup 3, adapted from [58], consists of 10 distinct domains, each defined as a square plate of
unit edge length containing a random number of circular holes – ranging from 1 to 3 – with randomly
sampled sizes and positions. Some samples are displayed in Fig. 2c. The number of mesh nodes per each
geometry ranges between 5300 and 6000. The plates are subjected to normal-spring boundary conditions
(with constant k⊥ = 0.01) and loaded on the two vertical sides by a uniformly distributed traction F ∈

13



0.125

0.5

0.25

0.125

0.125 0.5 0.25 0.125
0.2 0.9

0.0 1.0

a b

c

0.00

0.15

d Setup 1 Setup 2 Setup 3

Is
ih

a
ra

M
o
o
n
ey

-R
iv

li
n

F
u
n
g

Setup 1

uniaxial 
tension or
compression

biaxial 
tension or
compression

simple 
shear

Setup 1

Setup 2

Setup 3

Setup 2

Setup 3

Figure 2: 2D setups. (a)–(b)–(c): Graphical representation of Setups 1–2–3 (left), and corresponding sam-
ple solutions obtained with the IH model (right). For Setup 3, six representative domains are shown. Light
blue arrows represent displacement-controlled loads, whereas light orange arrows denote applied forces per
unit surface. (d): Statistical distributions of the principal stretches for the three setups considered. The
scatter plots in the first column show the relative location, in the principal-stretch plane, of the deformation
states obtained for the three setups, while the remaining three columns detail the principal-stretch distri-
butions for each setup, displayed via kernel density estimation. For clarity of visualization, the principal
stretches are plotted without enforcing an ordering, i.e. treating the two stretches symmetrically. Black lines
correspond to canonical deformations described in Appendix B.
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{−0.1, 0.1, 0.2, 0.3}, where negative values correspond to compressive loading and positive values to tensile
loading. More precisely, the boundary conditions are given by:

Pn+ k⊥(n⊗ n)d = 0 on Γtop ∪ Γdown,

Pn+ k⊥(n⊗ n)d = Fn on Γleft ∪ Γright,

Pn = 0 on ∂Ω \ (Γdown ∪ Γright ∪ Γup ∪ Γleft).

Setup 4. Setup 4 (see Fig. 3a) represents a three-dimensional generalization of the bi-dimensional Setup 1.
It consists of a cube with an edge length 2 and a circular hole with radius 0.5. The mesh consists of 7093
nodes. Similarly to Setup 1, for symmetry reasons we simulate only 1/8 of the domain. The specimen is
subjected to asymmetric, displacement-controlled triaxial tension, with prescribed displacements of δ, δ/2
and δ/4 in the three orthogonal directions, with δ ∈ {0.1, 0.2, . . . , 0.5}. The boundary conditions hence read
as follows:

d · n = 0, (I− n⊗ n)(Pn) = 0 on Γleft ∪ Γdown ∪ Γfront,

d · n = δ, (I− n⊗ n)(Pn) = 0 on Γright,

d · n = δ/2, (I− n⊗ n)(Pn) = 0 on Γback,

d · n = δ/4, (I− n⊗ n)(Pn) = 0 on Γup,

Pn = 0 on ∂Ω \ (Γup ∪ Γdown ∪ Γleft ∪ Γright ∪ Γfront ∪ Γback).

Setup 5. Setup 5 consists of a cubic specimen featuring an oblique through-hole, as illustrated in Fig. 3b,
based on a 2585-node mesh. One face of the specimen is fully constrained by imposing zero displace-
ment, while the opposite face is subjected to a displacement-controlled load combining two components:
a uniaxial traction of magnitude δ and a torsional deformation with rotation angle θ = 2π

5 δ, where δ ∈
{0.1, 0.2, . . . , 0.5}. Specifically, the applied boundary conditions are defined as follows, where x = (x, y, z)T

denotes the spatial coordinates, with the z-axis oriented along the vertical direction:

d = 0 on Γdown,

d =

(cos θ − 1)x− sin θ y
sin θ x+ (cos θ − 1)y

δ

 on Γup,

Pn = 0 on ∂Ω \ (Γdown ∪ Γup).

Setup 6. Setup 6 involves a more complex geometry than the previous cases, based on a three-dimensional
mounting clip from a publicly available open-source CAD model [53]. This setup is designed to assess the
generalization capability of the proposed method to markedly different geometries and mixed boundary
conditions, representative of nontrivial, real-world-inspired configurations. The mesh features 12729 nodes.
The geometry, shown in Fig. 3c, is constrained by imposing zero vertical displacement on the bottom surface,
corresponding to a roller-type (sliding) boundary condition. The two arms of the clip are actuated by a
follower load of magnitude F ∈ {0.01, 0.02, . . . , 0.06}, which tends to open them, as illustrated in the figure,
while a uniformly distributed forward load (i.e. in the direction efront) of magnitude F/5 is simultaneously
applied. In addition, the body is subjected to normal-spring boundary conditions on both the front surface,
with spring constant kfront = 0.01, and the surface of the central hole, with spring constant khole = 0.1. These
elastic supports are introduced to induce nontrivial internal stress states when the clip is pushed forward.
To summarize, the boundary conditions are are follows:

d · n = 0, (I− n⊗ n)(Pn) = 0 on Γdown,

Pn+ kfront(n⊗ n)d = 0 on Γfront,

Pn+ khole(n⊗ n)d = 0 on Γhole,

Pn = −FJF−Tn− F/5 efront on Γback,

Pn = 0 on ∂Ω \ (Γup ∪ Γdown ∪ Γfront ∪ Γhole ∪ Γback).
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Figure 3: 3D setups. (a)–(b)–(c): Graphical representation of Setups 4–5–6 (top), and corresponding
sample solutions obtained with the IH model (bottom). Light blue arrows represent displacement-controlled
loads, whereas light orange arrows denote applied forces per unit surface. (d): Statistical distributions of the
principal stretches for the three setups considered. The three scatter plots in the first row show the relative
location, in principal-stretch space, of the deformation states obtained for the three setups, for the principal
stretch triplet (λ1, λ2, λ3), and for the (λ1, λ2) and (λ1, λ3) pairs, respectively. The second row shows the
corresponding principal-stretch distributions for each setup, for the (λ1, λ2) and (λ1, λ3) pairs, displayed via
kernel density estimation. For clarity of visualization, the principal stretches are plotted without enforcing an
ordering, i.e. treating the stretches symmetrically. Black lines correspond to the canonical uniaxial tension
or compression deformations.
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3 Results

To investigate the capabilities of the proposed methods, we consider several synthetic test cases, starting
from two-dimensional domains deformed under plane strain conditions, then moving to three-dimensional
domains. To generate training and testing data, we employ the finite element method, and we compute
numerically the equilibrium configuration resulting from known hyperelastic models. Specifically, we consider
three ground truth material models, namely the Ishihara (IH) [27], the Mooney-Rivlin (MR) [41, 47], and the
Fung (FU) [17] hyperelastic constitutive laws. To take into account the measurement error that unavoidably
affects any source of experimental data, we add an artificial independent Gaussian noise with prescribed
standard deviation σnoise, that we will refer to as the noise level. To quantify the discrepancy between model
predictions and ground-truth data, we consider the root mean square error normalized by the displacement
variance square root (vRMSE): by construction, a näıve predictor that outputs the mean value at each point
attains vRMSE = 1, whereas a perfect predictor with zero error yields vRMSE = 0 (see Appendix A for
precise definitions).

3.1 Plane strain deformations with full displacement field observation

We first consider the case of two-dimensional domains with deformations taking place under plane strain
conditions. Here we assume that the displacement field is measured over the whole domain (full displacement
field observation). We take as benchmark cases the mechanical setups proposed in [12], and later considered
in subsequent works [13, 14, 52]. Specifically, the models are trained based on the displacement field recorded
from a square plate with a circular hole, subjected to a asymmetrical displacement-controlled biaxial tension
with varying loading, hereafter referred to as Setup 1 (Fig. 2a). The discovered models are then tested on a
different geometry, namely a square plate with two ellipsoidal holes, and subjected to displacement-controlled
uniaxial tension in the vertical direction, while horizontal sides are stress-free (Setup 2, see Fig. 2b).

First, we consider the IH model with a noise magnitude σnoise = 10−3, representative of modern DIC
setups [52]. For the proposed method, we tune the hyperparameters using a simple grid search, selecting
the configuration with the lowest training loss (more details in the Section 2.6). Notably, the presence of
strong structural priors and the consequent robustness to overfitting allows us to rely on this straightforward
selection criterion, eliminating the need for cross-validation, which is typically required to control overfitting.
For the selected architecture, we train 5 models by varying the random seed used to initialize the trainable
parameters, and we select the model with lowest training loss. We benchmark our method with the only
available method in the literature allowing to discover a material model from these data (unsupervised model
discovery), namely the VFM. In particular, we rely on the EUCLID approach [52], based on the VFM. To
provide a further reference, we also consider a traditional identification approach in which the functional
form of the hyperelastic law is fixed a priori – here chosen as Neo-Hookean – and only its material parameters
are calibrated on the training data. To provide a fair comparison, we consider the same training data and
the same optimization algorithm as for Neural-DFEM. In Fig. 4a, we report boxplots of the error, obtained
on the test specimen, as a function of the applied load. The results show that the model discovery methods
(i.e. VFM and Neural-DFEM) achieve much better results than the calibrated Neo-Hookean model. Notably,
Neural-DFEM consistently provides the most accurate results across all load values, with an average vRMSE
of 2.16× 10−3 against 1.36× 10−2 of the VFM method (6.3 times smaller).

3.2 Noise robustness

Next, we investigate the noise robustness of Neural-DFEM, by considering noise levels up to two orders of
magnitude larger than the one considered in the previous section (i.e. up to σnoise = 10−1), for the three
ground truth material models, namely IH, MR and FU.

In Fig. 5a we show the load-reaction curves of Setup 2, obtained for different noise levels and com-
pared with the ground truth. Except for the highest noise level in the FU case, the curves is practically
indistinguishable, from a visual standpoint, from that obtained with the ground-truth model.
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Figure 4: Results of 2D test cases (training on Setup 1, testing on Setup 2). (a) Boxplots of
the displacement errors, normalized by the standard deviation of the ground-truth displacement, shown as a
function of the applied load. The training data are generated using Setup 1 with σnoise = 10−3, while the test
data correspond to Setup 2. Three approaches are compared: classical parameter fitting of a Neo-Hookean
material; EUCLID [52], based on the VFM; and the proposed Neural-DFEM. (b) Spatial distribution of the
local displacement error for Setup 2 obtained with Neural-DFEM at the largest applied load (i.e., δ = 1)
and with σnoise = 10−3, for the three material models considered. Note the different color scales used in the
three cases.

Besides Setup 2, we challenge the discovered models to predict the displacement under conditions that
are even farther to the training ones. To this aim, we introduce Setup 3 (see Fig. 2c), consisting of 10
different perforated plates with a random number of holes – ranging from 1 to 3 – with random sizes and
positions, as in [58]. On the sides of the plates, normal spring boundary conditions are applied, and two
opposite sides are loaded with normal traction with varying magnitude, taking both positive (traction) and
negative (compression) sign.

In Fig. 5b, we report boxplots of the errors in both the displacement and the reaction force, as a function
of the noise level, for the three materials considered. The figure shows the errors obtained not only for
the training setup (Setup 1), but also for the two testing mechanical setups (Setups 2 and 3). The results
indicate that the constitutive laws discovered from Setup 1 generalize well to Setup 2 and Setup 3. Indeed,
for sufficiently low noise levels, a normalized error on the order of 10−2 or smaller is achieved in all cases. As
expected, the lower the noise in the training data, the more accurate is the model learned by Neural-DFEM.
Furthermore, Neural-DFEM exhibits excellent robustness to noise even at relatively high noise levels, which
here reach up to two orders of magnitude higher than those considered reasonable in previous works and in
typical applications [52].

Among the three materials, the highest accuracy is achieved for the MR model, suggesting that certain
material behaviors may be more easily represented within the considered hypothesis space. Moreover, gen-
eralization from Setup 1 to Setup 3 appears more challenging than to Setup 2, as indicated by the larger
errors. This aspect is further investigated in the next section.

3.3 Distributional shift in strain-state space and generalization

To shed light on the generalization capabilities of models discovered from a setup to a different setup, it
is instructive to consider the strain state of the deformation involved. Indeed, because the domain shape
differs from a setup to another, to provide a portrait of the strain state that is comparable from one setup to
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Figure 5: Results of 2D test cases (training on Setup 1, testing on Setup 2 and Setup 3). (a)
Predicted reaction force on the top boundary of Setup 2 as a function of the applied load and of the training
data noise σnoise, compared with the reference reaction force obtained using the ground-truth material model.
The insets show a magnified view of the force peak. (b) Boxplots of displacement and reaction force errors,
both normalized by the standard deviation of the corresponding ground-truth, shown as a function of the
training noise level σnoise ∈ {10−1, 10−2, 10−3, 10−4, 0}. Results are reported for the three material models
considered (indicated at the top of each column) and for both the full-field and boundary observation cases
(see the legend in the bottom-right panel). The three rows correspond to Setups 1–2–3, respectively. Hence,
while the first row shows the performance in the training setting (fitting regime), the second and third rows
assess the ability of Neural-DFEM to generalize to mechanical setups different from those observed at training
time. For Setup 3, no reaction force is defined, since no Dirichlet boundary conditions are prescribed.
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another, we propose to consider the statistical distribution of the principal stretches (λ1, λ2). As shown in
Fig. 2d, the training data coming from Setup 1 mainly lay in a region comprised within the state of perfect
biaxial tension (λ1 = λ2 > 1) and uniaxial tension (λ1 > 1, λ2 = 1). This is not surprising, considering
that the macroscopic tension state is an asymmetrical biaxial tension of the specimen. In Setup 2, the
macroscopic uniaxial tension translates at the microscopic level in a strain distribution that lies in proximity
of the perfect uniaxial tension state. As for Setup 3, the presence of compression load, not present in the
first two setups, introduces a significant presence of microscopic strain states close to the perfect uniaxial
compression state (λ1 = 1, λ2 < 1). Moreover, while Setup 1 and 2 employ a displacement-controlled load,
Setup 3 is based on a tension-controlled load, with the loaded sides free to compress in the tangent direction
due to the volumetric changes penalization of the materials, thus favouring the introduction microscopic
strain states close to the simple shear state (λ1 ·λ2 = 1). As a consequence, the overall strain distribution in
the specimens of the training setup (Setup 1) is closer to Setup 2 than to Setup 3. This explains the higher
accuracy achieved in predicting the displacement for Setup 2 compared to Setup 3.

To quantify the distributional shift between training and test deformation regimes, we compute the
Sinkhorn divergence between the empirical distributions of the principal stretches. The Sinkhorn divergence
provides a measure of distributional mismatch based on entropy-regularized optimal transport [9]. The results
confirm that larger divergence values consistently correspond to test cases exhibiting stronger generalization
gaps, thus supporting the interpretation that generalization performance is influenced by the coverage of
the strain-state manifold during training. In particular, comparing Setup 2 with Setup 3, the divergence
increases from 0.17 to 0.32 for IH, from 0.24 to 0.39 for MR, and from 0.15 to 0.27 for the FU model.

3.4 Plane strain deformations with boundary observation

We consider now the case when the training specimen displacement field is measured only at the boundary of
the domain. Remarkably, this case cannot be handled with VFM-based approaches, as the full displacement
field should be available to evaluate the loss function. Instead, the proposed method allows – with a minor
modification of the loss function with respect to the case with full-field observation – to handle this case too.
We run again the same tests above, for the same noise levels. The results, reported in Fig. 5b, show that a
virtually identical accuracy as for the full-field observation condition is obtained in all the cases considered,
both for Setup 2 and Setup 3. More precisely, the vRMSE ratio between full-field and boundary observation
cases is 1.03±0.67 (mean ± standard deviation). This remarkable result provides evidence that the full-field
deformation is not necessary to learn the material response, but a partial observation, such as the boundary
displacement, can be sufficient.

3.5 3D specimens with boundary observations

Finally, we consider three-dimensional specimens, which allow for a full range of deformation modes that
were partially constrained in the previous plane-strain configurations.

For training, we consider Setup 4 (see Fig. 3a), a three-dimensional generalization of Setup 1, consisting
of a cube containing a spherical inclusion and subjected to asymmetric triaxial displacement-controlled loads.
The learned models are then tested on two additional setups designed to challenge them under markedly
different deformation regimes. In Setup 5 (see Fig. 3b), the specimen is a cube with an oblique through-hole,
subjected to a displacement-controlled load combining tension and torsion, while the remaining faces are
stress-free. In Setup 6 (see Fig. 3c), we consider a more complex, real-world-inspired geometry based on a
three-dimensional mounting clip from an open-source CAD model [53]. The clip is constrained by a roller-
type condition on the bottom surface and subjected to combined follower and distributed forward loads.
Additionally, normal-spring boundary conditions are imposed on selected surfaces to generate nontrivial
internal stress states during loading. This setup is designed to assess generalization to markedly different
geometries and mixed boundary conditions.

In Fig. 6a, we report the load-reaction curves obtained for Setup 5 at different noise levels with a
boundary-only observation, while Figure 6b shows the boxplots of the displacement reconstruction error as
a function of the noise level, both for the training setup and for the two testing setups. The results show
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that Neural-DFEM successfully learns constitutive laws that generalize well across different configurations,
also in the case of three-dimensional specimens. Remarkably, and consistently with the two-dimensional
plane-strain experiments, the accuracy obtained with boundary-only observations is nearly identical to that
achieved with full-field data (vRMSE ratio 1.03±0.41). These results show that boundary-only measurements
can be sufficient for effective material discovery even in fully three-dimensional settings. Taking σnoise = 10−3

and the boundary-only observation case as a reference, the vRMSE in Setups 5 and 6 is equal to 6.79× 10−3

and 1.54 × 10−2 for IH, 9.25 × 10−4 and 4.21 × 10−4 for MR, and 1.22 × 10−3 and 1.41 × 10−3 for FU,
respectively. In all cases, the method exhibits strong robustness to noise.

For the IH material model, reducing the noise level in the training set leads to a saturation of the
error, indicating that Neural-DFEM is unable to extract additional information from cleaner data. This
behavior is explained by the fact that the IH model is not polyconvex (as can be readily shown using [22,
Lemma 2.4]) and therefore cannot be approximated with arbitrary accuracy by a HNN, which is polyconvex
by construction. This behavior was not apparent in the plane-strain case, where the kinematics are restricted
to a subset of deformations and the three invariants are no longer independent, effectively masking the
non-polyconvex character of the IH model. Consequently, Neural-DFEM identifies the closest polyconvex,
thermodynamically admissible surrogate consistent with the observed boundary responses. Importantly,
despite this representational restriction, the identified surrogate still reproduces the macroscopic mechanical
response with good accuracy (error of the order of 10−2). In contrast, for the MR and FU material models,
which are polyconvex, the approximation error decreases consistently as the noise level is reduced, confirming
that Neural-DFEM can recover the underlying constitutive behavior with increasing accuracy when it is not
far from the considered hypothesis class.

Similarly to the two-dimensional case, the slightly larger error observed in Setup 6 compared to Setup 5
is explained by the fact that, as shown in Fig. 3d, the microscopic strain states in Setup 5 are closer to those
of the training setup (Setup 4) than those in Setup 6. Quantitatively, the Sinkhorn divergence from the
empirical distribution of the principal stretches observed during training increases from Setup 5 to Setup 6:
from 0.08 to 0.16 for IH, from 0.10 to 0.16 for MR, and from 0.08 to 0.15 for the FU model. This supports
that generalization can be analyzed through the lens of the distributional shift in the strain distribution from
the training to the test set.

4 Discussion

This work shows, for the first time in the literature, that material model discovery can be successfully
performed in a fully unsupervised setting even under partial observation regimes, relying solely on measured
specimen boundary deformations and without paired strain–stress data. These results provide evidence that
experimentally viable material discovery under partial observability may be feasible, although validation on
real experimental data remains an important direction for future work.

The proposed computational framework is built upon a differentiable finite element solver embedded
within the learning process. This design choice allows us to establishes a direct link between candidate
constitutive laws and the resulting deformation fields, enabling a high flexibility in the formulation of the
loss function, including, for instance, mean squared error terms evaluated on arbitrary subsets of the domain.
Such flexibility is not attainable neither with supervised material discovery methods, which require paired
strain-stress data, nor with standard VFM, which requires full-field displacement data to be known a priori.
Moreover, because VFM relies on differentiating measured displacement fields – an operation that amplifies
measurement noise – it typically necessitates a dedicated denoising stage. In contrast, the proposed approach
avoids this requirement entirely, resulting in a learning process that is inherently robust to noisy observations.

Neural-DFEM relies on a novel neural-network-based constitutive ansatz, represented by the class of
HNNs, which provides mathematically provable guarantees of physical and thermodynamic consistency, as
well as mathematical well-posedness of the associated equilibrium problem. These properties are essential for
Neural-DFEM, as convergence of the embedded solver must be ensured throughout the entire training tra-
jectory, rather than only at the final learned solution. Finally, the proposed framework incorporates a set of
carefully designed numerical strategies – including quasi-Newton optimization schemes, continuation meth-
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Figure 6: Results of 3D test cases (training on Setup 4, testing on Setup 5 and Setup 6). (a)
Predicted reaction force on the top boundary of Setup 5 as a function of the applied load and of the training
data noise σnoise, compared with the reference reaction force obtained using the ground-truth material model.
The insets show a magnified view of the force peak. (b) Boxplots of displacement and reaction force errors,
both normalized by the standard deviation of the corresponding ground-truth, shown as a function of the
training noise level σnoise ∈ {10−1, 10−2, 10−3, 10−4, 0}, and of the observation type (full-fields vs boundary
only, see legend). Results are reported for the three material models considered (indicated at the top of each
column) and for both the full-field and boundary observation cases (see the legend in the bottom-right panel).
The three rows correspond to Setups 4–5–6, respectively. Hence, while the first row shows the performance
in the training setting (fitting regime), the second and third rows assess the ability of Neural-DFEM to
generalize to mechanical setups different from those observed at training time. For Setup 6, no reaction force
is defined, since no Dirichlet boundary conditions are prescribed.
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ods, a backtracking line search that enforces convergence of the nonlinear solver, and a purposely designed
initialization strategy for the neural network parameters – which together ensure robustness and computa-
tional efficiency of the overall approach. As a result, training can be carried with limited computational
resources. More precisely, all experiments were executed on a single CPU core of an AMD processor (up to
3.63 GHz), and training took on average 7.38 h (IH), 1.84 h (MR) and 1.38 h (FU) in the two-dimensional
case; 20.16 h (IH), 8.26 h (MR) and 24.79 h (FU) in the three-dimensional case.

An alternative paradigm that could, in principle, enable material discovery from partial observations is
that of Physics-Informed Neural Networks (PINNs). However, our initial investigations (not reported here)
revealed severe convergence difficulties for PINNs in this class of problems, even for comparatively simple
configurations. While further studies may be warranted, these observations suggest that approaches based
on differentiable solvers are more suitable for constitutive model discovery in mechanics.

In parallel with advances in material discovery, a growing body of work has focused on operator learn-
ing methods aimed at predicting the deformation of elastic bodies directly from data. Examples include
approaches based on autoencoders [31] graph neural networks [51], PointNet architectures [30], Universal
Solution Manifold Networks [58], and DeepONets [23]. While these methods can deliver extremely rapid
predictions at inference time, they typically require large training datasets and often struggle to generalize
to geometries and boundary conditions that differ substantially from those encountered during training.
As such, these methods primarily function as surrogate models, acting as accelerators of numerical solvers
trained on extensive sets of precomputed simulations that provide the dominant learning bias. By contrast,
Neural-DFEM relies on strong inductive biases rooted in fundamental physical principles: the momentum
balance equation is enforced explicitly at every training epoch through the finite element solver, and the
constitutive model is constrained by requirements such as frame indifference, polyconvexity, and coercivity,
thanks to the newly introduced architecture. These ingredients reduce the dependence on purely data-driven
learning bias and promote generalization across geometries and boundary conditions well beyond those used
during training, provided that they induce strain states sufficiently represented during training, as illustrated
by the numerical experiments. From this perspective, the learning task shifts from approximating the global,
macroscopic response of a body to identifying its local, microscopic material behavior.

Consequently, within this framework, concepts such as generalization and extrapolation are most natu-
rally interpreted at the level of local strain states. In particular, generalization across experimental setups
can be understood as a form of distributional shift in the space of strain invariants. Our results indicate that
predictive accuracy deteriorates as the strain-state distribution encountered at test time departs from that
sampled during training, consistently with the broader machine-learning literature on out-of-distribution
generalization. This behavior is not specific to the present method but reflects a fundamental limitation of
data-driven material discovery: when local deformation states are insufficiently represented in the training
data, the inferred surrogate is constrained only by the inductive biases embedded in the hypothesis class, but
too strong structural priors typically sacrifice expressivity. Therefore, analyzing the statistical distribution
of local strain states and quantifying their distributional mismatch relative to the training regime provides
a physically grounded lens through which generalization performance can be interpreted. Such analysis may
serve as an a posteriori diagnostic of prediction reliability and suggests a potential guideline for designing
informative training configurations.

A limitation of the present work is its restriction to isotropic materials. Nevertheless, the proposed HNN
framework can be extended in a straightforward manner to anisotropic settings by incorporating anisotropic
invariants into the model input. If the directions of anisotropy are known a priori, the extension is immediate;
if they are unknown, they may be introduced as additional variables to be inferred within the optimization
process.

Ultimately, this study highlights the importance of incorporating fundamental physical principles as
inductive biases directly into computational frameworks for scientific discovery. Constraining the hypothe-
sis space to thermodynamically consistent constitutive laws and enforcing equilibrium throughout training
structurally regularizes the inverse problem, enabling reliable and robust generalization even under partial
observability.
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Appendix

A Error metrics

Given a collection of N points, and associated displacement vectors di, for i = 1, . . . , N , we define the
average displacement as

d =
1

N

N∑
i=1

di,

and the displacement variance as

Var(d) =
1

N

N∑
i=1

∥di − d∥2.

Now, let us consider a collection of reference displacements d̂i, for i = 1, . . . , N . We define the root mean
square error (RMSE) between {di}i and {d̂i}i as:

RMSE =

√√√√ 1

N

N∑
i=1

∥di − d̂i∥2.

Consequently, we define the variance-normalized root mean square error (vRMSE) as:

vRMSE =
RMSE√
Var(d̂)

.

This definition is such that a näıve predictor, predicting the average displacement in each point, would score
vRMSE = 1, while a perfect predictor achieving zero error satisfies vRMSE = 0.

B Canonical deformations

In Fig. 2c, in addition to the distribution of principal stretches corresponding to the considered mechanical
setups, the principal stretches associated with the following canonical deformations are shown for reference:

• Uniaxial tension: F =

(
1 + δ 0
0 1

)
;

• Uniaxial compression: F =

(
1

1+δ 0

0 1

)
;

• Biaxial tension: F =

(
1 + δ 0
0 1 + δ

)
;
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• Biaxial compression: F =

( 1
1+δ 0

0 1
1+δ

)
;

• Simple shear: F =

(
1 δ
0 1

)
.

In all cases, the range δ ∈ [0, 0.5] is represented in the figure.

C HNN initialization

In this section, we analytically prove that, under the proposed parametrization and initialization strategy,
the derivative of a HNN with respect to the invariants I1 and I2 at the reference configuration remains
bounded as the number of neurons increases. For brevity, we present the derivation for I1 only, as the same
arguments apply to I2.

Case with skip connections. Consider first the architecture including skip connections. From (5), we
obtain

∂z1
∂I1

= w1
1 ⊙ ρ′(w1

1(I1 − 3) +w2
1(I2 − 3) +wJ

1 (J − 1) + b1),

∂zi
∂I1

=

(
w1

i +Wi−1
∂zi−1

∂I1

)
⊙ ρ′(w1

i (I1 − 3) +w2
i (I2 − 3) +wJ

i (J − 1) +Wi−1zi−1 + bi), for i = 2, . . . , L

∂zout
∂I1

= Wwout ·
∂zL
∂I1

,

where ⊙ denotes tha Hadamard (i.e., componentwise) product. In the reference configuration (F = I), all
pre-activations vanish, hence ρ′(·) = ρ′(0). Therefore,

∂z1
∂I1

= w1
1ρ

′(0),

∂zi
∂I1

=

(
w1

i +Wi−1
∂zi−1

∂I1

)
ρ′(0), for i = 2, . . . , L

∂zout
∂I1

= Wwout ·
∂zL
∂I1

.

Taking expectations with respect to the random initialization (leveraging independence and identical dis-
tributions of the trainable parameters), and denoting E [τ(σinitZ)] = w, where Z ∼ N (0, 1) is a standard
Gaussian random variable, we obtain the recurrence:

E
[
∂z1
∂I1

]
= wρ′(0)1n1

,

E
[
∂zi
∂I1

]
= wρ′(0)

(
1ni

+
1

ni−1
1ni×ni−1

E
[
∂zi−1

∂I1

])
, for i = 2, . . . , L

E
[
∂zout
∂I1

]
= W w

1

nL
1nL

· E
[
∂zL
∂I1

]
.
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By defining the constant γ = wρ′(0), we have by induction:

E
[
∂z2
∂I1

]
= γ (1 + γ)1n2

E
[
∂z3
∂I1

]
= γ (1 + γ (1 + γ))1n3

...

E
[
∂zi
∂I1

]
=

i∑
k=1

(γ)
k
1ni =

γ

1− γ

(
1− γi

)
1ni

where the last equation holds for any i = 1, . . . , L. In the above calculation, we have exploited the identity
1

ni−1
1ni×ni−1

1ni−1
= 1ni

. Finally, the derivative of the output neuron with respect to I1 reads:

E
[
∂zout
∂I1

]
= W w

γ

1− γ

(
1− γL

)
(8)

This means that the expected value of the derivative with respect to I1 is independent of the number of
neurons of each layer. It instead depends on the number of layers. However, Eq. (8) provides a guideline to
avoid blows up of this quantity when deep architecture are employed: indeed, σinit and ρ must be chosen so
that the constant γ = wρ′(0) is smaller than one. In this case, indeed, we have a finite limit:

E
[
∂zout
∂I1

]
−−−−−→
L→+∞

W w
γ

1− γ

Case without skip connections. Let us now consider the case when skip connections are not employed,
that is when the terms w1

i , w
2
i and wJ

i for i ≥ 2 are removed. By proceeding similarly to above, we have:

E
[
∂z1
∂I1

]
= γ1n1 ,

E
[
∂zi
∂I1

]
= γ

1

ni−1
1ni×ni−1

E
[
∂zi−1

∂I1

]
, for i = 2, . . . , L

E
[
∂zout
∂I1

]
= W w

1

nL
1nL

· E
[
∂zL
∂I1

]
.

This entails that

E
[
∂zi
∂I1

]
= γi1ni

,

and, in conclusion

E
[
∂zout
∂I1

]
= W w γL.

In this case, the expected derivative is again independent of the number of neurons per layer. For deep
architectures, choosing γ close to one prevents both vanishing and blow-up of the gradient.

D Hyperparameters values

The values of hyperparameters selected as described in Sec. 2.6 are reported in Tab. 1.
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2D specimens 3D specimens

Hyperparameter IH MR FU IH MR FU

Number of layers L 2 1 1 1 1 2
Number of neurons per layer ni 5 5 5 5 5 5
Skip connections ✗ - - - - ✗
Isochoric input invariants ✗ ✗ ✗ ✗ ✗ ✓
Initialization std. σinit 0.6 0.1 0.1 0.1 0.1 0.6
Scaling constant W 1 10 10 10 10 1

Table 1: Selected hyperparameters for the HNN models.

E Basic lemmas on convex functions

In this section we collect standard definitions and results an convex functions, employed in this work.

Definition 3. A function f : Rn → R is convex if for all x,y ∈ Rn and λ ∈ [0, 1]:

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y). (9)

Proposition 1. Consider a convex function f : Rn → R and a convex, non-decreasing function g : R → R.
Then the composition g ◦ f : Rn → R is also convex.

Proof. Let x,y ∈ Rn and λ ∈ [0, 1]. Since g is non-decreasing, we can apply it to both sides of (9):

g(f(λx+ (1− λ)y)) ≤ g(λf(x) + (1− λ)f(y))

≤ λg(f(x)) + (1− λ)g(f(y)),

where in the last line we have used the convexity of g. This proves that g ◦ f is convex.

Lemma 1. Let f : R → R be a C1 function which is convex, non-decreasing, and non-constant. Then there
exist constants a > 0 and b ∈ R such that

f(x) ≥ ax− b, ∀x ∈ R.

Proof. Since f is C1, non-decreasing but non-constant, then there exists x0 ∈ R such that f ′(x0) > 0.
Moreover, as f is convex, we have

f(x) ≥ f(x0) + f ′(x0)(x− x0), ∀x ∈ R,

which proves the thesis.
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