MODELLISTICA E CALCOLO SCIENTIFICO

MODELING AND SCIENTIFIC COMPUTING

MOX-Report No. 30/2025

Onlinelearningin bifurcating dynamic systemsvia SINDy and
Kalman filtering

Rosafalco, L.; Conti, P.; Manzoni, A.; Mariani, S.; Frangi, A.

MOX, Dipartimento di Matematica
Politecnico di Milano, Via Bonardi 9 - 20133 Milano (Italy)

mox-dmat@polimi.it https://mox.polimi.it



Online learning in bifurcating dynamic systems
via SINDy and Kalman filtering

Luca Rosafalco®, Paolo Conti*P, Andrea Manzoni®, Stefano Mariani®, Attilio Frangi®

% Department of Civil and Environmental Engineering, Politecnico di Milano
Piazza L. da Vinci 32, 20133 - Milano (Italy)
YMOX, Department of Mathematics, Politecnico di Milano
Piazza L. da Vinci 32, 20133 - Milano (Italy)

Abstract

We propose the use of the Extended Kalman Filter (EKF) for online data assimilation and update of a
dynamic model, preliminary identified through the Sparse Identification of Nonlinear Dynamics (SINDy).
This data-driven technique may avoid biases due to incorrect modelling assumptions and exploits SINDy to
approximate the system dynamics leveraging a predefined library of functions, where active terms are selected
and weighted by a sparse set of coefficients. This results in a physically-sound and interpretable dynamic
model allowing to reduce epistemic uncertainty often affecting machine learning approaches. Treating the
SINDy model coefficients as random variables, we propose to update them while acquiring (possibly noisy)
system measurements, thus enabling the online identification of time-varying systems. These changes can
stem from, e.g., varying operational conditions or unforeseen events. The EKF performs model adaptation
through joint state-parameters estimation, with the Jacobian matrices required to computed the model
sensitivity inexpensively evaluated from the SINDy model formulation. The effectiveness of this approach is
demonstrated through three case studies: (i) a Lokta-Volterra model in which all parameters simultaneously
evolve during the observation period; (ii) a Selkov model where the system undergoes a bifurcation not
seen during the SINDy training; (iii) a MEMS arch exhibiting a 1:2 internal resonance. The ability of EKF
of recovering inactivated functional terms from the SINDy library, or discarding unnecessary contribution,
is also highlighted. Based on the presented applications, this method shows strong promise for handling
time-varying nonlinear dynamic systems possibly experiencing bifurcating behaviours.

1. Introduction

The increasing availability of data has driven significant advancements across various scientific and en-
gineering domains, including structural health monitoring in civil engineering [1], aerodynamic control [2],
and modeling the structural mechanics of Micro Electro-Mechanical Systems (MEMS) [3]. In all these fields,
data-driven approaches have emerged as new paradigms to analyse, forecast, and control complex physical
systems, setting the foundation of predictive Digital Twins (DTs) [4], nowadays enabling, e.g., predictive
maintenance for civil infrastructures [5] or unmanned aerial vehicles [6].

The construction of predictive DTs, unlocking the possibility to operate online on a dynamical system,
requires to assimilate incoming information on-the-fly. This is possible thanks to filtering techniques like
the Kalman Filter (KF) [7], that provides the optimal way to assimilate information in a linear setting [8].
Nonlinear extensions of the filter, such as the Extended Kalman Filter (EKF) or the unscented Kalman filter
can be used for nonlinear identification problems [9, 10]. A broader application of filtering techniques for
DTs is hampered by challenges in filter tuning and errors in formulating the dynamic model employed in the
predictor stage of the filter [11, 12]. While advanced filter tuning approaches have been recently proposed
in the literature [13, 14, 15], here we focus on data-driven non-intrusive surrogates to face the improper
modelling issue suffered by purely physics-based models [16, 17].
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Recent studies completely replaced physics-based models with Machine Learning (ML)-based models.
For example, generative adversarial networks have been demonstrated successful in structural health moni-
toring [18] and damage detection for nonlinear dynamic system [19] in simulated environments. In a similar
direction, the combination of ML-based models with KFs was recently explored. For instance, in [20], long
short-term memory networks were used in the predictor phase of the filter, resulting in the automatic estima-
tion of the process and measurement noise. The work of [21] demonstrated impressive estimation capabilities
in nonlinear structural dynamics by employing dynamical variational autoencoders whose inference task was
performed by the EKF. On the other hand, training Neural Networks (NNs) require large datasets and
struggle with epistemic uncertainties [22], which refer to the inability of modelling a system response in
scenarios where data are unavailable [23]. This is the case of civil structure responses in potential damage
conditions [24], where only baseline (undamaged) data are available. Such uncertainties, combined with
the lack of interpretability and of physical consistency, cause significant limitations to the practical applica-
tion of ML models in real engineering contexts, potentially hindering their use in the experimental setting
[25]. Moreover, pre-trained NNs generally cannot be updated online, potentially leading to considerable
prediction errors in nonlinear dynamics. This is particularly problematic when highly nonlinear processes
are involved, as dynamic contributions that were negligible during the initial NN training may emerge. For
example, variations of input parameters can result in the development of vorticity in fluids [26] or resonance
in mechanical structures [27], possibly leading to bifurcation phenomena that completely change the system
dynamics. In a DT perspective, detecting at which configurations these regime transitions occur is essential,
as these behaviours can significantly affect the operation of the system. We highlight physical consistency
as a required condition to make ML models more robust.

In this work, we present a data-driven method for online learning and adaptation of a dynamical model,
using assimilated data from the physical system. Specifically, we adopt the Sparse Identification of Nonlinear
Dynamics (SINDy) technique [28] to construct the predictive model required in the filtering prediction
stage; data assimilation is then carried out using an EKF. SINDy approximates the system dynamics from
available data by constructing a nonlinear dynamic model that is parametrised by a sparse set of coefficients,
determining the active terms from a predefined library of functions. The construction of robust, physically
consistent, and interpretable models is thus enabled by SINDy thanks to its capacity to adopt a parsimonious
description of system dynamics, consistent with the assumption that system models are governed by few
important terms if an appropriate reference system is adopted, even when discontinuous nonlinearities are
considered [29].

Differently from our previous work [30], here we do not only update system variables to track the evolution
of states and parameters; rather, we evolve the predictive model itself by dealing with SINDy coefficients
as learnable random variables. The outcome is an explainable data-driven model that can evolve online
adapting to different scenarios. This allows to enrich a dynamic description of the physical phenomenon at
hand as new data are assimilated, and to correct or even dropping terms that are incorrect or irrelevant.
The capacity to assimilate data and modify online the SINDy model sets apart our work from previous
applications of SINDy, for which training is typically done once in a preliminary offline phase.

With respect to [30], we no longer require a large amount of trajectories of the system for different
parameter configurations to construct, a priori, a predictive model which accounts for parametric dependency.
Recovering this type of data is not always possible or it may result extremely expensive, although possible
[31]. Instead we can learn and incorporate this parametric dependency online, thus significantly enlarging
the applicability of the method.

Thanks to the convenient non-intrusive system parametrisation provided by SINDy, the obtained frame-
work can model parametric bifurcations, which is a fundamental and desirable goal. For example, the
possibility of generalising the system dynamics over bifurcation parameter values was recently commented
in [32], by adapting a NN-based meta-model of the system dynamics. However, this approach required to
preliminary collect trajectories under varying the properties of interest.

Other works combined the ideas underlying the SINDy technique with filtering. For instance, in [33, 34],
a sparsity promoting UKF algorithm was proposed for nonlinear dynamic identification, employing pseudo-
observations as described in [35], with the advantage of eliminating the need of any preliminary offline
procedure; however, omitting SINDy for parameter initialisation makes the identification task considerably
more challenging. In [36], the combination with a KF was proposed to mitigate the impact of noise on the
identification of the SINDy model.
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Figure 1: Online model adaptation combining SINDy and EKF. In the offline stage, a SINDy model is trained. In the online
stage, this model is used in the predictor phase of the EKF to advance the system state over time. The EKF corrector phase
then updates both the states and parameters of the model by assimilating measurements acquired on the physical system. The
procedure can potentially recover inactivated functional terms from the SINDy library or, conversely, suppress unnecessary
contributions.

Similarly to what we propose, in [37], SINDy parameters were evolved, but the use of a linear version
of the KF excluded the possibility of joint estimation of system dynamics and model parameters, thus
precluding nonlinear dynamics applications for which being able to closely track the evolution of the system
is essential. By adopting the EKF, we have been instead able to dramatically widen the range of applications
of the procedure targeting a collection of interesting and challenging problems. In particular, we treat a case
in which all the parameters of a dynamic model vary simultaneously during the observation window; a
further case in which the variation of one parameter causes the system to pass through an Hopf bifurcation;
a final situation related with a real MEMS device featuring a 1:2 internal resonance and Neimark-Sacker
bifurcations [38].

The remainder of the paper is organised as follows. In Sec. 2 the proposed procedure is discussed,
focusing on EKF and SINDy equations, and highlighting how to combine them. A schematic representation
of the proposed methodology, distinguishing between the offline SINDy training and its online update, is
reported in Fig. 1. Case studies are discussed in Sec. 3, by addressing a time-varying Lokta-Volterra model
(3.1), a Selkov model passing an Hopf bifurcations (Sec. 3.2) and a real MEMS device (Sec. 3.3). Further
comments and future developments are reported in Sec. 4.

2. Methodology

We rely on a state-space representation of the dynamical system of interest. Such representation allows
for the time evolution of the state variables describing the system dynamics, collected in the vector x(t) € R"™;
data assimilation exploits instead incoming observations of the system y(¢;) € R°, where o are the number
of observations at ¢;, and t; with j = 1,...,T are the discrete observation times. Observations and state
components are treated as random variables, to account for modelling and measurement uncertainties. The
following system of equations terms capture system evolution and observables:

x(t) = %x(t) —E(x(t),6) + qus € [to, b7, (1a)

y(tj) = h(x(t;)) +r, 1 € {to,tr,. . tr}, (1b)



where: t is the time coordinate; f : R™ xR — R" is the function describing the system time-varying dynamics;
q. is the process noise vector; h : R — R° is a possibly nonlinear function mapping the state variables
into the incoming measurements y(t;). Both q, and r are assumed to be distributed as white, zero mean
stochastic processes, that is q, ~ N (0, Q) with diagonal covariance matrix Q, € R"*" and r ~ N (0,R)
with diagonal covariance matrix R € R°*°, respectively. Egs. (la) and (1b) can be easily modified to
include the dependence on a forcing term, as shown in [30]. It is worth noting that the continuous time
dependence in Eq. (1a) enables to directly substitute f with SINDy, while the discrete time dependence of
the observables is consistent with digital recording acquisition.

A prediction-correction scheme is adopted: the quantities evolved through Eq. (1a), denoted with the
superscript “—”, are the output of the prediction phase; these outputs will be then updated in the correction
phase. The resulting quantities will be denoted with the superscript “+”. According to the extended version
of the filter (EKF), the mean x = E[x] and covariance P = E[(x — x)(x — %) '] of the state variables x are
propagated in time.

During the prediction stage, the values of x*(¢;11) and P*(¢;1) at ¢, are evolved to obtain X~ (¢;)
and P~ (t;) at t;, respectively. To integrate the continuous relation in Eq. (1a), different methods can be
utilised. Due to its high accuracy, we have employed the fourth-order Runge Kutta integrator. More details
on time integration can be found in Algorithm 1. To compute P*(¢;), the Jacobian F*(¢;1) of f has to be
computed according to:

of
o (2)
x(tj_l )

Ff(tja) =

After getting X (¢;1) and P*(t;) in the prediction stage, their estimates are updated by assimilating
the information from incoming measurements y(¢;) to get of x*(¢;) and P*(¢;) at ¢;. This is achieved by
way of:

T

G(t;) = P~ (t;)H ™ (t;) (H™(t;)P~(t;)H (1) '+ R) "’ (3a)
xF(tj) =% (t;) + G(t;)(y(t;) —h(x" (¢ )atj)% (3b)
PH(t) = (I-G(t;)H™ (t;)) P~ (t;) (I-G(t;) H (t;)) +G(t;)RG(t;) ", (3¢)

where: G(t;) is the Kalman gain at time ¢;; H is the Jacobian of h, computed as:

oh

H™(t) = 57

x~(t;)

In this work, we assume h to be an operator selecting which state variable must be compared with the
incoming observations. Alternatively, the same identification strategy here adopted for f can be employed
to identify not trivial h, as already proposed in [30].

To avoid modelling issues [12], we identify f directly from data. In particular, we consider the SINDy
setup [28], where the function f is approximated by a linear combination of p candidate functions included
in a library ©(x(t)) = [61(x(t)),...,0,(x(t))] € RP that describes the system dynamics:

f(x(t),t) » " (O (x(t)), ()

where B(t) = [£,(t),...,&,(t)] € RP*™ is the matrix collecting the weighting coefficients &,(t) € RP. Any
type of functions can be included in ®, with polynomials often serving as a suitable library for problems in
computational mechanics [39]. It is also possible to assume that the functions in ® have an explicit time
dependency, thus getting f(x(t),t) ~ ET(t)@T (x(t),t), for example to treat non-autonomous (externally
forced) systems [30].

Our goal is to estimate the values of the unknown coefficients E and their time evolution from the
assimilated data. It is important to note that this framework allows non-zero coefficients in 2 to vanish or,
conversely, zero-valued coefficients to increase over time. This flexibility enables potential changes in the
composition of the functional terms that contribute to the system dynamics.

First, an initialisation of the coefficients = is performed offline using static learning procedures on a
limited training set of snapshots of the state vector trajectories. The training data are collected in the



following matrix:

x ' (t1) ri(t1)  wa(ty) - wa(ty)
x ' (t2) z1(t2) @a(ta) -+ an(t2)

x=|" =" o S (6)
<T(tr)] Lo waltr) o wa(ir)

where x;(t;) is the i-th entry of x at the j-th time instant. Similarly, a matrix X € RT*" is constructed
by collecting the derivatives x. Thus, the functions of the library are applied to the rows of X obtaining
O(X) € RT*P (see [28] for further details) and Eq. (5) translates at the levels of the training data as:

X ~ O(X)=. (7)
Matrix Z is obtained by solving the following sparsity promoted least square regression problem:

E= arg_rlninHX - O(X)E|]2 + L(E), (8)

where £(Z') is a sparsity promoting regulariser that could enforce, for example, a LASSO regression [40] or
a Sequential Thresholded Least SQuares (STLSQ) algorithm [28]. Notice that this intialization represents a
static estimate, representing the best fitting constant coefficients over the set of training trajectories.

Next, we are interested to adapt f to assimilate acquired data, in order to account for time-varying
dynamics. To do so, we augment the state vector to include a subset of the SINDy weighting coefficients
é, thus obtaining » = [x, E]T This means that the SINDy coefficients of this subset are treated as random

—

variables. In other words, & collects the entries E that may evolve in the system, while the remaining
coefficients are grouped into &,. Since many coefficients are usually set to zero through Eq. (8), we expect
that many of them will remain unchanged. On the contrary, coefficients set to zero by SINDy may be
included in & to track potential emerging dynamic behaviours. Coefficients & and £, are collected into =
and By € RP*™ respectively, by multiplying E through a Boolean matrix B € RP*™ elementwise, that is by
multiplying corresponding elements of B and =:

E(t) = E(t) + Eo, with (9a)
E(t) = B E(t), (9b)
o= (1-B) o E(t), (9¢)

where ©® denotes the elementwise product operator and 1 € RP*™ is a matrix whose entries are set to 1.
Consistently, the introduced notation allows the dynamic evolution of x to be expressed as:

f(x(t) ~ E(1) 0 (x(t),1) = (B(t) + Zo) 'O (x(1)). (10)

However, defining the augmented state s requires describing the dynamic evolution of é as well. We assume
that this evolution is driven by a white, zero mean stochastic process noise q; ~ N(0, Qé) with diagonal
covariance matrix Qg € R¢*¢. We thus introduce a unique process noise q = [qg,j,qé]T7 and a unique
covariance matrix Q collecting the entries of Q, and Qé. This means that the values of é’ can be only
modified in the correction stage on the basis of the mismatch between the incoming y(¢;) and the predicted
h(x™(t;),t;).

Ultimately, using SINDy to estimate f enables to compute the Jacobian matrix F*(¢;) in a straight-
forward way as detailed in the following:

of

x T

of

= \T00" (x AEM)) AT
% | ET ) + BT HEGE-6 (%)
st (tj) s (tja) | st (tj)

0 0 0 0

FF(tja)= st (ta) | 0
) (11)
where it can be noted how the the derivatives with respect to £ directly enters in the Jacobian defini-
tion. Implementation details of how the online adaption of the SINDy model is performed via the EKF by
assimilating incoming measurements is reported in Algorithm 1.



Algorithm 1 Online adaptation of SINDy via EKF
Input: SINDy model f(x(t)) =~ E(t) O (x(t)) = (E(t)+Zo) ' © T (x(t)); selecting operator h(x(t;),t;);
sequential measurements y(t1),...,y(tr) 3
Output: online update of the dynamic state variables x and of the SINDy coefficients £ through the
estimates of % (t1),..., 5" (tr), and Pt (t1),..., Pt (tp).
Set: process and measurement noise covariance matrices Q and R; the Boolean matrix B.
1: B(t) = E(t) + Ep, with E(t) = B O E(¢) and Ey = (1 — B) © E(t)
2: for tj =t1,...,tp do

Predictor phase (4th order Runge Kutta integration)

3 X(tj) = xT (1) + ZL(KY + 2KF + 2K% + K¥)

> KY = (BT (1) + o) O (% (t;- 1))
> KE = (Bt (tj_1) + Eo) T OT (% (¢, ,1)+At7)
> KX = (B (t-1) + E) O (KF (1) + At

. X > KY = (EH(tj_1) + o) TOT (X (t;_1) +ALKY)
4 Ei(tj) = é+(tj,1)
5. P(t;) = PH(ta) + 2H(KY +2KF + 2K + KF)
> KP = FH(t; )Pt (L) + P+(tj_1)F+T( tia) + Qq
> KE = Fr (6 + 3) (P+< -_1>+’<—1)+(P+< _1> )P (a4 50+
> KY =F(tia+4L) ( )+(P Q) Ft (j—l+%)+Qx
> kY = Fr(t,a+5H) (PH(ta +’C3 )+ (PF(tja +IC3)F+ (tj + A +Qq
St )= T o0 () OE )" T
>F(tjq) = (& () + HO)T ot st (t51) o¢ & & st (tya)
0 0
Corrector phase
6 G(t;) =P (t;)H (t;) (H(t;)P~(;)H (t;) '+ R)~!
n X)) =% (1) + G()(y(E) - hE(1).1) SH() = ||
8 PH(t;)=(I— G(t;)H(t;)) P~(t;) 1 — G(t;)H(t;)) + G(t;) RG(t;)T

9: end for

3. Numerical Results

The method outlined in Sec. 2 is now applied to three case studies. In Sec. 3.1, we examine a Lokta-
Volterra model where all parameters evolve simultaneously, demonstrating our framework ability to construct
and online update a SINDy model according to acquired measurements. In Sec. 3.2, we investigate a
Selkov model to determine whether the adaptive SINDy model can track previously unseen dynamics after
undergoing a bifurcation point controlled by an evolving parameter. All variables and parameters in these
two case studies are treated as nondimensional. In Sec. 3.3, we assess the applicability of our approach to a
pair of industry relevant engineering scenarios involving a MEMS device with a 1:2 internal resonance.

3.1. Lokta Volterra model

The Lokta-Volterra model is used to describe the dynamics of a biological system involving the interaction
between two species, one acting as prey and the other as predator [41]. The system dynamics reads:

& = fi(z1, 22) = axy + bxi 2o, (12a)
Ty = fo(w1, w2) = cwy + dw132, (12b)



where x1 is the prey population quantity, 2 is the predator population quantity; a € R, b€ R™, c € R,
d € Rt are parameters characterising the interaction between the two species, and f = [f1, fa] .

We aim to evaluate whether the proposed procedure can track potential changes in the model parameters
within the observation window [0,7], with T" = 150, by monitoring both z; and z5. To achieve this, we
consider a function library ©® consisting of polynomial terms up to the second order. The corresponding
coefficients E are preliminary identified offline using STLSQ over a set of system trajectories not affected
by noise, computed by numerical integration for the following model parameters a = 1.0,b = —0.1,¢ = —1.5
and d = 0.075. The STLSQ algorithm is performed with a regularisation strength §, = 0.05, as default in
the PySINDy package, and a threshold parameter L = 5-107%. Specifically, §, determines the strength of the
£-2 regularisation promoting sparsity in the SINDy representation, while L fixes the threshold below which
the entries of E are set to 0. In the case of noisy data, noise tolerant versions of SINDy could be employed
[42, 43]. As shown in Appendix A, SINDy successfully reconstructs the original model as can be noted by
comparing the coefficients determined by SINDy with the ones that weight the relevant functional terms in
the reference model used to train SINDy.

After the offline initialisation of the model, we employ the EKF to online assimilate noisy observations
y = [Z1,%2] " of the system, letting the parameters evolve according to Algorithm 1, and thereby consistently
updating f. This has involved incorporating a, b, ¢, d into é The integration time step At, equal to the
sampling time, has been set to 5.130-1073. The acquired measurements have been characterised by a Signal
to Noise Ratio (SNR) of 25 with white noise generated numerically. To test the procedure in more challenging
conditions, each parameter has been assigned a different evolution law. A sinusoidal variation, ranging from
0.8 to 1.2, has been considered for a, while a step change from —0.1 to —0.09 at ¢ = 50 have been imposed
on b; ¢ has been instead kept constant to assess the filter ability to maintain its estimate unchanged; lastly, d
has been given a linear variation from 0.075 to 0.085. It is important to note that, by keeping unchanged the
sign of the model coefficients, the stability portrait of the system remains unchanged, resulting in periodic
trajectories which form closed orbits in the state-space surrounding the stable center x.q = [%, %]T

The results of the identification are collected in Fig. 2 in terms both of tracking the dynamics of the system
and of describing its parameter evolution. Target values are indicated with a bar, while noise-free version of
the observations are labelled as Z; and Zp. The procedure has allowed us to successfully track the system
dynamics even under evolving conditions in the predictive model f, which had not been encountered during
SINDy training. All parameters have been accurately and rapidly identified, particularly in response of the
step change in b, proving how model adaptability can be attained by assimilating incoming measurements
through EKF.

3.2. Selkov model
The Selkov model describes glycolysis by the following system of two ordinary differential equations [44]:

1 = fi(z1,22) = p+ qay — 12103, (13a)
By = fa(w1,2) = w1 + w2 + Vow123, (13b)

where x1 and 9 represent the concentration of two chemicals species in the glycolysis. Not all the coefficients
that weight the functional terms usually vary when applying the Selkov model. Specifically, #; = —1, ¥ =1,
th = —1 are typically fixed. Similarly, the contribution of the cubic term x;23 is generally not parametrised,
but it is included here with coefficients ¥; € R~ and 5 € RT. Likewise, two separate parameters ¢; and
¢2 have been used instead of the usual single coefficient ¢, which would normally require changing the sign
of the x; term in Eq. (13a)). This detailed parametrisation has been adopted for clarity, particularly to
demonstrate whether SINDy, combined with the EKF, can estimate all these coefficients by observing x;
and xs.

Particular attention is given to p, as varying its value can alter the system dynamics. By setting ¢ = 0.1,
the system undergoes two Hopf bifurcations [45] at p ~ 0.42 and p ~ 0.79. Specifically, for p < 0.42 and
p > 0.79 the system has a stable fixed point, while for 0.42 < p < 0.79 the fixed point loses stability, giving
rise to a stable limit cycle. In the following, we show how the EKF is capable of detecting and tracking the
system through the Hopf bifurcation occurring as p varies from 0.9 to 0.72, by assimilating noisy observations
of 21 and x5 over the time window [0, 7" = 300]. This is accomplished even though the EKF is equipped with a
SINDy model that has been trained offline on trajectories corresponding to a single fixed parameter p = 0.92.
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Figure 2: Lokta-Volterra model. In the top figure (a), the estimated states are plotted (red dotted line) against the assimilated
noisy signals (black solid lines). Additionally, noise-free signals are reported in pink solid lines. In the bottom figure (b), the
time-evolution of the estimated SINDy-model parameter are plotted (red dotted line) against the target time evolution (black
solid line). The red shaded area represents 95% confidence interval of the estimates, determined using the posterior covariance.

Therefore, the predictive model is initialised on trajectories leading to a fixed point, being unaware of the
parametric dependency and the corresponding bifurcating behavior. The time step for integrating Eq. 13
has been set to At = 0.1, which also serves as the sampling rate for the observations. Noisy observations
have been generated by adding white noise to the signals, resulting in time series with a final SNR of 25.
SINDy has been initially trained using the SQTLSQ algorithm with 6, = 0.05 and L = 5- 1072, and
a cubic polynomial functional library ©. Results of the SINDy modelling are presented in Tab. A.2 in



Appendix A. In contrast to what is presented in Sec. 3.1, the function f describing the evolution of system
dynamics, as identified offline by SINDy, differs from Eq. (13) in both the values of the parameters that
weight the functional terms and in the number of functional terms included. In particular, SINDy introduces
a quadratic contribution z1x9 to model &1 = f1(x1,x2), weighting it with the parameter ¢. It must be noted
that increasing the SQTLSQ threshold to L = 10~! would prevent SINDy from the identification of this
additional term. However, modifying L in this way would require a priori knowledge of the system dynamics,
which is not always granted available. Assuming that this is one of those cases, we have investigated how the
EKF performs when equipped with such, not correctly sparse, model. Here we have adopted an augmented
state » = [x T, €7, with x = [21,25] " and € = [p, 1,52, Y1, V2,9, ¢].

The filtering outcomes are presented in Figs. 3 and 4, which respectively illustrate the identification
results for the variables tracking the system dynamics, 1 and z2, and for the model parameters. In the
second figure, it can be observed that the EKF is able not only to track the evolution of p but also to improve
the estimate of the other parameters. Specifically, the filter sets ¢« = 0, thereby restoring the correct sparsity
of the system.

Notably, the recovery of the target parameter values has been achieved while tracking the system through
two distinct dynamics regimes divided by a Hopf bifurcation. This is shown in Fig. 3a, which illustrates
the evolution of 1 and x5 in [0,7]. Before the Hopf bifurcation at ¢ = 83.8, the system approaches a
stable fixed point, although the location of this point shifts due to variations in the parameter p. After the
bifurcation, the system dynamics change, resulting in orbits forming a stable limit cycle. Interestingly, the
trajectories used to train the SINDy model do not include limit cycle orbits. However, due to the coupling
with the filter, the resulting data-driven model is able to generalise to a completely different dynamics. Such
an outcome may be difficult to achieve with other ML techniques, highlighting the significant value of the
proposed approach. In Fig. 3b, the previously discussed 3D representation is projected onto the (z1,z2),
(t,x1), and (¢, z2) planes for clarity.

3.3. MEMS arch

The proposed procedure is finally applied to a MEMS clamped shallow arch, whose geometry is shown in
Fig. 5. The device is made by polycrystalline silicon with density equal to D = 2330 kg/m?, Young modulus
E =1.670 - 10°> MPa and Poisson ratio v = 0.22. A linear elastic behaviour has been assumed to model its
constitutive behaviour.

This structure has been extensively studied due to its intriguing dynamic response, which is characterised
by a 1:2 internal resonance, and the emergence of a quasi-periodic regime as a result of of Neimark-Sacker (NS)
bifurcations [46]. By adopting the two eigenmodes involved in the 1:2 resonance as master modes, a 2 Degrees
of Freedom (DOFs) Reduced Order Model (ROM) was obtained in [38] via the static condensation approach
[47]. In this method, a stress manifold is generated by applying to the arch static loadings proportional
to the inertia of the master modes. This manifold was thus fitted with a third order polynomial to get an
explicit expression for the nonlinear restoring forces. A representation of the eigenmodes involved in the
arch resonance can be found in [38]. The two resonance frequencies are w; = 0.43416 MHz and wy = 0.86367
MHz, respectively, while the Q factors are @7 = 500 and Qs = 1000. The connection between the Q factors
and the damping coefficients will be specified in the following. The eigenmode amplitudes are represented
by the modal coordinates u; and us, measured in pm, while their time derivative are denoted by v; and vs.
The following mass normalised ROM f, here playing the role of physical model, expressed with 7 = wyt, is
considered for the arch dynamics:

U1 = f1o(v1) = v, (14a)

lo = fay(v2) = va, (14b)

01 = fi(ug,ug,v1) = —kiu1 — p1v1 — ajpuiug — bigus 4+ Beos(Q7), (14c)
by = fo(ur,uz, v2) = —kaus — povs — a11ui — bagaus, (14d)

where: pp = 1/0Q; and g = we/(Qawq) are the damping coefficients of the two modes; k; and ko are the
linear stiffness coeflicients; a1, a1 are the parameters ruling the quadratic contributions to the elastic force;
b111 and bogs are parameters ruling the cubic contributions; Bcos(§27) is the harmonic forcing amplified by
the load amplifier B = 0.0201uNus?/ng, that is applied by driving an alternated current through capacitor
plates positioned near the arch.
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Figure 3: Selkov model. In the top figure (a), the estimated states are plotted (red dotted line) against the assimilated noisy
signals (gray solid lines) using a 3D state-space-time representation. Additionally, noise-free signals are reported in black solid
lines. In the bottom plot (b), the projection of this 3D representation onto the 2D planes is reported. Colouring depending on
the estimate p of the parameter ruling the two types of dynamics of the system (stable focus and stable limit cycles). The blue
colour (further marked with a star in the (¢,z1) and (¢, z2) planes) indicates when the system undergoes a Hopf bifurcation.

Compared to the original formulation adopted in [38], Eq.(14) retains the terms that govern the most
significant aspects of the arch dynamics. Specifically, the internal resonance between the two modes is driven
by the dependence of 75 on the quadratic term a1;u?; consequently, we have also included ajouius to model
01, as this term accordingly derives from the elastic potential whenever aj;u? is present in the formulation
of ¥9 [47]. Cubic terms are also retained to capture the softening and hardening behaviour of the two
peaks of the system Frequency Response Curve (FRC) shown in Fig. 6. The other terms of [38] are not
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Figure 4: Selkov model. The time-evolution of the estimated SINDy-model parameter are plotted (red dotted line) against the
target time evolution (black solid line). The top figure reports the evolution of the parameters entering 1 = f1(z1,z2); the
bottom figure the evolution of the parameters entering o = fa(z1,22). The red shaded area represents 95% confidence interval
of the estimates, determined using the posterior covariance.

retained because they result only on a marginal shift of the bifurcation points. The FRC plots the maximum
displacement 4, of the first eigenmode at steady state against the non-dimensional excitation frequency Q.
The adopted formulation enables the onset of the 1:2 internal resonance, NS bifurcations, and the presence
of frequency combs between these bifurcation points. The figure illustrates both the precise locations of the
bifurcation points (on the right), and a comparison between the FRC obtained through Natural Continuation
methods with that obtained from the time integration of Eq. (14) (on the left). The latter plot highlights
the presence of frequency combs within the FRC region bounded by the NS bifurcation points, which are not
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Figure 5: MEMS arch geometry. Dimensions in pm.
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Figure 6: MEMS arch. On the left, comparison between the FRC obtained through numerical continuation (Nat. Cont.), and

the FRCs obtained through time integration, both increasing (— Q) and decreasing (— ) the excitation frequency €. On the
right, the FRC of the system is reported highlighting the Branch Point Cycles (BPC) and Neimark-Sacker (NS) bifurcations.

observable when using a natural continuation method and assuming a single frequency periodic response.
Natural continuation has been performed using Matcont [48].

First, we have recovered Eq. 14 via SINDy by observing the displacements and velocities of the arch
eigenmodes, obtained by projecting the arch full field displacements and velocities. To this end, we have em-
ployed the SQTLSQ algorithm with a regularisation strength of 6, = 0.05 and threshold parameter L = 107°.
For the composition of the function library @, polynomial terms up to the third order have been used in
accordance with Eq. (14), together with a cosine term describing the forcing condition. The composition
of ® could have been inferred by developing the weak form of the dynamic equilibrium equation of the
arch under large displacements and small strains [47]. Quadratic terms naturally arise from the asymmetric
shape of the arch, while cubic terms emerge from the clamped-clamped condition [47, 46]. This type of
reasoning, driven by the physics of the problem, may not be easily followed in other data-driven approaches
to modelling dynamic systems such as recurrent neural networks, thus highlighting a significant advantage of
the proposed procedure. The results of the identification are presented in the Appendix B by specifying the
coefficients ruling the linear, quadratic and cubic terms. This shows that SINDy has successfully recovered
the dynamics of the system although no parametric variability has been shown to SINDy. Indeed, the matrix
X collect trajectories for different forcing frequency €2, while the linear, quadratic, and cubic terms have

been fixed to the values considered in [38].
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After applying SINDy, we have used the EKF to adapt the identified dynamics in two scenarios, each
posing distinct challenges. Both scenarios have been treated numerically, with no noise sources taken into
account. The first scenario (Sec. 3.3.1) involves updating the dynamic model f, which describes the evolution
of the two eigenmodes. Initially, this model is assumed to be identified via SINDy for a specific device, but
it is then adapted to a MEMS with the same specifications however showing a different dynamic response.
Since it is generally well assessed how to estimate the linear stiffness and damping terms, the focus has been
on updating the estimate of the coefficients weighting the quadratic and cubic terms. Such an adaptation
is commonly required in industrial settings to account for fabrication uncertainties, such as variations in
the amount of overetch [49]. Another important application is sensor self calibration [50, 51]. Throughout
its lifetime, a sensor may experience mechanical and thermal stress, that can cause unwanted shifts in its
readings. Automatically compensating for errors is crucial to ensure the reliability of measurement systems,
particularly in critical applications like structural health monitoring [52].

The second scenario (Sec. 3.3.2) involves recovering the coupling quadratic terms responsible for the
internal resonance from data. This demonstrates how the procedure can enrich the dynamic description of
the system while acquiring data. The only requirement is to include the relevant coefficients in the state
vector, although initially set to an almost vanishing value. We believe that this scenario illustrates how
the proposed approach could enable online identification of emerging contributions to the dynamics of a
mechanical system.

3.3.1. Estimation of the quadratic and cubic nonlinearities

We consider adapting the values of the quadratic and cubic coefficients identified by SINDy (see Appendix
B) to a different device which shares the same design but exhibits different dynamic behaviour which, for
instance, is very typical of microstructures that are produced on identical wafers, but are characterized by
slightly different geometrical features due to technological uncertainties. The adaptation is performed using
the EKF, based on measurements of the eigenmode displacements and velocities. Specifically, this second
device features quadratic and cubic coefficients that are 25% higher than those of the original device. The
state vector s = [x,(4]T includes both the dynamic variables x(¢) = [u1, ug,v1,v2]T and the parameters
[a11, @12, b111,b202] T, which are treated as time-dependant variables.

The EKF equipped with the modified SINDy model has been applied over a time window of [rg, 77|, with
70 = 0 and 7 = 5000. The identification has been particularly challenging due to the small magnitude of
the quadratic and cubic nonlinear coefficients. The system has been forced at 2 = 0.9899, corresponding
to the first peak of the FRC. This forcing frequency has been chosen to enhance sensitivity to the cubic
contribution to the internal forces.

Results are shown in Fig. 7, showing excellent performance. Notably, key information about the dynamic
response of the device are contained in the FRCs reported in Fig. 7a, where the adimensionalised excitation
frequency (2 is plotted on the horizontal axis and 4, on the vertical axis. Similar figures can be realised with
U9 on the vertical axis, leading to similar comments to those made for u;.

On top of Fig. 7a, it is shown how the FRC changes during the estimation. Specifically, it can be seen
how far the FRC, initialised (at ¢o) with the € values determined by SINDy on the reference device, is from
the target ones, and how quickly the EKF updates improve the estimations of E . A satisfactory outcome
is achieved already at 7 = 20. This rapid response highlights the potential for online application of the
proposed procedure, making it suitable for handling evolving environmental conditions that may affect the
device dynamic response, or for responding to unexpected changes in the arch mechanics, such as damage
from impacts. At the bottom of Fig. 7a, the estimated FRC is shown along with its corresponding uncertainty
bounds. These bounds are generally very tight but become slightly larger close to the FRC peaks. This
widening is more pronounced near the peak corresponding at 2 = 1.012, likely due to the chosen excitation
frequency being related to the first peak.

Fig. 7b illustrates the time evolution of the parameter estimation for é . It can be noted that the estimated
bz does not exactly match the target value of baoss. However, we argue that the filter is unlikely to improve
further, as the system dynamics prediction, as shown by the FRCs, is already highly accurate. In contrast,
the estimation of the other cubic term coefficient (;111, as well as the of quadratic terms, is excellent, with a
remarkable reduction in estimation uncertainties over the course of the analysis.
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Figure 7: MEMS arch, estimation of the quadratic and cubic nonlinearities. In the top figure, the FRCs corresponding to the
models estimated during the identification (red palette dotted lines) are compared with the target FRC (black solid line). In
the central figure, The FRC identified at the end of the analysis (red dotted line) is plot against the target FRC (black solid
line), with the red shaded area representing the 95% confidence intervals of the £ estimates, determined using the posterior
covariance. In the bottom figure, the time-evolution of the estimated SINDy-model parameter are plotted (red dotted line)
against the target time evolution (black solid line).

3.3.2. Discovering the internal resonance
We now consider the case in which aj; is set to small enough (1 -107?) such that it does not induce
internal resonance in the arch. It is noted that a;; can not be set exactly to zero, as this would eliminate
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Figure 8: MEMS arch, discovering the internal resonance. The FRCs corresponding to the models estimated during the
identification (red palette dotted lines) are compared with the target FRC (black solid line).

sensitivity to the parameter when computing the Jacobian matrix. We have thus included ay; in the state
vector » = [X, é] among the coefficients € = [a11,a12]". Unlike the previous discussion, we have assumed that
b111 and basog are known to simplify the system identification, while we have still considered to underestimate
the value of ajs by 25%. .

Results are shown in Fig. 8. At t = 0, the FRC of the system, based on the initial estimates &(7 = 0),
exhibits a single peak, as the value of a1; is too small to induce the internal resonance. As the quadratic terms
estimates are updated and the corresponding FRCs are plotted, the system dynamics gradually converge
to the true behaviour. Specifically, at 7 = 15, the initial peak levels out, and the appearance of two small
amplified hills indicates that the identified system exhibits some interaction between the two eigenmodes. By
7 = 50, the internal resonance becomes marked, with two peaks showing significant hardening and softening
behaviours. At 7 = 125, the identified system has the correct FRC shape, thus almost perfectly matching
the target g at the end of the analysis (77).

4. Conclusions

A combined approach exploiting the extended Kalman Filter (EKF) and the Sparse Identification of
Nonlinear Dynamics (SINDy) technique has been adopted for online data assimilation and adaptation of
nonlinear dynamics systems. SINDy is first used in a preliminary stage to identify a dynamic model, avoiding
biases from incorrect assumptions. Second, the EKF is employed to data assimilation, directly updating the
SINDy parameters. This procedure has shown the ability to track time-evolving systems, performing joint
state-parameter estimation even for SINDy coefficients not accounted for during the relevant initial SINDy
training. Notably, the EKF has been able to track systems that have undergone unseen bifurcations in their
dynamics behaviour.

The promising results suggest that this procedure could be applied to a wide range of time-varying
problems in dynamics. Future work could extend the method to partially unobserved system by incorporating
time-delay embedding techniques [53], similarly to [30]. Conversely, in cases where the number of observations
exceeds the number of dominant dynamic modes, autoencoders architectures could be employed. To further
enhance the robustness of this approach, automatic procedures for the EKF tuning will be also addressed in
future research.
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Code and data accessibility

The source code of the proposed method is made available from the GitHub repository:
https://github.com/ContiPaolo/EKF-SINDy [54].
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Appendix A.

In the following, we report the comparison between the (reference) model parameters used for the training
of SINDy, weighting the relevant functional terms, and the parameters identified by SINDy for the Lokta-
Volterra model (Tab. A.1), the Selkov model (Tab. A.2), and the MEMS arch (Tab. A.3).

Lokta Volterra model.

i1 = fi(z1,22) | Zo = fa(z1,22)
Coefficients Relevant term Reference SINDy | Reference SINDy
a 1 1.000 1.000 0 0
b T122 —0.1000 —0.1000 0 0
c T2 0 0 —1.500 —1.500
d 1% 0 0 7.500-1072  7.500-1072

Table A.1: Lokta Volterra model. The “Reference” columns report the parameters used for the training of SINDy; in the
“SINDy” columns, we list the parameter values identified by SINDy.

Selkov model.

iy = fi(z1,22) | B2 = fa(z1,22)
Coefficients Relevant term Reference SINDy Reference SINDy
p 1.0 0.9200 0.9234 0 0
St x1 —0.1000 —9.389-1072 0 0
G2 x1 0 0 0.1000 0.1082
) T 0 0 —1.000 —0.9343
L T1Xo 0 —7.641-1072 0 0
¥ 7122 —1.000 —0.9294 0 0
i 7122 0 0 1.000 0.9185

Table A.2: Selkov model. The “Reference” columns report the parameters used for the training of SINDy; in the “SINDy”
columns, we list the parameter values identified by SINDy.
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MEMS arch.

01 = fi(ui, uz,v1)

| vy = fa(u1,uz,v2)

Coefficients Relevant term  Reference SINDy ‘ Reference SINDy

k1 Uy 1.000 1.000 0 0

ko Ug 0 0 3.957 3.957

m o 2.000-1073 2.000-103 0 0

142 V2 0 0 2.000-1073 1.999-1073

an u? 0 0 7.125-1073  7.124-1073

ai2 U1U 1.433-1072 1.432-102 0 0

b111 u3 5.074-1075 5.080-107° 0 0

baga u3 0 0 1.575-1073  1.575-1073
- Beos(Qr) 1.000 0.9999 0 0

Table A.3: MEMS arch. Coefficients weighting the linear, quadratic and cubic contribution to the elastic force. The “Reference”
column reports the reduced order model coefficients determined in [38] and used for the training of SINDy; in the “SINDy”
columns, we list the parameter values identified by SINDy.

Appendix B.

Lokta Volterra

T1, T2 1073
E . -5
Lokta Volterra @ 2 1078
b 10
T1, T2 103 ¢ 10— 14
a 1074 d 8.1078
-7
bc,d 10 Selkov Lokta Volterra
Selk
eV 1, T2 1076 1,2 1.0
Ty, T2 1078 P51, 52 1071 S
? LR elko
prsi 01, 02,90 1073 91,92,0,0 10712 hd
o2 10~ MEMS arch *1, %2 5-107"
MEMS arch MEMS arch

Quadratic and cubic

Quadratic and cubic nonlinearities Quadratic and cubic
nonlinearities 10-7 nonlinearities
U1, U2
Uy, Uz, V1, V2 10~8 vy 10~° w1, uz 107!
a1 5.10"4 Vo 8-10~° v1, U2 1073
ai2 1074 ail 1077 R . .
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e Ull’v; 10-° diagonal terms. In the left column,
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s . a1 10
Table B.4: Initial covariance P(to), a12 10—9 to which these values are related.
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state quantities to which these val-
ues are related.
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