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Abstract

Modeling and simulating how oxygen supply shapes neuronal excitability is crucial for advancing the under-
standing of brain function in pathological scenarios, such as ischemia. This condition is caused by a reduced blood
supply, leading to the deprivation of oxygen and other metabolites; this energy deficit impairs ionic pumps and
causes cellular swelling. In this work, this phenomenon is modeled through a volumetric variation law that links
cell swelling to local oxygen concentration and the percentage of blood flow reduction. The swelling law links
volume changes to local oxygen and the degree of blood-flow depression, providing a simple mechanistic pathway
from hypoxia to tortuosity-driven transport impairment. The interplay between oxygen supply and excitability
in brain tissue is described by coupling the monodomain model with specific neuronal ionic and metabolic mod-
els that characterize ion and metabolite concentration dynamics. The numerical approximation of this coupled
multiscale problem is particularly challenging, owing to the presence of sharp and fast-propagating wavefronts
and complex geometrical domains. To address these challenges, suitable space- and time-adaptive schemes are
employed to capture the action potential dynamics accurately. This multiscale model is discretized in space
with the high-order p-adaptive discontinuous Galerkin method on polygonal and polyhedral grids (PolyDG) and
integrated in time with a Crank-Nicolson scheme. We numerically investigate different pathological scenarios on
a two-dimensional idealized square domain and on a realistic geometry, both discretized with a polygonal grid,
analyzing how subclinical and severe ischemia can affect brain electrophysiology and metabolic concentrations.

1 Introduction

The human brain is a complex and highly organized system that accounts for approximately 20% of the energy
consumption of the body, despite only representing 2% of its weight [1, 2]. To reduce energy consumption and
conduction delays, local and long-term connections of the brain are organized into anatomically distinct regions:
white matter and grey matter. White matter is primarily composed of axons and oligodendrocytes, whereas the
grey matter consists of neurons and unmyelinated fibers. Glial cells are present in both grey and white matter;
among them, astrocytes are found with a higher density in grey matter, where they play a key role in synaptic
regulation and metabolic coupling [3]. Neuronal electrical activity strongly depends on continuous energy supply,
and at the same time, metabolic dynamics are regulated by neural activation. Modeling this two-way coupling
enables an accurate representation of brain function, which is regulated by the balance between energy demand and
energy production. This is a crucial point to understand both physiological and pathological conditions in which
energy availability and neuronal activity are simultaneously impaired [4].

In this work, we focus on the modeling of ischemic events in realistic brain geometries, encompassing both
grey and white matter tissues, where ischemic processes predominantly originate in the former, and analyzing both
biochemical reactions and the electrical response of neural cells. Within this framework, we consider neurons and
astrocytes, which differ in both structure and function [5, 6]: neurons are excitable cells specialized in transmitting
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electrical signals, while astrocytes are non-excitable glial cells involved in metabolic processes and modulation of
synaptic activity. Once a neuron is activated, sodium ions flow into the cell and potassium ions flow out; this im-
balance is restored under physiological conditions by Na®™ /K*T-ATPase pumps, sustained by ATP consumption [7].
Astrocytes play a key role in Kt clearance, which is fundamental to prevent abnormal firing and epileptic patterns
[8]. Glial cells contribute to restoring ionic homeostasis, and pathological increases of extracellular potassium can
intensify excitability and trigger spontaneous activity. Cerebral metabolism refers instead to the ensemble of bio-
chemical processes through which the brain utilizes glucose and oxygen to sustain neuronal activity, maintain ionic
gradients, and support cellular homeostasis. Glucose is metabolized through glycolysis and oxidative phosphoryla-
tion to produce ATP, required to fuel membrane pumps and other bioenergetic processes [9]. Astrocytes regulate
glucose uptake, neurotransmitter recycling, and ion buffering, thereby coupling metabolism with electrophysiology.

From a modeling perspective, coupling these processes is challenging, since electrophysiology evolves on millisec-
ond timescales while metabolism typically evolves over seconds to minutes. In this work, we develop a multiscale
model, extending the Barreto—Cressman ionic model [10, 11, 12] with astrocytic contributions, and combining it
with a reduced metabolic model inspired by [13, 14]. The aim is to capture the interplay between neuronal excitabil-
ity, energy supply, and astrocytic regulation, with a particular focus on pathological conditions such as cerebral
ischemia and cytotoxic edema.

Ischemia results from reduced blood flow and oxygen availability, impairing Na*/K* pumps and leading to
sodium accumulation inside cells [15]. Due to osmotic effects, this drives water influx and swelling, especially in
astrocytes, which further reduces extracellular space and alters ionic diffusion [16]. These mechanisms contribute to
seizures, spreading depression, and eventually neuronal death [17]. Ischemic stroke can promote the onset of patho-
logical high-frequency electrical activity and epileptic seizures by altering the brain normal electrical homeostasis
[18, 19]. The sudden deprivation of oxygen and nutrients destabilizes neuronal membranes, leading to uncontrolled
ion movements and increased excitability of neurons. The massive release of glutamate aggravates this effect, as
the main excitatory neurotransmitter overstimulates its receptors and promotes the influx of sodium and calcium.
These changes disrupt normal communication between neurons and support cells, causing abnormal connections
and persistent hyperexcitability.

At the tissue and organ scale, ionic models are coupled with the monodomain or bidomain equations [20, 21, 22]
to describe the propagation of the transmembrane electric potential. The numerical simulation of these processes
is computationally demanding: the sharp and fast wavefronts of the transmembrane potential require fine spatial
resolutions and very small timesteps, which makes standard finite element approaches extremely computationally
expensive [23, 24, 25, 26, 20, 27, 28]. To overcome these limitations, we employ a discontinuous Galerkin scheme on
polytopal grids (polyDG [29, 30, 31, 32, 33]), which provides flexibility for complex geometries and heterogeneous
tissues, efficiently resolves steep gradients, and naturally supports h-, p-, and hp-adaptivity strategies due to the
local nature of the discretization spaces. Temporal adaptivity is introduced to handle the multiscale dynamics in
the neuronal model, while spatial p-adaptivity [34] selectively increases the polynomial degree in regions with sharp
wavefronts for spatial multiscale simulations. These techniques improve accuracy while significantly reducing the
number of degrees of freedom of the system and the overall computational costs.

This work presents a mathematical model of the coupling between metabolism and electrophysiology in both
physiological and ischemic conditions, together with a computational study showing increased sensitivity of ischemic
regions to external stimuli, potentially leading to spontaneous pathological spiking activity. Results also provide
new insights into the interaction between energy supply and neuronal dynamics, as well as the large-scale effects of
localized ischemic regions.

The remainder of the manuscript is organized as follows: in Section 2, we introduce the mathematical model of
brain electrophysiology and cerebral metabolism under investigation. Section 3 presents the semi-discrete formu-
lation within the PolyDG framework and the fully discrete method based on employing the Crank—Nicolson time
marching scheme. In Section 4, we report several sensitivity analyses on the proposed neuronal model, as well as
numerical experiments in simplified and realistic two-dimensional settings to investigate the influence of ischemic
regions on the onset and propagation of pathological neuronal activity.

2 The mathematical model

In this section, we present the coupled mathematical model describing cerebral hemodynamics, metabolism, and
neuronal electrophysiology. The metabolic and hemodynamic component of the model is based on the formulation
introduced in [13], while neuronal electrophysiology is described following [11]. These models are then spatially and
temporally coupled to analyze the influence of oxygen supply on epileptic events.

The complex cerebral metabolism can be described using a multi-compartment well-mixed model with four



separate compartments [13]: blood, extracellular space (ECS), neurons, and astrocytes. Cellular communication
and biochemical processes occur through the ECS and are driven by their energetic needs, which are satisfied by
ATP production through metabolic processes. The coupling between the two models is regulated by the availability
of ATP, which ensures the proper functioning of the ion pumps. Inputs of the metabolic system are the blood flow
q(t) and arterial concentration ¢, (t). In contrast, the one for the electrophysiology model is a time-constant function
&(t), representing the external stimulus. The overall system, highlighting energetic connections, is illustrated in
Figure 1.

4{ o Electrophysiology

Metabolism

W

[ Energy

~

[

Demand-supply ATP mechanism ]

ll"A'l‘Pasev n

ll’ATPase' a

Energy
production

l N release

Astrocyte
\\\ @ Potassium Neuron
. o Sodum lonic channels
R . N— P
. . L
. Dyl A ECS
~ ( N
. 7 A <

Figure 1: Schematic representation of electro-metabolic model. The equilibrium between metabolic and electro-
physiological dynamics is preserved by the demand/supply mechanism of ATP production. p, and p, denote
phosphorylation states of neuron and astrocyte, respectively, while outputs of ATP demand are the ATP dephos-
phorylation fluxes, which are additional inputs of the metabolic processes. Figure adapted from Servier Medical
Art (https://smart.servier.com), licensed under CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

The generation of action potentials (APs) relies not only on ionic fluxes but also on the continuous supply of
metabolic energy. Neurons maintain steep electrochemical gradients of sodium and potassium through the action of
Na®, Kt, ATPases, which consume large amounts of ATP. Astrocytes support this process by buffering extracellular
potassium and participating in glutamate recycling, thereby contributing to neuronal excitability. For this reason,
the description of neural activity cannot be limited to pure electrophysiology, but must include the tight link with
metabolism; the two processes evolve simultaneously on different time scales within a coupled modeling framework
[13].

The electrophysiological component of the model is based on a modified Barreto—Cressman conductance model
[12, 11]. Tt tracks the membrane potential, intra- and extracellular ion concentrations, and gating variables, while
explicitly including astrocytic potassium uptake. Ionic currents depend not only on channel dynamics but also
on the energetic state of the system: the Na™/K* pumps and glial uptake fluxes are scaled by the availability of
ATP in neurons and astrocytes. The coupling mechanism is realized through ATP dephosphorylation fluxes. The
electrophysiology model prescribes the energetic demand required to sustain ionic currents, while the metabolic
model supplies ATP according to oxygen availability. This bidirectional interaction reflects the fundamental balance
between electrical activity and energy metabolism: intense firing requires higher ATP consumption, which, in turn,
accelerates oxygen depletion in cellular compartments.

2.1 Metabolic multi-compartment model

Metabolites are carried by the blood, first entering the ECS and subsequently the neurons and astrocytes. Biochem-
ical reactions occur only in these two cellular compartments [13]. To mathematically describe all the metabolic
biochemical processes, several physical laws are incorporated into the model. Among the various processes, we
focus on oxygen dynamics, assuming a simplifying hypothesis that considers glucose and lactate concentrations to
be constant, thereby neglecting their temporal evolution. The oxygen concentration in blood [Oz], satisfies the
following differential equation

d[O2]p

nbdt:

7 (02— [02]s) — Jo,. e



where ¢ = ¢(t) is the time dependent blood flow, g, represents the arterial concentration, F' € (0,1) is the mixing
ratio of arterial and venous blood and Jp, > 0 is the net flux between blood and ECS. The equation describes the
balance between oxygen delivery and consumption within the system. Oxygen can be present either dissolved freely
in plasma or bound to hemoglobin. The total oxygen concentration is defined according to Hill’s equation

[Oz]quree _
W = H([Oﬂb,free)a (2)

b,free

[02]17 = [OQ]b,free + 4Hct [Hb]

where Het is the hematocrit, [Hb] is the concentration of hemoglobin in plasma, Ky is the affinity constant, and
n = 5/2. The transport flux obeys a modified Fick’s law for the free oxygen concentration

Jo, = N0, (H71([0a]s) — [Os]ecs)”, k=01 (3)

In the extracellular space no chemical reactions take place and consequently the concentrations change only through
exchanges of the substances with adjacent compartments. The oxygen dynamics here follows

d[Os]Ecs
dt

where j&, and j@, are the oxygen fluxes from ECS to neuron and to astrocyte, respectively. Also in these cell
compartments the oxygen transport follows the Fick’s law with constant permeabilities

76, = Mv.0s ([O2]ecs = [0a]y), y € {n,a}. (5)

In the neuronal and astrocytic compartments, the dynamics of specific metabolites are modeled; however, oxygen is
exchanged between the two compartments through transmembrane transport. In that metabolic model, only oxygen
and energy-related metabolites follow a specific time-dependent dynamics, defined by ODEs, whereas for the other
ones present in the model [13], we assume them to be constant at their resting values. We set this simplifying
assumption that reduces the complexity of the model while still capturing essential aspects of energy metabolism.
The stoichiometric matrix S is introduced, with entries:

NECS = Jo, = Jb, — JOy» (4)

Sx,r = # number of molecules of X produced and/or depleted by reaction R,

and the differential equation of mass balance for a generic metabolite X in the cellular compartment y is

d[X .
ny% =j%+> sxrtY, ye{nal, (6)
R

where X € [0, ATP, ADP, NADH, NAD™] and ¢}; are the time-dependent expressions of reaction rates. The
following notation is used for the phosphorylation and redox states of the two cells
[ATP]TL [ATP]Q [NADHLL [NADH]a

n — ) a — ) n T a4 a = i 7
Pn=T1apPl,” P*71ADP],” "7 NAD'],’ °  [NAD], @)

The dephosphorylation fluxes play a crucial role in the coupling mechanism: they are the energetic link between
the metabolic and the electrophysiology model. The metabolism model can be summarized collecting all the
concentrations in the following vector:

c(t) = [[02]u(t), [Oalocs(), cnt), calt)] €RZ, (8)

where in particular c,(t) represents the concentration of specific metabolites in the y-compartment

T
cy(t) = [[02],(¢), [ATP],, [ADP],, [NADH],, [NAD"],] €R® y¢€ {n,a}. (9)
The diagonal matrix M is introduced as

M = diag(ns, necs; Mnls, 1.15), (10)

where 15 is the identity matrix of dimension M € R?*®. The dynamics of the metabolism model can be written in
the compact form:
dc
Ma + l(u, C,qq, wATPase,na 7/}ATPase,aa Q) =0, (11)
where arterial concentration ¢, and blood flow ¢ = ¢(t) are the system inputs, while through dephosphorylation
fluxes energy is exchanged in order to allow proper communication between metabolism and electrophysiology. All
parameters related to the metabolic model are listed in Table 1.



Volume fractions Blood flow parameters Oxygen parameters
Parameter Value | Parameter Value Units Parameter Value Units
Mn 0.4 Hct 0.45 da 9.14 [mM]
Na 0.3 Hb 5.18 Ab,0, 0.04  [mM]'~*[s]~?
NECS 0.3 Ky 36.4-1073 [mM] An.0s 0.94 [s] 71
m 0.04 q 0.40 [mL][min] ! Aa.0s 0.68 [s] 71
F 2/3

Table 1: Physiological parameters of metabolic model: compartments volume fractions, blood flow parameters,
arterial oxygen concentration, and Fick’s law parameters. Data taken from [13].

2.2 Conductance-based ionic model and coupling conditions

The electrophysiological model presented is a modified version of the classical Barreto-Cressman model [11], in-
cluding astrocytic potassium clearance and potassium diffusion, as clarified in [13], and also considering calcium
dynamics. In order to enable the coupling with the metabolic model, the electrophysiology model reads:

d[Ca?*]; [Ca?t]; 0.002(u — Fca)
= = Gca (u (123)
dt 80 1+ exp (—2%%)
d[K*], n
MECST— 7 = Yndk — 2¥ATPasen — 2¥ATPase,a — €ECS([K™ ]o — Kbath), (12b)
d Na+ i
NnT [ dt ] - _’W’]nINa - 3¢ATPase,n7 (12C)
dw
- = ¢ (aw()(1 —w) — Bw(w)w), w e {h,n,m}, (12d)

where o and 3 are the voltage-dependent expressions of the gating variables, and the ionic currents, which are a
modified version of the ones proposed in Hodgkin-Huxley model [35], are defined as in Equations (13) and (14) .

Ina = gnam>h(1 — Exa) + gNateak (t) (1 — Exa), (13)
Ix = gxn*(u — FBx) + gk jeax(t) (0 — Ex), Ici = ga(u — Eq). (14)

In Equation (12) the coefficient 7 is a conversion factor from seconds to milliseconds and egcs = nrcse, with
defined as the potassium concentration clearance rate. The reversal potentials Fn,, Fx, Ec) are computed using
the Nernst equation:

[Na™], _ Ko _ [C17]:
[Na+]i> . Ex = 26.641og ([Kﬂi) ., Ec = 26.64log <[Cl_]o) . (15)

The leak conductances of sodium and potassium are time-dependent, allowing for the description of the metabolic
response to different levels of synaptic activity, and vice versa. Rather than describe the full biochemical cycle of
glutamate involved in synaptic transmission, its effect is described by a transient increase in sodium and potassium
leak conductances related to the activation function:

Eca =120mV, Ena = 26.64log <

(gNaJeak(t)agKJeak(t)) = (1 + €(t)) (glgla,leabg?{,leak) ) (16)

where gl%&leak and g}o(,leak are the constant resting values of the leaks, and £(t) is an activation function that models
the effect of glutamate. In order to describe the connection between the electrophysiology and energetic dynamics,
the ion mass currents of the Barreto-Cressman model are modified and defined as

A—— p 1
pump Hpump +Pn \ 1 4 exp (%) 1+ exp (5.5 — [K+]0) )
(17)
Pa Gglia N
I ia — ) I iff = € K o — K a ,
. Hglia + Pa 1+ exp (%) diff ECS ([ } b. th)



where fipump = 0.1 and pgiia = 0.1 are the affinity constants. These expressions describe the feedback mechanism
from the metabolism to the electrophysiology. The sodium current associated with the neurotransmitter activity is

INajeak — IR £E>0
INa,act _ {0 a,lea Na,leak 5 _ 0, (18)
where IgaJr leax denotes the average sodium leak current during baseline activity and the leak current of sodium
reads as

INa,leak(t) = gNa,leak(t) (u - ENa)~ (19)

The following mathematical expressions describe the ATP dephosphorylation in neuron and astrocyte, considering
the energetic cost of glutamate—glutamine recycling

wATPase,n = Hl + S(HnIpump,Na + 0-33gINa,act)
- H NECS y (20)
wATPase,a = I+ S(nglia + 2-33;INa,act)7

where Hy and H» indicate the energy required to perform routine metabolic task and s > 0 is a suitable calibration
parameter. The parameter 7y is the conversion factor from electric currents to mass fluxes and o accounts for the
energetic cost of cycling glutamate-glutamine during synaptic activity [9, 13].

In the context of ischemic conditions, the volumetric variation of cells is closely related to the pressure of ionic
concentrations [36], particularly oxygen. The relation introduced here simplifies this relationship and establishes a
direct connection between cell volume and oxygen concentration. The equation used to represent this variation is:

Vi) =V (1 v (1 - [[O(ji](z)» , (21)

where Vj is the initial cell volume, § represents the percentage of blood reduction in the tissue, reflecting the extent
of ischemia, [O5](¢) is the oxygen concentration, and [Os]o is the baseline oxygen concentration. The equation
(21) suggests that cell volume increases as oxygen concentration decreases, due to ischemia, leading to edema [37].
Acute ischemia and the resulting hypoxia disrupt neuronal membranes and metabolism, impairing the Na™ /K-
ATPase and causing intracellular Na™ and water accumulation. After a stroke, astrocytes become reactive and may
contribute to the formation of glial scars. In particular, astrocytes exhibit a reduced ability to regulate extracellular
potassium and neurotransmitters, such as glutamate, resulting in abnormal ionic and synaptic activity. These
alterations, combined with changes in the extracellular space, contribute to synaptic dysfunction and the occurrence
of pathological high-frequency electrical activity or even epileptic activity [17, 19]. Therefore, astrocytic malfunction
following ischemia is recognized as a key mechanism underlying high-frequency activity and post-stroke epilepsy.
In order to introduce the biological response delay in the model for the volume of the cells at time ¢, we take into
account the oxygen concentration in neurons and astrocytes at time t — 7, [O2].(t — 7), with ¢ € {n,a} denoting
the neuron and astrocyte compartments, respectively. The ECS compartment volume is modified accordingly.
The coupling between electrophysiology and metabolic model describes the energetic needs of the cells, encoded via
the energetic cost of the ion pump action, supplied by ATPases. Collecting all the electrophysiology variables into
the vector

m(t) = [ [Na*ls(t), [K*1o(t), [Ca>*Li(t), m(t), n(t), h(t) ] € RS (22)

we can write the model (12) as a non-linear system

dm
— + g(u,m,pn,pa,f) =0. (23)

dt
Finally, by combining the models described by Equations (11) and (23), we obtain a coupled model that captures
both electrophysiological and metabolic dynamics.

2.3 The monodomain model

For the spatial propagation of neuronal activity, the cellular coupled model is embedded into the monodomain
formulation [27, 22], which describes the evolution of the transmembrane potential across a tissue domain. The re-
sulting problem couples a PDE for the potential with ODE systems describing ionic concentrations, gating variables,
and metabolic states, given by Equations (23) and (11).



Given an open, bounded domain € R?, (d = 2,3), and a final time 7' > 0, we introduce the transmembrane
potential u = u(x,t) with u :  x [0,7] — R, the vector m = m(ax,t) with m : Q x [0,7] = R",n = 6,
containing the ion concentrations and gating variables of the ionic model, and finally the vector ¢ = c(x,t) with
c: Qx[0,7] — R™, m = 12, containing oxygen concentrations and variables related to blood and energy dynamics.
The coupled problem reads as follows:

For any time t € (0,71, find u = u(x,t), m = m(z,t) and ¢ = c(x, ) such that:

ou

X’”C’"E — V- (ZVu) + xmf(u,m,c) =0, inQ x (0,7], (24a)
g m P © =0, O x (0,7), (24)

dc .
a + l(u; C,qa, 'l/)ATPase,nv wATPase,aa q) =0, in 2 x (Oa T]a (246)
Y¥Vu-n=0, ondQdx(0,T], (24d)
u(0) = u’, m(0) =m°, ¢(0) =c’, inQ. (24e)

In Equation (24a), X is the conductivity tensor, x,, is the membrane capacitance per unit area, C,, is the
membrane capacitance, and f = f(u, m, ¢) represents the ionic forces. In Equation (24b), g = g(u, m, ¢) represents
the evolution of the ion concentrations and in Equation (24c¢) I = I(u, m, ¢) represents the evolution of concentration
related to blood and oxygen dynamics. We impose homogeneous Neumann boundary conditions in Equation (24d),
where n represents the normal to the boundary 9. Finally, we enforce the initial conditions u’, m® and c° in
Equation (24¢).

The propagation of electrical signals in brain tissue depends on its electrical conductivity, which can be influenced
by micro structural variations. A well-established relationship links the apparent diffusion coefficient D* of molecules
in the extracellular space to the geometric property known as tortuosity, defined as A = A(x) [38]. This quantity
depends on the type of brain tissue being modeled. In the present work, we focus exclusively on ischemic regions
within the gray matter and the tortuosity is assumed to be constant within each such region. The relation reads as

N 1

D* = ﬁD’ (25)
where D is the free diffusion coefficient in an unobstructed medium, and A\ quantifies the increase in path length
caused by the complex geometry of the ECS and cellular volume variation. This relation, widely validated for the
diffusion of metabolites and ions, shows that an increase in tortuosity reduces the apparent diffusion [38]. We recall
that the conductivity tensor 3 can be described via an isotropic part, that is exploited for the modelization of grey
matter, and an anisotropic part where we take into account axonal directions, fundamental for the representation

of white matter tissue:
Y =0etl + 0o @ M. (26)

By analogy, the conductivity tensor can be scaled with the same geometric factor A2. The conductivity in the
ischemic region is therefore defined as:

.1 1 1

3 = F 3= ﬁUEXt]l + ﬁ(faxnn X n, (27)
which preserves the same principal directions defining anisotropy. Under pathological ischemic condition, the value
of the parameter \ increases to A = 2.2 (see [38]).

3 PolyDG formulation

To derive the weak formulation of the problem, we introduce the Sobolev space V = H'(2), and we employ a stan-
dard definition of the scalar product in L?(Q2), denoted by (-,-)q. The induced norm is denoted by |[|-||. We assume
that the forcing terms, physical parameters, and initial conditions are sufficiently regular to have a well-defined
formulation, i.e.: f(u,m,c) € L?(0,T;L*(Q)), I**(u,m,c) € L?(0,T;L*(Q)), g(u,m,c) € [L*(0,T;L*())]",
l(u,m,c) € [L*(0,T; L*(2))]™, xm and Cy, € LY () where L (Q) :={v € L=(Q) : v > 0 ae. in O}, u’ € L*(Q),
m° € [L2(Q)]" and ¢ € [L?(©2)]™. The weak formulation of the problem (24) reads: V¢ € (0,T] find u(t) €



V,m(t) € V,c(t) € V such that:

(XmCmagit)’v) =+ (EVu, V'U)Q + (me (u(t)vm(t)v C(t)) 7U)Q = (IEXt’U)Q Vv € V’
Q
(5% w) + (gt mio)e(0).w)g =0 T el )
(agsft)’z>ﬂ + (u(t), m(t), c(t), 2)g = 0 vzevl™,
u(0) =u’, m(0)=m° ¢c(0)=-c’ in €.

We now present the PolyDG semi-discrete formulation of the problem described in Equation (28). Let 7
represent a polytopal mesh partition of the domain 2, consisting of disjoint elements K. For each element K, we
define its diameter as hx and set h = maxxeg, hx < 1. The interfaces are defined as the intersections of the
(d—1)-dimensional facets of neighboring elements. We denote by .% ,{ the union of all interior faces contained within
Q and by .#}¥ those lying on the boundary 9. In the following, we assume that the underlying grid is polytopic
regular in the sense of [39, 31].

We define PP (K) as the space of polynomials of degree px > 1 over the element K and the discontinuous finite
element space as:

VPG = {u, € L2(Q) s wp|x € PPR(K) VK € 9},

Let F € f,{ be the face shared by the elements K+, and let n* denote the normal unit vectors pointing outward to
K#*, respectively. For a regular enough scalar-valued function v and a vector-valued function g, the trace operators
are defined as follows [40]:

1

{{v}:§(1)++@_), [v] =vint +v n, on F € F/,
1 _ _ _

fa} =5 +a7), ld=q"n"+a n", omFeF

where the superscripts + indicate the traces of these functions on F' taken in the interiors of K+, respectively. The
definition of the penalization parameter reads as follows n : Zf U ZP — R,

2

(Ziha P pe gl

, ki (29)
b)) Kp—K on F e ZFP,

hk

which depends explicitly on both the local degrees and the mesh size. The PolyDG framework is extended in order
to exploit adaptivity with respect to the polynomial degree, to reduce the overall computational costs and the total
number of degrees of freedom of the system. For further details the exploited p-adaptive algorithm is described in
[34], in which the polynomial degree vector p = {pk } ke, is dynamically updated. The penalization parameter
n is modified accordingly, while 7y is selected large enough to ensure stability of the method. In Equation (29) we
set Bx = [|[VE|k2 (k) and we consider both the harmonic average operator {-}p, and the arithmetic average

operator {-} 4 on F € Z[. This setting enable us to introduce the following bilinear form <7(-,-) : VPS¢ x VPG — R:

d(u,v):/QEth-th dr+ /F(n[[u]]'[[v]]f{{ZVu}}[[v]]fﬂu]]~{{2Vv})da Yu,v e VP4, (30)

FeZ}!

n=n(p,h,X) =no

where V), is the element-wise gradient. The semi-discrete formulation of problem in Equation (24) reads:
For any t € (0,7, find (ux(t),my(t),cn(t)) € VPG x VPG x VPC guch that:

(0 28 00+ ) 0]+ (B0, 40) ) = (I Vo € 2.
(5w )+ (gton 0 (). 10)) ) =0 G
(%82) - ol o) en(0) 210 =0 Van € V2™,
up(0) =1, my(0)=mf, cu(0)=c) in Q.




We denote the dimension of the discrete space as Nj,(p), to make explicit its dependence on the vector of local
polynomial distribution. Let Ny (p) be the dimension of V;°¢ and let (cpj);y:hép ) be a suitable basis for V,PG | then
up(t) = Z;y:”ép) U;(t)ej, my(t) = Z;y:”ép) M. (t)p; forall 1 = 1,...,n, and cy(t) = Z;V:"ép) Ci(t)p; forallg=1,...,m.
We denote U € RV»®) M; € RN»(®) for all | = 1,...,n and C, € RN:(P) for all ¢ = 1,...,m. Moreover we define
M = [My,...,M,]" and C = [Cy,...,C,,] . We define the matrices:

Mpsili; = (vis05)a, (Mass matrix), 1,7 =1,..., Np(p)
[Fl; = (I, ))a, (Forcing term), j =1,..., Ny(p)

I(u,m,c)]; = (f(u,m,c),p;)o, (Non-linear ionic forcing term), j =1,..., N4(p) (32)
[Gi(u,m,c)]; = (g,(u,m, ), ¢;)q, (Electrophysiological model), j=1,...,Nn(p), I=1,...,n
[Lg(u,m, ¢)]; = (I4(u,m, c),p;)q, (Metabolic model), j=1,....Nx(p), ¢=1,....m

[A];; = (v, 05) (Stiffness matrix), ¢,7 =1,..., Np(p).

We are now ready to introduce the fully-discrete formulation. We partition the interval [0,7] into N sub-intervals
(t(k),t(k“)], each of length At, such that t(*) = kAt for k = 0,..., N — 1. For temporal discretization, we adopt
the second-order Crank-Nicolson scheme for the linear part, with the ionic term discretized using a second-order
explicit extrapolation. Given the initial conditions Uy, My, and Cy the discrete scheme is: find U*+1) ~ U(t(k‘“))7
MEHD) ~ M(t*#+)) and CHF+HD ~ C(t*F+D) for k= 0,..., N — 1, such that

A A A A
(memMprj N ;A> Utk (memMprj _ ;A) Uk _ XmTt@,I(k) vy 4 ?t(F(kH) L0,

MEHD = M*) — AtGH)
Cctt+l) = ¢ — AL
(U MO, Cc®) = (Uy, My, Cy).

4 Numerical results

We present a set of numerical tests aimed at assessing the numerical performance of the method in approximating
pathophysiological scenarios of brain function. We aim to investigate the interaction between metabolism and
electrophysiology, as well as how localized ischemic regions influence the electrophysiology and the propagation of
electrical signals in the surrounding tissue, providing novel insights into their coupled behaviour.

4.1 Neuronal coupled model

In this section, we investigate the effects of oxygen supply reduction on neuronal and astrocytic dynamics, high-
lighting how different levels of ischemia shape the electro-metabolic response of the system. In addition, we perform
a sensitivity analysis with respect to the potassium clearance rate €, which regulates the reactivity of the extracel-
lular space to ionic perturbations, in order to assess how changes in this parameter influence the transition from
physiological to pathological activity.

4.1.1 Ischemic influence on pathological action potential evolution

We first focus on a scenario in which we analyze how drops in blood flow can affect physiological neuronal evolution
related to the transmembrane potential. From a clinical viewpoint, this drop affects the metabolic activity, triggering
a rise in the potassium concentration in the ECS, increasing the excitability of the neuron. The piecewise smooth
blood reduction function is described in Equation (33), taken from [13].

t—11

1

A(t) = ]l[to,tl)(t) + (1 -0 ) ]l[t1,t1+7"1)(t) + (1 - 6)]1[t1+7’1,t2)(t)

(33)

t—to
+ (1 -9 (1 — )) ]l[tg,ther)(t) + ]l[t2+T2,T) (t)

T2

We analyze the effect of different percentage reductions in blood volume compared to the baseline value. Based
on the blood depression trend, we model a 30%, 60% and 70% decrease in blood concentration, reproducing both a



subclinical (30% — 60%) and severe (70%) ischemia. The parameters for the blood flow trend are listed in Table 2.
Since there is no significant variation in the electro-metabolic cerebral system after cellular swelling for subclinical
ischemia, the simulation is performed in a reduced time interval, without waiting for the end of the ischemic
episode. The initial conditions for both the metabolic and electrical models are listed in Table 3. Figure 2 shows a
comparison of different scenarios in a limited time window: we analyze the sensitivity of the neuronal model with
respect to different ischemic severity levels §. The first row presents a temporal zoom (¢ € [41, 41.35]s), where the
simulation with severe ischemia exhibits a higher firing frequency compared to the subclinical cases. In the second
row we extend the time window (¢ € [40, 47]s) in order to appreciate the complete bursting behavior of the severe
case. Figure 3 compares a subclinical ischemia (second and third columns: 30%-60% cerebral blood flow reduction
with onset over 10-15s) with a severe ischemia (right column: 70% reduction with prolonged depression), each
column displaying the transmembrane potential and ionic concentrations, ATP/ADP dynamics, and oxygen levels
in blood, extracellular space (ECS), neuron, and astrocyte. The subclinical case represents a transient episode of
neurological dysfunction caused by the focal brain ischemia without tissue injury. A mild reduction in cerebral
blood flow may not cause permanent neuronal damage due to the activation of compensatory mechanisms, such as
cerebral autoregulation [41] and energy coupling, that can keep the system close to physiological condition. These
processes help the brain to maintain an appropriate supply of oxygen and nutrients, even under conditions of reduced
blood flow. The membrane potential shows only a slight, transient frequency modulation at onset, preserving a
physiological pattern.

80 . . . . ; ; 6.8 T T T . . . 10
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Figure 2: Sensitivity to ischemic severity § for temporal zoom ¢ € [41.0, 41.35] s (first row) and extended window
t € [40, 47]s (second row). Left: transmembrane potential u. Middle: extracellular potassium [K*] . Right:
intracellular sodium [Na*],.

) t1 r1 to T2 T
Subclinical ischemia | 0.3-0.6 | 10s | 5s | 90s | 80s 60s
Severe ischemia 0.7 10s | s | 70s | 60s | 150s

Table 2: Parameters for subclinical and severe ischemia simulations: blood percentage drop, ramping times, and
final observation time.
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Figure 3: Coupled electro—metabolic response at increasing ischemic severity §. Columns correspond to § = 0 (first
column), § = 0.3 (second column, subclinical), 6 = 0.6 (third column, subclinical), and § = 0.7 (right, severe).
First row: transmembrane potential u (blue, left axis) and instantaneous firing frequency f (right axis). Second
row: ATP concentration. Third row: blood oxygen concentration [Os],. Fourth row: oxygen concentration in
extracellular space (ECS), neuron, and astrocyte.

Variable Value Units | Variable Value Units | Variable Value Units | Variable Value Units
u? —56.199 [mV] | [Ca]? 0 [mM] | [0s)° 0.03 [mM] | NADH? 1.2e—3 [mM]
(K] 6.2773  [mM] | [Na]; 11.56  [mM] | ATPY 2.18 [mM] | NADY 0.03 [mM]
m? 0.0936 [02]%¢g  0.04 [mM] | ADP)  6.3-10~2 [mM] | NADH) 1.2-107% [mM]
n? 0.1558 [02]5) 0.03 [mM] | ATP? 2.17 [mM] | NAD? 0.03 [mM]
RO 0.9002 [0:]p 6.67 [mM] | ADP? 0.03 [mM]

Table 3: Severe ischemia, initial conditions for the variables of the coupled ionic model.

In the case of subclinical ischemia, corresponding to the reduction in blood flow that occurs within the 10-15s
interval, the variation in frequency is minimal and shows a temporal shift due to the physiological delay of the
cellular response. This variation, nevertheless, remains within the physiological range. Consequently, there is
a reduction in oxygen concentration in all compartments, along with a small variation in the resting value of
ATP concentration, which remains close to baseline. Compartmental [Os] decreases but it is sufficient to sustain
Na™ /KT-ATPase activity and astrocytic K™ uptake, preventing pathological accumulation of [K™],. Such a small
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and transient ischemic scenario is supported by clinical evidence, indicating that it causes no permanent brain
injury, as compensatory mechanisms preserve tissue viability. In the severe case, reduced oxygen delivery undergoes
oxidative phosphorylation and thus ATP availability, lowering the phosphorylation ratios p,, = [ATP],,/[ADP],, and
pa = [ATP],/[ADP], that scale the pump and glial clearance currents, allowing [K*], to accumulate. The Nernst
potentials shift, and the membrane potential enters irregular dynamics with high frequency behaviour (40 Hz) [42],
while ATP decays and ADP rises, leading to an energetic crisis and [O2] collapses across all compartments. Once
neurons and astrocytes react to the reduced blood flow, cellular swelling occurs, accompanied by irregular firing
patterns. The frequency of bursts indicates the presence of high neuronal activity [42], which can also represent the
onset of epileptiform scenarios, which may appear in subtle forms without overt convulsions. During these bursts,
oxygen levels in all compartments drop, reflecting the increased metabolic demand needed to sustain the higher
firing rates. The effect of oxygen deficit depends on both the severity and the duration of the ischemic episode.
Referring to the volumetric formulation (21), we further illustrate the temporal evolution of cell volume variations
under ischemic conditions. These results provide a quantitative view of how oxygen depletion and ionic imbalance
drive swelling dynamics within neuronal and astrocytic compartments. As illustrated in Figure 4, increasing values
of § lead to a progressive swelling of both neuronal and astrocytic compartments, accompanied by a marked reduction
in the extracellular space volume. This behavior reflects the intracellular accumulation of ions and water under
ischemic conditions, resulting in a decreased extracellular volume available for ionic diffusion and, consequently, a
disruption of ionic homeostasis. Furthermore, a delay in the physiological response of neurons and astrocytes can be
observed, reflecting their slower adaptation to ischemic event. Higher values of § therefore intensify cellular edema
and reduce the tissue’s ability to maintain physiological equilibrium, contributing to increased neuronal excitability
and ischemic damage. The evolution of the volumes for the different compartments are illustrated in Figure 4.
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Figure 4: Volume evolution of neurons, astrocytes and extracellular space with respect to different values of §.

4.1.2 Sensitivity analysis on potassium clearance rate

Regarding the potassium clearance rate e, higher values represent almost physiological conditions with slower
reactivity to ionic perturbations. In contrast, lower values represent more pathological scenarios in which neuronal
discharges rapidly accumulate [K+]o and trigger epileptic activity. A sensitivity analysis with respect to ¢ is reported
in Figure 5, which shows both the transmembrane potential with the corresponding firing frequency (top row) and
the ionic concentrations (bottom row). Lower values of ¢ indicate a more pathological condition, as the frequency
of reactive epileptic bursts increases and the ionic concentrations reach non-physiological regimes.

For comparison across scenarios, simulations are run for a final time of T' = 60s, which is sufficient to capture
all relevant differences. In the highly pathological regime (¢ = 2.7, Figure 5a), the reduced diffusion leads to the
redistribution of ions. As a consequence, neuronal discharges accumulate extracellular potassium, producing a
runaway increase of [K™], above 16 mM and an abnormal depolarization of the transmembrane potential. The cell
enters a hyper-excitable state, characterized by epileptic-like bursts with frequency exceeding 140 Hz. Exploiting
e = b and € = 9.33 as in Figures 5b and b5c, respectively, it is clear that the system reacts to ischemic stress
with recurrent bursts of activity. The extracellular potassium concentration oscillates around 10-12mM, while
the intracellular sodium concentration remains elevated but stable. This scenario captures a realistic pathological
condition, where ischemia leads to periodic high-frequency discharges sustained by ionic dysregulation. In Figure 5d,
the potassium diffusion is particularly high (¢ = 13), and this leads to a rapid compensation of ionic perturbations.
In this case, [KT], and [Na™]; remain close to stable values, and the membrane potential shows only a brief transient.
Although this scenario is not physiologically realistic, it demonstrates that high e prevents pathological bursting by
dampening ionic feedback. Overall, Figure 5 highlights that the system dynamics strongly depend on the potassium
diffusion rate e: decreasing e from 13 to 2.7 shifts the behavior from stable ionic homeostasis to pathological regimes
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Figure 5: Sensitivity analysis with respect to potassium clearance rate (¢) in severe ischemic condition. (a) e = 2.7.
(b) e =5. (c) e=9.33. (d) e = 13.

characterized by extracellular potassium accumulation above 16 mM and firing frequencies exceeding 140 Hz, with
intermediate values (¢ = 5-9.33) producing periodic high-frequency bursting sustained by [K*], oscillations around
10-12 mM.

4.2 Ischemic induced spontaneous spiking in idealized two-dimensional domain

In this test case, we consider a simplified square geometry Q = (0,1.5) x (0,1.5) where the entire domain is
characterized by grey matter tissue. The objective is to investigate the electrical activity of a small pathological
ischemic subregion. The domain is divided into two macro subregions: the pathological region, which represents
grey matter tissue under pathological, severe ischemic conditions, and the surrounding region, where all variables
and initial conditions are set to represent physiological tissue. We consider, in order to analyze the coupled behavior,
the parameters go = 0.3¢q, 7, = 0.5409, 7, = 0.3938, and 7e.s = 0.0653 for the ischemic subregion. The ischemic
region is initialized in a transient resting-potential state, while a subregion, €2y, models the tissue immediately prior
to the onset of high-frequency activity, where initial conditions of the model are described in Table 4 taken from
[22, 13]. Concerning the ischemic part of the domain, all values are taken once the decrease in blood flow has
ended, in order to establish a region with blood flow deficit, right before the onset of pathological spikes, at time
T = 22.2 s, as shown in Figure 6. At the selected time, all parameters and initial conditions are taken from the
cellular neuronal simulation to characterize the two-dimensional ischemic tissue.

50

u [mV]

22.1 22.2 22.3 224 22.5
t s

Figure 6: Neuronal model simulation under severe ischemia (cellular swelling delay neglected). Zoom-in of the first
pathological spikes of the transmembrane potential.

The cellular response delay to volumetric changes is neglected; this simplification is considered acceptable, as
the main focus here is on the propagation of self-induced spikes originating from a pathological ischemic region.
Equation (34) represents the conductivity values associated with the grey matter under physiological and ischemic
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conditions:

On,1(x) = 2.735 Lo, (%) + 0.565 Lo, (%), (34)

The quantities o,, and o; denote the electrical conductivities in the normal and tangential directions, respectively,
with respect to the local fiber orientation. In the numerical model, the computational domain €2 is partitioned into
the physiological grey matter region, Qan, and the ischemic grey matter region, Qigm, and the corresponding
conductivities are defined as piecewise constant functions over these subdomains.

Physiological grey
matter region

L O
o o

Ischemic region

I
5
o o
Transmembrane
potential

Unbalanced
ischemic region

—

(b) (c)

Figure 7: Initial setup: (a) Computational polytopal mesh with 1800 elements. (b) Initial condition of the trans-
membrane potential; Qq: tissue immediately prior to the onset of high-frequency activity. (c) Computational
ischemic region in grey matter tissue.

Variable Value Units | Variable Value Units | Variable Value Units
u’ —46.735  [mV] | [02)%g 0.269  [mM] | ATP) 2.17 [mM]
[Ca)? 1.168-1073  [mM] | [0y]° 0.0166  [mM] | ATP? 2.18 [mM]
[K)? 5.6336 [mM] | [02] 0.0149  [mM] | ADP? 0.03 [mM]
[Na)? 8.2451 mM] | [02]9 3.0654  [mM] | NADH? 1.2-10°% [mM]
m° 0.1189 ADP?  6.3-107% [mM] | NAD? 0.03 [mM]
n® 0.2067 NAD! 0.03 [mM] | NADH? 1.2-1073  [mM]
RO 0.8338

Table 4: Initial conditions for variables of the ionic coupled model for a simulation of severe ischemia.

In Figure 7, we represent the polytopal mesh exploited for the simulation, with 1800 elements (h = 0.084),
the initial condition of the transmembrane potential, and the definition of the ischemic region in the domain. The
simulation is performed exploiting a At = 2.5 - 1073 ms, and final time T = 50 ms. The polynomial degree
is automatically adapted in the range between 1 and 5, exploiting the p-adaptive algorithm [34]. The evolution
of the transmembrane potential over the domain at selected snapshots is shown in Figure 8. The main goal of
this simulation is to understand how electrical activity originating from a pathological ischemic region affects the
surrounding tissue. The results represented in Figure 8 show that high-frequency spikes are generated within the
ischemic area and then propagate into the healthy tissue, suggesting that even a localized pathological region
can lead to large-scale effects on the whole system. In particular, we note that the activation originates from
the pathological ischemic zone, where the conductivity of the model is reduced. This lower conductivity slows
down the propagation of the electrical wave, where the wavefront advances more slowly within the ischemic region
before invading the surrounding healthy tissue. We observe that this evolution is consistent with the underlying
biochemical mechanisms; in fact, ischemia is known to induce significant structural and metabolic alterations in
neural tissue. In particular, cellular swelling, lack of oxygen, reduced ATP production, and loss of ionic homeostasis
all contribute to reducing the ECS volume and increasing its tortuosity. This results in a lower effective electrical
conductivity of the tissue, which is expected to slow down the propagation of depolarization waves. Because the
local currents are weaker, the propagating wavefront becomes not only slower but also thinner [43].
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Figure 8: (a)-(f) Snapshots of the simulation at different time steps, illustrating the evolution of the transmembrane
potential in a squared tissue of grey matter with an unstable pathological ischemic condition for first and second
auto-induced wavefront. (g)-(h) Activation times for the first and second travelling wavefront in the domain.

4.3 Activation of a pathological ischemic subregion in idealized two-dimensional do-
main

In this second test case, instead of focusing on the propagation of self-induced spikes from an ischemic subregion,
we aim to investigate the ischemic tissue behavior when it is stimulated by external impulses originating from
surrounding tissue. The computational geometric setting is illustrated in Figure 9.

0 i Physiological grey

. matter region
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Figure 9: Initial setup: (a) Computational polytopal mesh with 2200 elements. (b) Initial condition of the trans-
membrane potential; €;: ischemic grey matter subregions; Qg: subregion triggered by external stimulus. (c)
Computational ischemic regions in grey matter tissue.

To avoid self-induced high-frequency activation of the ischemic region, as shown in the previous test case, we set
the initial condition for the pathological subregion to a transient resting value for the transmembrane potential. An
additional external forcing is applied in a limited region of the physiological grey matter, in order to generate several
spikes that subsequently propagate in the surrounding heterogeneous tissue. To analyze the coupled behavior, we
consider the parameters gy = 0.3¢, 7, = 0.5409, n, = 0.3938, and 7..s = 0.0653 for the ischemic subregions. In
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Figure 9 we represent the polytopal mesh exploited for the simulation, where Q = (0,1.7)% with 2800 elements
(h = 0.064), the initial condition of the transmembrane potential and the definition of the ischemic regions in the
grey matter tissue (€;) and the part of the domain where the external forcing is applied (o). In the part of the
domain Q \ (0 U Q) we set physiological grey matter tissue; the external term applied in Qg is o = 40 pA, in
order to induce a series of sustained action potentials in the brain tissue. The initial conditions for all the variables
of the ionic model are taken from the neuronal simulation represented in Figure 14, at time ¢ = 20 s. The numerical
simulation is performed exploiting At = 2.5-1072 ms and we considered different conductivity values for the tissue:
in phyisiological grey matter the conductivity is set to o,, = 07 = 1.735 Sm ™", while in the ischemic grey matter it
is reduced to o, = o; = 0.358 Sm .

Figure 10 illustrates the spatio-temporal evolution of the electrophysiological response in grey matter tissue
containing two ischemic subregions, by reporting snapshots of the transmembrane potential and the extracellular
potassium concentration [K™], at different time snapshots.
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Figure 10: (a)-(d) Different snapshots of the transmembrane potential evolution in grey matter tissue with externally
activated part of physiological brain tissue. (e)-(h) Different snapshots of the extracellular potassium concentration
in physiological and ischemic grey matter tissue.

Figure 10, in panels (a)—(d), shows that the external forcing applied to the healthy gray matter initially gen-
erates multiple activation wavefronts, which propagate through the surrounding tissue. As the wavefronts expand
across the computational domain, they reach the ischemic subregions, where the altered electrophysiological prop-
erties facilitate their activation into the ongoing dynamics. After being activated, the ischemic areas can sustain
pathological electrical activity, effectively acting as secondary sources that further shape the spatio-temporal prop-
agation pattern. Overall, this sequence highlights how a spatially localized stimulus can evolve into a self-sustained
and more complex activity due to interactions between wavefronts and ischemic regions. Figure 10 reports also
the extracellular potassium concentration [K*], (panels (e)—(h)) in the range 5.5-7.2 mM: the tissue is initially
close to physiological levels, while during wave propagation a localized increase is observed up to values close to
7.2 mM, particularly in correspondence with regions undergoing repeated activation. The overall increase is also
expected, since each action potential is associated with potassium efflux, leading to a rise of [K™], during re-
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peated spiking activity. This accumulation of extracellular potassium is consistent with a progressive impairment
of membrane repolarization and contributes to sustaining the firing dynamics. Overall, the coupled evolution of
the transmembrane potential and potassium concentration suggests a transition from a localized perturbation to a
global abnormal regime, in which the ischemic regions become additional drivers of pathological sustained activity
through their interaction with the propagating impulses.

4.4 Epileptic seizure simulations and interaction with ischemic region in realistic
domain

In this section, we investigate the electro-metabolic dynamics on a realistic two-dimensional brain sub-domain,
extracted from the transversal section covering the temporo-occipital region of one cerebral hemisphere. The domain
is discretized using a polytopal mesh specifically generated to conform to the anatomical subregion; the resulting
mesh consists of 4004 polygonal elements, represented in Figure 11. The computational domain includes both
grey and white matter, reproducing their anatomical interface. Grey matter is treated as an isotropic conductor,
reflecting the homogeneous distribution of neurons and unmyelinated fibers, whereas the white matter is modeled as
anisotropic, with enhanced conductivity along the local axonal directions obtained from diffusion-weighted imaging
(DWI), where component D, and D,, are illustrated in Figure 12. This distinction enables a more realistic
representation of the heterogeneous electrophysiological behavior in cortical and subcortical regions.

Ty White matter Grey matter

Figure 11: Transversal section of the human brain. The computational domain is extracted from the temporo-
occipital region of one cerebral hemisphere, including grey matter (purple) and white matter (yellow).

Figure 12: Anisotropic diffusion tensors derived from diffusion-weighted imaging (DWI) and used to model axonal
conductivity in the white matter.

Following this setup, the computational model is initialized as shown in Figure 13, which illustrates the mesh,
the initial condition of the transmembrane potential, and the distribution of the physiological and pathological
regions. The domain includes multiple ischemic regions of different severities (§ = 0.3 and § = 0.7), prescribed a
priori to represent subclinical and severe ischemic conditions. These regions are located within the grey matter,
consistently with physiological evidence indicating that ischemic damage predominantly affects grey matter tissue.
The initial condition is constructed following the configuration shown in Figure 13 and the temporal evolution of
the transmembrane potential is presented in Figure 15.
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Figure 13: Initial setup: (a) Computational mesh of the realistic brain section. (b) Initial condition of the transmem-
brane potential. (¢) Distribution of different physiological and pathological regions, including ischemic subregions
of different severities; one of them is externally activated (dark blue region). The computational domain accounts
for anisotropic axonal directions influencing the propagation dynamics.

In this test case, we aim to investigate the ischemic tissue behavior when it is stimulated by an external impulse,
introduced through an additional forcing term in the coupled model in Equation (24). The additional external
stimulus is applied for a limited time interval, and it is defined as a constant value Ia.y = 10 pA. The external
forcing term is applied at early times within a localized ischemic area characterized by a severe blood flow reduction
(6 = 0.7) (see Figure 13). As these wavefronts evolve, they traverse regions of grey and white matter, encountering
different conductivity and excitability properties.

We consider, in order to analyze the coupled behavior, the parameters ¢y = 0.3q, 7, = 0.5409, n, = 0.3938,
and 7ecs = 0.0653 for the severe ischemic subregions. The additional forcing term is both temporal and spatially
limited: from the modeling point of view, the forcing is added to the currents of the monodomain model

f(u, m, C) = Iion(u7 m, C) = INa(u7 m, C) + IK(uv m, C) + ICl(u7 m, C) + IAct]]-{nStgtz}{wEQl}v (35)

where 1, <;<¢,}{zecq,} T€presents the indicator function on the elements of the mesh corresponding to a small region
of the ischemic grey matter, that can be defined as €2;. For the simulation, we define £; = 0 ms and ¢5 = 1.2 ms, so
that as soon as the first 2 spikes are triggered, the external force is turned off. In the part of the domain in which
we do not impose ischemic condition, we set physiological tissue. The initial conditions for all the variables of the
ionic model are taken from the neuronal simulation represented in Figure 14, at time ¢ = 20 s.

Figure 14: Severe ischemia with external stimulus (the physiological delays are neglected). (a) Pathological evolution
with € = 5 and an external stimulus applied at time T' = 20 s (red point) for only few time steps. (b) An entire
firing episode generated by the external stimulus.

In this scenario, we can observe that the time-limited additional stimulus generates two action potentials.
However, before stabilizing again, the transmembrane potential undergoes a complete bursting behavior with high-
frequency dynamics (see Figure 14). This time-limited external impulse triggers a pathological behavior when
applied in an ischemic region, which proves to be particularly sensitive to external stimuli. In white matter, the
directional preferences associated with axonal fiber orientation are captured by the anisotropic conductivity tensor

18



32, which enhances propagation along the dominant fiber direction. In contrast, in grey matter we observe a spatially
uniform propagation. Specifically, the conductivity values are listed in Table 5, and for the white matter region,
we exploit the axonal directions represented in Figure 12. Within the ischemic tissue the conductivity is further
reduced, according to Equation (25).

Tissue type on [Sm~I] | o [Sm™1]
Grey matter 1.3354 1.3354
Ischemic grey matter 0.2712 0.2712

Table 5: Conductivity values for grey matter in physiological and pathological conditions. ¢, and o; denote the
conductivities in the normal and tangential directions, respectively.

The evolution of the transmembrane potential is reported in Figure 15. We can observe that the ischemic region
is particularly sensitive with respect to external stimuli; once the ischemic region is triggered and two initial action
potentials are generated, it remains active and continues to generate pathological impulses. The first auto-induced
wave starts at approximately ¢ = 45 ms without any external forcing term; this pathological evolution is in fact
auto-induced by the coupled model and generated from the ischemic region.

t=21.4ms

t =15.1ms

u [mV]
-
Il
g
=
B
w
-
Il
o
=)
=
w

t =28.9ms t = 55.8 ms t =99.5ms t =136.0 ms (b)

Figure 15: Different snapshots of the transmembrane potential evolution in a realistic brain section, showing multiple
ischemic regions of varying severity (from subclinical to severe). One of the ischemic zones is externally activated,
generating two propagating wavefronts that interacts with surrounding tissue. The computational domain includes
both white and grey matter regions, and anisotropic axonal directions that influence the propagation dynamics of
the membrane potential over time. (a) Activation times for the first wavefront. (b) Activation times for the second
wavefront

In subsequent frames (¢ > 90 ms), new pathological fronts originate from a different severely ischemic core
and invade the adjacent healthy tissue, effectively perturbing the normal propagation dynamics and synchronizing
the whole domain into a pathological activation pattern. In Figure 15a and 15b are shown the activation times
associated with the propagation of electrical self-induced impulses within the two-dimensional domain. The resulting
dynamics highlight the complex interplay between ischemic and non-ischemic zones: the waves originating in the
forced pathological region interact with neighboring ischemic patches and propagate into healthy tissue, generating
activation patterns shaped by anatomical anisotropy and oxygen-dependent alterations in membrane excitability.
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5 Conclusions

This work introduces an electro-metabolic framework that couples oxygen availability and ATP production to ionic
homeostasis and membrane excitability under ischemic stress. The coupling is modeled by taking into account ATP-
dependent Nat /K* pumping and glial K* uptake. At the same time, metabolism provides oxygen/ATP dynamics,
as well as a swelling law that ties volume to local hypoxia and blood-flow depression. The system is coupled with
the monodomain model and discretized with a high-order, p-adaptive PolyDG discretization and semi-implicit time
integration, allowing the simultaneous resolution of fast spikes and slow ionic—metabolic changes. The numerical
results demonstrate how energy limitations reshape excitability. As ischemic severity increases, the model transitions
from near-physiological behavior to high-frequency, burst-like discharges, accompanied by extracellular potassium
accumulation and intracellular sodium rise. This establishes a quantifiable transition from oxygen shortage to
high-frequency activity, marking the onset of epileptiform activity. A complementary sensitivity analysis reveals
that extracellular potassium transport acts as an amplifier: decreasing the diffusion coefficient sustains the positive
feedback between firing and further depolarization, thereby pushing the system into pathological regimes. Beyond
homogeneous settings, a localized ischemic subregion of grey matter allows spikes to propagate into surrounding
tissue, showing how local energy failure can trigger organ-scale activity when oxygen transport is impaired. Future
developments will focus on biological and computational contexts. On the physiological side, we will calibrate
parameters to incorporate explicit perfusion and vascular reactivity [44], and account for dynamic tortuosity. From
the numerical point of view, we will pursue scalable implementations for 3D simulations to connect the model to
realistic measurements.
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