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Abstract

High-fidelity computational models of cardiac mechanics provide mechanistic insight into the heart
function but are computationally prohibitive for routine clinical use. Surrogate models can accelerate sim-
ulations, but generalization across diverse anatomies is challenging, particularly in data-scarce settings.
We propose a two-step framework that decouples geometric representation from learning the physics re-
sponse, to enable shape-informed surrogate modeling under data-scarce conditions. First, a shape model
learns a compact latent representation of left ventricular geometries. The learned latent space effectively
encodes anatomies and enables synthetic geometries generation for data augmentation. Second, a neural
field-based surrogate model, conditioned on this geometric encoding, is trained to predict ventricular
displacement under external loading. The proposed architecture performs positional encoding by using
universal ventricular coordinates, which improves generalization across diverse anatomies. Geometric
variability is encoded using two alternative strategies, which are systematically compared: a PCA-based
approach suitable for working with point cloud representations of geometries, and a DeepSDF-based
implicit neural representation learned directly from point clouds. Overall, our results, obtained on ideal-
ized and patient-specific datasets, show that the proposed approaches allow for accurate predictions and
generalization to unseen geometries, and robustness to noisy or sparsely sampled inputs.

1 Introduction

Computational models of the heart and the cardiovascular system have emerged as powerful tools to mech-
anistically investigate electrochemical, mechanical, and biological processes across multiple spatial and tem-
poral scales [1, 2]. However, high-fidelity models based on partial differential equations (PDEs) typically
require computationally intensive discretization and solution techniques, often representing an obstacle to
routine clinical translation and application.

To partially circumvent the computational burden without compromising accuracy, model order reduction
techniques are often integrated into simulation frameworks. These reduce the problem to a lower-dimensional
representation, either by exploiting snapshot information from high-fidelity models or imaging data [3, 4,
5, 6, 7], or through lumped model approaches [8, 9]. However, real-time simulation through reduced-order
models (ROMs) often remains computationally prohibitive, particularly in nonlinear regimes characterized
by slow decay Kolmogorov n-width and a corresponding high-number of basis functions required to accurately
represent the solution [10, 11]. This has motivated the development of data-driven surrogate models, which
leverage dimensionality reduction techniques better suited for nonlinear solution manifolds [12]. The resulting
surrogate can be evaluated typically at a fraction of the computational cost compared to projection-based
ROMs, and their evaluation does not require a computational mesh [13, 14, 15, 16, 17].

*These authors equally contributed to this work.



In this context, however, dealing with geometric variability remains an open challenge. Surrogate models
trained on a single geometry do not generalize across cohorts of differently-shaped anatomies, making it
impractical to train one model per patient. At the same time, training a single model on a cohort of geometries
is non-trivial in the absence of point-to-point correspondence between different anatomies, motivating the
need for a geometric encoding of shape variability. Universal Solution Manifold Networks (USMNets), which
we employ as starting point for the present work, in their base version achieve geometric encoding by
means of landmark definitions [18, 19], but do not straightforwardly generalize to complex geometries, where
identifying landmarks is non-trivial. Other approaches use diffeomorphic mapping operators to map geometry
variations onto a common reference space either to enhance deep learning based ROMs [20] or to extract
principal components of shape variability [21]. Applied to electrophysiology models of the left ventricle, the
latter leverages universal ventricular coordinates (UVCs) [22] to establish a mapping between patient-specific
and reference geometries. However, both UVC fields and meshed representations are required, restricting
applicability to structured data sources. An alternative paradigm for encoding geometric variability is offered
by representation learning techniques, which aim to describe complex data through a set of lower-dimensional
features extracted in an automatic way [23]. In the context of shape modeling, this corresponds to discovering
a latent space, where each point represents a geometry in the original three-dimensional domain, together
with a mapping that allows reconstructing or querying the shape from this compact representation. Deep
autoencoder architectures [24, 25] implement this idea by jointly training an encoder network that maps
shapes to latent codes and a decoder network that reconstructs shapes from these codes. Related approaches,
known as autodecoders, instead associate each shape with a learnable latent code optimized jointly with the
decoder, removing the need for an explicit encoder and simplifying the overall architecture [26]. DeepSDF
[27] introduces an autodecoder architecture for the simultaneous reconstruction of multiple geometries: each
shape is associated with a low-dimensional latent code that conditions the network input and is optimized
jointly with the network weights. The framework is flexible with respect to input data type, operating
directly on point clouds, voxels, or meshes, and an explicit mesh representation could be extracted via the
Marching Cubes algorithm [28]. Smoothness and regularity of the latent space can be further enforced by
controlling the Lipschitz constant of the network [29], promoting stable interpolation between geometries.
The combination of DeepSDF with Lipschitz regularization has been successfully applied to reconstruct
cardiac geometries in [30].

However, even when a geometric encoding method is available, learning the map from high-dimensional
shape variability to the corresponding PDE solution remains a highly complex regression task. Approaches
based on graph neural networks [31, 32] or attention mechanisms [33] typically require large training datasets
to achieve robust generalization, and performance on unseen geometries can degrade significantly, when only
limited training samples are available [34]. This is an important limitation in biomedical applications, where
open-access data is often scarce and acquisition of new high-fidelity simulations is computationally expensive.

Motivated by these considerations, in this work, we present a method for building shape-informed sur-
rogate models for cardiac mechanics from scattered point cloud data associated with a cohort of different
patient anatomies. We validate this framework on two datasets: an synthetic cohort of idealized geometries
and two cohorts of real left ventricular anatomies from publicly available sources [35, 36]. The proposed
pipeline consists of two steps. First a shape model is fitted to the geometric data, automatically learning
a compact representation of each anatomy. When working with real data, the shape model is also used
to generate new realistic geometries for data augmentation. Second, a shape-informed surrogate model is
trained for predicting cardiac displacement by conditioning the network on the learned geometric encoding
with the augmented dataset used to improve generalization. The proposed framework, by decoupling the
geometric complexity from the regression task, allows in this manner for data augmentation to compensate
for the scarcity of biomedical training data.

For the shape modeling step, we propose two complementary approaches. The first, named PCA-SM
(PCA-based Shape Model), is based on Principal Component Analysis (PCA). Point-to-point correspondence
between training geometries is established via UVCs, enabling PCA of the shape deformations. At inference
time, the latent representation of a new geometry is obtained by finding the low-dimensional code, whose
projection onto the PCA modes best approximates the ground truth. The second, named SDF-SM (SDF-
based Shape Model), is a neural network-based shape model that learns an implicit representation of each



geometry by approximating its signed distance function (SDF), an approach commonly used in computer
vision tasks [37]. This technique is extended to multiple geometries by adopting the DeepSDF autodecoder
architecture [27]: a decoder MNgg¢ is conditioned on a shape code z € Z and a point x sampled from
the geometry, with optional additional geometric parameters p; the output is the SDF value at x for the
geometry associated with z and p. The latent distribution Z and the decoder weights are optimized jointly
during training, combining a reconstruction loss, a prior on Z, and a Lipschitz regularization term promoting
smoothness of the latent space [29]. At inference time, the decoder weights are frozen and Z acts as a posterior
distribution, enabling robust latent code optimization even for noisy or sparsely sampled point clouds. To
augment the dataset of real anatomies, SDF-SM is employed as a generative model: new realistic geometries
are obtained by sampling the posterior distribution Z and conditioning the decoder on the sampled latent
codes. The second step consists in training a shape-informed surrogate model for cardiac displacement
conditioned on the geometric encoding learned in the first step. The surrogate model is implemented as a
neural network NN hys, optimized to predict the displacement field from the geometric encoding and the
physical parameters of interest. We consider two variants depending on the source of the geometric encoding;:
PCA-USMNet, which uses the latent representation from PCA-SM, and SDF-USMNet, which uses the latent
code learned by SDF-SM. Both variants are applied to the problem of predicting the displacement field for
a finite strain mechanics problem of the left ventricle under diastolic loading conditions.

2 Results

We numerically test the proposed pipelines on two datasets: an idealized dataset and real patient anatomies.
We first present the results on the shape encoding and reconstruction task (see Section 2.1) and then the
performances on the surrogate modeling task (see Section 2.3). The idealized dataset comprises 512 pro-
late ellipsoids parametrized by the triplet (¢,d,w), corresponding to long-axis length, diameter, and wall
thickness, respectively, sampled on a uniform 8 x 8 x 8 grid. This controlled dataset allows us to assess the
shape model’s ability to learn a descriptive latent space in a setting where the true parametrization is known
analytically. In Section 2.1.1, we analyze the correspondence between the learned low-dimensional represen-
tation and the ground-truth parameters, while Section 2.3.1 compares surrogate model performance when
conditioned on learned latent codes versus true geometric parameters. Then, we consider a dataset of real
patient anatomies consisting of 44 left ventricular geometries obtained from two publicly available cohorts:
24 heart failure patients [35] and 20 healthy patients [36]. The complete data acquisition and preprocessing
pipeline is described in Section 4.1. On this dataset, we compare two shape encoding approaches, PCA-
and SDF-based (respectively PCA-SM and SDF-SM), for geometric representation (Section 2.1.2) and for
conditioning the surrogate model (PCA-USMNet and SDF-USMNet, respectively) (Section 2.3.2). The use
of the SDF-SM for generating synthetic geometries for data augmentation is discussed in Section 2.2.

2.1 Shape reconstruction

The quality of reconstructed geometries is assessed using two classes of metrics. Chamfer Distance (CD) and
Normalized Chamfer Distance (CDy,opm ) measure the discrepancy between the reconstructed surface and the
ground truth, considering the original and normalized geometry sizes, respectively. Intersection over Union
(IoU) and Dice Coefficient (Dice) provide a volumetric measure of the overlap between the reconstructed
shape and the ground truth, both in the [0, 1] range, where higher values indicate better reconstruction. For
SDF-SM we also report the Mean Level Estimate (MLE) defined as the mean absolute SDF prediction on
ground-truth surface points, where the correct value is zero by definition. A formal definition of all metrics
is provided in the Methods (Section 4.6).

2.1.1 Idealized geometries

The reconstruction performance of SDF-SM is first evaluated on an idealized dataset. Since the parametriza-
tion is known, we also consider the case in which the network is conditioned directly on the true parameters
rather than learning the latent space, and only the decoder weights are optimized. This serves as a best-case
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Figure 1: Data processing, modeling, and training pipelines. Solid black lines/boxes show the pipeline of
patient-specific left ventricular (LV) models; dashed gray lines/boxes that of the idealized LV models. They
differ in that the idealized model cohort is not augmented by synthetically generated geometries. a) LV
geometry extraction from 4-chamber patient-specific heart geometries, retrieving 44 LV geometries. b) Ide-
alized LV models generated from varying long axis, diameter, and wall thickness ¢, d, and w, respectively,
retrieving 512 models. ¢) SDF-SM training: learning of signed-distance function to represent the geometry
boundary. d) Geometry generation by SDF-SM. e) Mechanical forward problem setup. Left: Reference
geometry (2, with Robin (spring) boundaries on the base (I}’ ®) and the epicardium (1) as well as a
Neumann boundary at the endocardium (IV). Right: Fiber field f,; color indicates the fiber angle o with
respect to the circumference. f) SDF-SM encoding. g) PCA-SM encoding. h) Computation of universal
ventricular coordinates (UVCs). i) Simulation of the forward model to generate displacement training data.
Left: undeformed geometry. Right: deformed model with displacement field w, color indicating its mag-
nitude. j) Surrogate model, informed by cartesian coordinates x, UVCs &, a shape code p, (either from
PCA-SM, SDF-SM, or an analytic descriptor of shape features, e.g. features from the idealized geometries),
and possibly some parameters p,,.



comparison to decouple the representation capability of the decoder and the descriptive power of the latent
space. The input to the network includes also the scaling factor u; associated to each shape €2;. Since this
scaling factor relates strongly to £ (see Methods Section 4.3), we consider it as the third component of the
latent code, without learning it.

Table 1 presents the reconstruction metrics for both approaches. The results indicate no significant differ-
ence in reconstruction quality between the learned latent codes and the original parametrization, suggesting
that the network successfully captures the essential geometric information in its learned representation.

Table 1: Reconstruction metrics for SDF-SM trained with learned latent codes versus original parametric
features on idealized geometries.

Code Split CD [mm] CDyorm IoU Dice MLE
Learned Test  1.276 £0.282 0.0238 £0.0062 0.953 £0.027 0.976 £0.014 1.367 &= 0.587
Train  1.2324+0.275 0.0226 =0.0059 0.954 £0.022 0.976 +£0.012 1.257 +£0.614
Original Test 1.124 £0.290 0.0209 £ 0.0040 0.950 £0.036 0.974 £0.020 1.381 £0.596
sima Train 1.100£0.133 0.0203 £0.0036 0.954 +0.026 0.976 &0.014 1.261 4 0.614

Latent space structure and interpretability. To investigate the relationship between learned latent
codes and the original geometric parameters, we analyze the structure of the learned representation. Figure 2a
displays the component values of both learned and original codes across all 512 geometries. The 8 x 8 x 8
grid structure used to generate the original parameter triplets is clearly visible in both representations. We
observe that pu;, here indicated as the third component of the latent code, is strongly correlated with the
original feature ¢. Figure 2b shows the pairwise Pearson correlation matrices. While the learned codes
capture relationships present in the original features, they are not independent. The three-dimensional
distribution of the learned codes is shown in Figure 2c.

To quantify the relationship between learned codes and original features, we fit linear regression models
to predict each original parameter from the learned latent codes. The models are trained on codes from the
training set and evaluated on the test set. The linear regression models achieve high R? values both on the
test set (RZ = 0.988, R% = 0.941, R? = 0.965) and the train set (R? = 0.995, R% = 0.929, R2 = 0.957),
indicating that the original geometric parameters are recoverable from the latent representation through a
linear mapping.

2.1.2 Real Geometries

Reconstruction results The model achieves a reconstruction error below 1 mm in terms of CD both on
the training and test set. We also observe that there is no significant difference in CDy o, between the two
cohorts of patients, as the size difference is effectively factored out in the preprocessing stage in Alg. 1. In
terms of intersection over union, the worst performance on the test set is loUpy;, = 0.797. The complete
reconstruction performances are reported in Table 2 and in Figure 3.

Table 2: Reconstruction metrics for SDF-SM by cohort and data split (mean =+ std).

Cohort Split CD [mm] CDyorm ToU Dice
Health Test 0.994 £0.078 0.0205 £ 0.0026 0.826 £0.026 0.904 £ 0.015
y Train 0.846 £ 0.069 0.0165 £ 0.0008 0.899 4+ 0.016 0.947 4 0.008
Heart Failure Test 0.938 £0.145 0.0200 + 0.0033 0.864 £ 0.038 0.926 £+ 0.022
Train 0.763 +£0.215 0.0170 £0.0033 0.912 4+ 0.051 0.953 4+ 0.031
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Figure 2: Visualizations of the learned latent space for the idealized geometries dataset. a) Comparison
between reconstructed latent codes and original geometric features for the idealized geometries. Each column
corresponds to an individual geometry, with colors representing the z-normalized value of the associated
original feature to ensure homogeneous color scaling across dimensions. b) Pairwise Pearson correlation
matrices between the learned latent codes and the original geometric features for the idealized geometries.
¢) Three-dimensional visualization of the learned latent space for the idealized geometries. Points represent
individual samples in the space of the first three latent codes and are colored according to the z-normalized
values of the original geometric features, illustrating how variations in physical parameters are embedded in
the latent representation.
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Figure 3: Performance metrics for SDF-SM reconstructed geometries.

Figure 4b compares the section of the reconstructed test geometries with the original ones, while Figure 4a
provides a three-dimensional visualization.

Latent space analysis Figure 5 shows the correlation matrices and distributions among the empirical
latent space components and among the latent representations of the 44 patients anatomies.

We observe that the empirical latent space shows weak pairwise correlation (range: ppmin = —0.501
t0 pmax = 0.3079), indicating that the 16-dimensional latent representation captures largely independent
geometric features. In contrast, more significant correlation patterns emerge among latent representations
of patient anatomies, especially within cohorts. Anatomies from the same patient cohort exhibit more
pronounced correlations (pmin = —0.699 and ppmax = 0.808), which suggests that the latent space clusters
geometries depending on some cohort specific anatomical characteristics.

This structure shows that the learned representation successfully captures both inter-patient and cohort-
specific variability, which can be beneficial for downstream surrogate model conditioning based on anatomical
features.

PCA reconstruction Figure 19 in Appendix A shows the average shape obtained by projecting each
geometry onto a uniform UVC grid, together with the deviations generated by adding the first 6 modes
obtained through PCA.

Table 3: Reconstruction metrics for PCA-SM by cohort and data split (mean + std).

Cohort Split CD [mm] CDuorm

Test  0.807 +£0.063 0.0167 £ 0.0021
Train 0.567£0.129 0.0111 £ 0.0027

Test  0.740+£0.130 0.0158 £ 0.0030
Train 0.484 +£0.080 0.0109 £ 0.0013

Healthy

Heart Failure

Figure 6 and Table 3 report performance metrics for PCA-SM. We observe that in this setting PCA-SM
outperforms SDF-SM with respect to CD and CDyopm, while volume-level metrics like IoU and Dice are not
computed, since PCA-SM does not produce a closed watertight surface.
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Figure 6: Performance metrics for PCA-SM on reconstructed geometries.

2.1.3 Robustness Evaluation (noise numerosity test and PCA comparison)

The reconstruction performances of the SDF-SM and PCA-SM are evaluated with varying levels of noise
and sampling. The sampling value varies between {125,250,500,1000,2000} points, while the noise stan-
dard deviation in {0.0,0.0125,0.025,0.05,0.1} is applied after normalizing the mesh, in order to perturb all
elements of the cohort with the same relative amount of noise. On average, the corresponding noise levels
in the non-normalized space is {0.0,0.6 mm, 1.2 mm, 2.4 mm, 4.8 mm}.

Figure 7 shows how the reconstruction metrics for SDF-SM vary with geometric perturbation level and
sample size. As expected from the probabilistic inference formulation (Section 4.5), reconstruction quality
degrades with increasing noise but improves with larger sample sizes. This behavior reflects the adaptive
regularization mechanism: the Mahalanobis prior weight wpost decreases with sample size, allowing the
optimization to rely more heavily on data when more observations are available, and more on the learned
prior when data is scarce or noisy. The IoU remains above 0.5 even in the most challenging scenario (125
points with maximum noise level), demonstrating the robustness of the probabilistic latent code optimization.

Figure 8 shows that PCA-SM performance degrades with increasing noise but exhibits minimal im-
provement when sample size increases. This reflects the difference in the reconstruction approach, where
PCA-SM coefficients are found by minimizing CD between the linearly reconstructed point cloud and noisy
observation, without explicitly modeling measurement noise and sample size.

For low noise levels (o < 0.025) or small sample sizes (N < 500), PCA-SM achieves lower reconstruction
error, benefiting from its compact linear parameterization of the shape space learned from the training
cohort. On the other hand, SDF-SM provides better performances for high noise and higher sample size
regime (N > 500,0 > 0.05), where the probabilistic inference framework is able to denoise the latent code
estimate by giving more importance to the learned posterior distribution.

In order to describe with a single quantity the amount of information carried by the data under different
noise and sampling conditions, we define the effective noise level as

— Jgeo 1

= N (1)
where o0g¢, is the standard deviation of the Gaussian noise applied to the point coordinates and Ngeo is
the number of sampled points. This scaling naturally arises from the statistical aggregation of independent
measurements: while the variance of averaged noise decreases proportionally to 1/N, the corresponding
standard deviation scales as 1/ V/N. The parameter p thus quantifies the residual noise amplitude per
effective degree of information.
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Evaluation Metrics Scaling on Test Geometries (Mean + Std)
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Figure 7: SDF-SM performance on test geometries as a function of sample size and geometric noise level.
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Evaluation Metrics Scaling on Test Geometries (Mean + Std)
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Figure 8: PCA-SM performance on test geometries as a function of sample size and geometric noise level.

The effective noise level can also be interpreted as a measure of label error. Since signed distance functions
satisfy the eikonal equation ||[VSDF|| = 1, they are 1-Lipschitz continuous: perturbing a point x by e shifts
the SDF value by at most ||¢||2, as |[SDF(x) — SDF (x+¢€)| < ||¢|]|2. Consequently, geometric noise on the input
coordinates with standard deviation o, induces a label error of similar magnitude. When aggregated over
Ngeo independent noisy observations, the effective label uncertainty scales as ogeo/+/Ngeo, Which directly
affects the quality of the latent code recovered at inference and ultimately the accuracy of the reconstructed
zero-level set.
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Figure 9: CDyorm and IoU for SDF-SM as a function of effective noise level p on test geometries. Each point
corresponds to a different (ogeo, Ngeo) combination. Error bars represent one standard deviation.

This intuition is confirmed by Figure 9, which shows that reconstruction errors obtained for different
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pairs (o, N) collapse onto the same curve when plotted against p. In particular, configurations sharing the
same value of p yield nearly identical accuracy, despite corresponding to different absolute noise levels and
sampling densities. This confirms that p is the relevant scaling parameter governing the reconstruction
performance and provides practical guidance for experimental design: increasing the number of sampled
points compensates for higher noise levels according to the predictable trade-off p = 0geo/+/Ngeo-
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Figure 10: CDyorm and CD for PCA-SM as a function of effective noise level p on test geometries. Unlike
SDF-SM (Fig. 9), points do not collapse onto a single curve, indicating that p does not capture the full
behavior of the optimization. Error bars represent one standard deviation.

In contrast, Figure 10 shows that p does not characterize PCA-SM performance as effectively: points
corresponding to different (0geo, Ngeo) combinations do not collapse onto a single curve. The noise level ogeo
is discriminant, while the sample size Ngo, does not impact the reconstruction quality in an equal manner.

2.2 Synthetic geometries generation

We use the latent space and decoder combination learned by SDF-SM in order to generate new realistic
geometries that can be used for data augmentation in the surrogate modeling task. Following the procedure
described in Section 4.7, we sample 1000 latent codes from the empirical distribution N (g, ) and generate
corresponding synthetic geometries. Of these, 976 geometries are anatomically plausible and retained for
data augmentation, while 24 samples are discarded due to topological artifacts such as holes close to the
apex or degeneration in the base surface. Figure 11 show examples of successfully generated geometries,
while some discarded examples are reported in Figure 18 in Appendix A.

“ " -

-_ ™S

Figure 11: Examples of five successfully generated synthetic left ventricular geometries.
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2.3 Shape-dependent surrogate model

In this section, we report results on training of the cardiac mechanics surrogate NN phys. We focus on
quantifying the effect of shape encoding and dataset augmentation, as well as the influence of query points
and loss augmentation by strains. First, we show results on the idealized cohort of artificially generated
left ventricle geometries, and then investigate the real cohort of patient-specific geometries, as standalone
dataset and as dataset augmented by synthetically generated models.

2.3.1 Idealized geometries

We train the surrogate model with displacement solutions of the cohort of 512 prolate ellipsoid geometries
(Figure 1b) and investigate the influence on the root mean squared error (RMSE) of: shape encoding and
landmarking (Figure 12); the number of query points (Figure 13); and the presence of strain information
(Figure 14).

Shape encoding and landmarking To test the influence of shape codes and geometric landmarks (e.g.,
UVCs), we train our neural network using n = 15000 randomly selected points from the geometry, and only
consider displacement information in Eq. (44), hence As = 0 (no strain-based regularization). For efficiency
purposes, we bypass any strain calculation.

Figure 12a shows the RMSE on the training (Nyain = 230), validation (Nyaiga = 179), and test set
(Niest = 103), Figure 12b the RMSE over the number of training epochs (split into training and validation
error), and Figure 12c the plotted absolute difference in ground-truth and inferred displacement for ten
selected geometries from the test set. Five different shape encodings/geometric landmarkings are used:

x: Input layer only consisting of Cartesian coordinates;

e x, & Input layer consisting of Cartesian coordinates and UVCs;

e X, &, lLéSDF)(Qo)Z Input layer consisting of Cartesian coordinates, UVCs, and a DeepSDF shape code
of dimension 3;

e x &, /,L§PCA)(QO): Input layer consisting of Cartesian coordinates, UVCs, and a PCA shape code of

dimension 6;

e x,& p,({{,d,w}): Input layer consisting of Cartesian coordinates, UVCs, and a set of length, diameter,
and wall thickness of the idealized shape.

The first column block of Table 5 shows the averaged errors over the training, validation, and test sets.
Compared to the naive setting providing only x to the input layer, adding UVCs, &, alone already leads
to a 40.2% (training set), 39.9% (validation set), and 40.6% (test set) improvement in RMSE, respectively.

Providing PCA-SM, uE,PCA)(QO), or SDF-SM, p,gSDF)(QO), shape codes then improves the error further by
77.7% and 78.7% (training set), 73.3% and 79.2% (validation set), and 73.4% and 77.4% (test set), respec-
tively. Only informing the neural network by the analytic idealized model parameterization p,({¢,d,w})
can achieve an even more substantiated error reduction: by 85.1% (training set), 85.8% (validation set) and
84.5% (test set) compared to using x, & only.

Number of query points We investigate how the number of (randomly subsampled) query points per
geometry used in training affects the losses evaluated on the entirety of geometric points. Figure 13 shows
the RMSE across the training (Nipain = 230), validation (Nyaiig = 179), and test set (Niest = 103), and
the first column block of Tab. 4 lists the average over the respective set. The median values over all n are
4.33-1073 (training set), 4.30-1073 (validation set), and 4.35-1073 (test set). The relative variabilites across
all n are 2.74% (training set), 2.76% (validation set), and 2.39% (test set), indicating little variability of the
number of query points n € [5,15000] on the errors.
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Figure 12: Idealized geometries: Comparison of different input layers and shape codes (x: only Cartesian co-
ordinates; x, &: Cartesian coordinates plus UVCs; x, &, uéPCA)(.QO): Cartesian coordinates, UVCs, PCA-SM
shape code; x, &, uéSDF)(QO): Cartesian coordinates, UVCs, SDF-SM shape code; x, &, pu,({¢,d,w}): Carte-
sian coordinates, UVCs, analytic shape code). No strain contributions to the loss function (As = 0), number
of query points n = 15000. a) RMSE on training, validation, and test set for the five different input layers.
b) RMSE over training epochs, split into training and validation loss. ¢) Absolute difference in ground-truth
and inferred displacement on ten selected test geometries.
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Figure 13: Idealized geometries: RMSE on training, validation, and test set for different number of query
points, n € [5,...,15000]. No strain contributions to the loss function (As = 0).

Table 4: Average root mean squared errors (RMSE) over the respective geometry cohort of idealized models.
Comparison of influence of number of query points and strain augmentation of the loss function.

BT | Idealized Geometries

Query Points Strain, n = 2500
x, &, Mg({f,d, w}),As =0 x, &, "l’g({ZV d, w})
o 0 =) =] o) =) =) ) =) ) S ) o =
o] — [a] 0 — [a] 0 — [a\] 0 D~ — —
I I I I I I I I I I I I I I I
1072 S < < S S S S < < < < < < ~ ~
TRAIN | 0.680 0.558 0.445 0432 0420 0427 0433 0441 0428 0437 0403 0441 0425 | 0440  0.399
VALID | 0.674 0.553 0.444 0429 0417 0424 0430 0436 0425 0433 0400 0438 0422 | 0438  0.396
TEST | 0.668 0.552 0.446 0435 0422 0430 0435 0442 0429 0437 0406 0441 0426 | 0.443  0.401
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Strain information The effects of enriching the loss function Eq. (45) by strains directly computed from
the finite element space are investigated. For this, the number of query points is set to n = 2500, and
the parameter Ag in the combined loss Eq. (44) is chosen such that displacement and strain losses are of
comparable magnitude. The input layer of the network consists of x, &, p,({/,d,w}). Figure 14a shows the
displacement loss on the training, validation, and test set for Ay = 0 (bypassing strain computation) and
As = 0.1 (adding strain contributions to the loss), and Fig. 14b shows the displacement RMSE over the
epochs for both cases. The averages over the geometries are listed in the second column block of Tab. 4.

We observe mild improvements in the loss on the displacement prediction when adding strains to the
overall loss function, amounting to a relative improvement of 9.32% (training set), 9.59% (validation set),
and 9.48% (test set). However, we observe an increase in computational expense by a factor of ~ 5 compared
to bypassing gradient computations.

2.3.2 Combined real and generated geometries

After studying different input layer settings on the idealized model cohort, we investigate the augmented
dataset of real and generated geometries (44 + 976 models) and compare to training only on the real geometry
cohort (44 models). For this study, we keep a fixed number of query points n = 15000 and bypass strain
contributions to the loss (As = 0). We train our network using the following three variants of input layers:

e x, & Input layer consisting of Cartesian coordinates and UVCs;

e x &, /,LgD_SDF) (£20): Input layer consisting of Cartesian coordinates, UVCs, and SDF-SM shape code of

dimension 16;
e x &, uéPCA)(QO): Input layer consisting of Cartesian coordinates, UVCs, and a PCA-SM shape code
of dimension 34.

Figure 15a shows the RMSE on the training (Nipaim = 630), validation (Nyaia = 305), and test set
(Ntest = 85), Fig. 15b the RMSE over the number of training epochs (split into training and validation
error), and Fig. 15c the plotted absolute difference in ground-truth and inferred displacement for all nine
geometries from the test subset of the real cohort (HF and healthy). Results from the augmented (generated
plus real) as well as the real cohort only are reported separately. The averages over the geometries are listed
in the second (augmented) and third (real only) column block of Tab. 5. As for the idealized models, a
substantial improvement is observable when adding shape codes retrieved from the PCA-SM and SDF-SM
model compared to only considering x and §. Reductions in RMSE for the augmented dataset of generated
and real geometries of 66.4% and 68.9% (training set), 58.5% and 55.9% (validation set), and 54.6% and
40.5% (test set) are achieved. Furthermore, we observe that training only on real geometries without dataset
augmentation (last column block of Tab. 5) yields significantly worse results on the validation and test set,
with a better training error, thus highlighting a severe overfitting when the proposed augmentation strategy
is not employed.

3 Discussion

In this work, we introduced a pipeline for the development of surrogate models for shape-dependent para-
metrized PDEs, with specific application to cardiac mechanics. Because myocardial deformation depends
nonlinearly on the domain geometry, clinically useful surrogate models must generalize to anatomies not
observed during training. A central challenge in this context is the data-scarce regime typical of biomedical
applications, where the cost and time required to acquire large collections of patient-specific geometries and
simulations are often prohibitive. To mitigate data scarcity, we proposed decoupling geometry modeling from
learning the physics response. A shape model is first trained on the available anatomies, and subsequently
exploited in generative mode, to produce synthetic geometries representative of the distribution of the
available shapes. These geometries are then used to augment the dataset of high-fidelity simulations employed
to train the physics surrogate. Importantly, no additional real anatomies are required. The high-fidelity solver
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Table 5: Average root mean squared errors (RMSE) over the respective geometry cohort of idealized, gen-
erated, and real geometries. Comparison of influence of shape code and data augmentation.

T | Idealized Geometries \ Gen. + Real Geometries \ Real Geometries
Shape
n = 15000, \; =0
s = = S = s o
ST = S S
< 2 o < 9 <
W W N W W W W W o W
1072 ] 3 =3 3 =3 3 =3 " " 3 3
TRAIN | 4.772 2.856 0.637 0.609 0.425 | 3.926 1.318 1.221 2.914 0.722 0.561
VALID | 4.960 2.979 0.796 0.620 0.422 | 3.876 1.609 1.711 7.498 8.468 8.383
TEST | 4.631 2.749 0.730 0.620 0.426 | 4.004 1.818 2.388 5.790 7.395 6.653

acts indeed as a bridge between synthetic geometry generation and physics learning, effectively introducing a
stronger observational bias during surrogate model training. This strategy resulted in a marked improvement
in generalization to unseen patients (error reduced from 6.7% to 2.4% for SDF-SM). These results highlight
that, in data-scarce settings, a well-trained shape model used in generative mode can effectively enrich the
observed physical domain, and strengthen the surrogate model’s generalization capability, without requiring
any new real geometries.

A key structural feature of the proposed framework is the explicit separation between a shape model
and a physics surrogate, conditioned on a shape code. The shape model serves a dual role: (i) it learns
the distribution of anatomies — even in data-scarce regimes — and enables sampling of novel shapes, and
(ii) it provides a low-dimensional shape encoding that conditions the physics surrogate, thus allowing for
generalization to unseen geometries without observable overfitting. For the surrogate model architecture,
we adopted USM-Nets, a conditional neural-field supporting multiple positional encoding strategies. In
this case, we used a domain-specific positional encoding, namely UVCs, which — as shown by the results —
reduce the error of a naive predictor receiving only spatial coordinates from 4.6% to 2.7% (in the idealized
models), even without any shape encoding. We compared two alternative shape encoding strategies: a PCA-
based approach (generalizing statistical shape models to point-cloud representations) and a DeepSDF-based
implicit neural representation trained in auto-decoder mode.

Notably, the proposed decoupled framework enables a geometry-aware data augmentation strategy that
is not naturally supported by several alternative approaches in the literature, such as GNN- or Transformer-
based models that learn the mapping from geometry and physical parameters to the solution in a one-shot
fashion. While such architectures have demonstrated strong approximation capabilities, their formulations
typically rely on large training datasets to achieve stable generalization. For instance, recent graph-based
and attention-based surrogate models report training regimes involving on the order of 103-10* simulated
samples to reach competitive accuracy [38, 31, 33]. In contrast, our framework explicitly separates geometric
representation from physics regression. This structural decoupling allows the shape model to learn an
explicit latent distribution over anatomies, which can then be sampled to generate synthetic geometries for
data augmentation. One-shot architectures that directly map geometry to solution do not explicitly model
such a generative geometric distribution, and therefore do not naturally enable controlled sampling in the
space of anatomies without additional modeling components.

The total error associated with our surrogate model can be decomposed into two components: the
geometry encoding error and the physics prediction error. To disentangle these contributions, we introduced
an idealized dataset in which an exact parameterization of the geometry is available. The results showed that
the error introduced by shape encoding is, in this setting, smaller than the intrinsic physics prediction error.
Specifically, normalized error increases from 0.43% (exact parameterization) to 0.73% (PCA-based encoding)
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and 0.62% (DeepSDF-based encoding). The results also demonstrated robustness to point subsampling.
Incorporating strain measurements alongside displacement in the loss function yielded a 9.5% improvement
in accuracy, at the expense of approximately fivefold increased computational cost, highlighting a trade-off
between accuracy and efficiency.

Comparing the two shape encoding techniques (PCA-based and DeepSDF-based), we showed that both
are robust to noise and data subsampling when reconstructing geometries via subsequent encoding and
decoding. We introduced a quantity called the effective noise level, which captures how noise magnitude and
number of points interact in determining shape model accuracy. In this framework, the PCA-based shape
model yields slightly more accurate results when the effective noise level is very low, but is less resilient than
the DeepSDF-based model as the effective noise level increases.

When integrated into the physics surrogate, the relative performance of the two encodings depended
on the dataset. In the idealized setting, DeepSDF achieved lower error (0.62% vs 0.73%), whereas for
real ventricular geometries PCA performed better (1.82% vs 2.39%). Overall, the two approaches yielded
comparable performance for left ventricular geometries, indicating that both are adequate to capture the
dominant modes of anatomical variability in this context. However, for more complex geometries whose
variability cannot be well approximated by linear combinations of modes, implicit neural representations
such as DeepSDF are expected to provide greater robustness. Additionally, PCA-based encoding requires
point-to-point mesh correspondence — enabled here through UVCs — which may not be available in more
general applications. From this perspective, DeepSDF-based encoding provides a more flexible alternative
across different application scenarios compared to PCA-based encoding.

4 Methods

4.1 Data preprocessing

Idealized data For benchmarking and testing purposes, a cohort of 512 idealized left ventricular geome-
tries is created. Each ventricular geometry is modeled as a prolate ellipsoid, a shape commonly used to
approximate the left ventricle due to its elongated geometry along the long axis. The ellipsoid is truncated
along a plane orthogonal to the long axis, representing the basal opening toward the atrium. The deter-
mining geometric parameters are the ventricular long axis ¢ € [75 mm, 115 mm)], its maximum diameter
d € [40 mm, 80 mm)], and its transmural thickness w € [5 mm, 15 mm]. From each geometric parameter
range, 8 evenly spaced samples are taken, each of which is combined with every other sample, yielding a
8 x 8 x 8-sized cohort of geometries. Six exemplary models are shown in Fig. 1b.

Patient-specific geometries In order to generate high-fidelity training data on patient-specific anatom-
ical heart models, publicly available cohorts provided by Strocchi et al. [35] and Rodero et al. [36] of
volume-meshed full-heart cardiac geometries are used. Hearts in [35] are rather enlarged since they are from
patients with diagnosed heart failure condition, whereas geometries in [36] stem from “healthy” patients
and do not exhibit pathological changes in shape. Here, we focus on inferring physics behavior on the left
ventricle (LV), hence we take steps to extract, smooth, and re-mesh the LV subset for subsequent use in a
finite element forward model.
Our geometry extraction and remeshing pipeline consists of the following steps:

e Thresholding to extract all elements with LV region tag.
e Identification of 3 points on lower part of mitral valve rim for cut plane definition.

e Cut geometry at an inferior offset € [7.0 mm, 22.0 mm)] to the defined plane (minimal distance to exclude
all mitral valve rim artifacts) using a clipped threshold filter.

e Extract surface mesh on cut geometry, discarding volume mesh information (due to degenerate elements
after cutting operation).

e Perfom 500 smoothing iterations on the surface mesh using the Smooth Polydata Filter.
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e (Re-)Generation of volume tetrahedral finite element mesh based off the surface mesh using a mesh
size factor of 1.0, i.e. keeping characteristic element edge length from the original data.

e Redefinition of mesh tags, assigning surface element mesh tags to lumen, baseplane, and epicardium
in order to facilitate boundary condition application in finite element model.

Six exemplary patient-specific geometries are shown in Fig. la.

4.2 Data alignment & normalization

To reduce the dimensionality of the anatomical space, we factor out rigid-body degrees of freedom and
decouple size from the shape reconstruction problem, as size is cohort-dependent and would otherwise con-
found geometric comparisons. We note that the physical problems solved on the reconstructed geometries
are translation- and rotation-invariant, but not scale-invariant; consequently, scaling information must be
retained and incorporated into the surrogate model N\ s to preserve correct physical behavior.

Each geometry is preprocessed as follows. First, it is centered at the LV barycenter and oriented so that
the basal plane is horizontal, by performing PCA on the basal plane and retaining the first two principal
components. After ensuring that the apex points downward and that the coordinates system is right-handed,
we rotate the geometry around the z-axis in order to ensure that the right ventricle (RV) barycenter lays on
the x-axis with positive x. Finally, the mesh is centered according to the barycenter of the LV and rescaled
so that all vertices belong to the unit cube [—1,1]3. The scaling factor is stored as additional input for the
shape reconstruction model NN gqr and for the surrogate model NN phys- The detailed procedure is reported
in Algorithm 1.

Algorithm 1: Orientation and Normalization of Mesh M
Data: Mesh M containing LV, RV, base plane segmentations
Result: Aligned and normalized mesh M
Step 1: Extract anatomical vertex sets;
Basal plane Va5, LV Wiy, RV V,y, surface Viu.f;
Step 2: Initial centering;
Compute the barycenter of LV py, and center all sets: V <V — puyy;
Step 3: PCA alignment;
Perform PCA on Vi, to obtain principal components P € R3*3;
Transform all vertex sets: V/ = VPT;
Recenter on basal plane by subtracting the basal plane barycenter pipas: V' V' — i o
Step 4: Orient apex-base axis;
if mean(Vl/v(:"Q)) > mean(Vl:((l:s’Q)) then
‘ Flip all coordinates: V’ < —V’ and P + —P;
end
Ensure right-handed system: if det(P) < 0 then V'¢:D « —y/G:1);
Step 5: Align RV to positive x-axis;
Compute RV barycenter u!, and rotation matrix Ratign;
Apply rotation: V' < V' Rg;ign for all sets;
if mean(Vrll(f’o)) < 0 then
‘ Apply 180° rotation around z-axis;
end
Step 6: Final normalization;
Center on LV by subtracting the new barycenter p,: V"’ =V’ — pf;
Compute max coordinate: smax = maxvy,; ; |VZ’J'|7
Scale to unit cube: V = V" [ Smax;
Store scaling factor spax;

return Normalized and oriented mesh Mv with scaling factor smax
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Figure 16: Views of anatomies from both cohorts pre and post alignment and orientation procedure.

4.3 Dataset generation

The dataset consists of 44 left ventricular geometries divided into training (35 geometries: 19 from [35], 16
from [36]) and test (9 geometries: 5 from [35], 4 from [36]) sets. Additionally, 512 idealized prolate ellipsoid
geometries are used, divided into training (Niyaim = 409) and test (Niesy = 103) sets.

Point cloud sampling strategy. For training SDF-SM, we construct a point cloud dataset X; for each
geometry following the sampling strategy from [27]. This strategy combines three types of samples to capture
different aspects of the geometry:

e 2000 points sampled on the surface and perturbed with Gaussian noise o = 0.025
e 1500 points sampled on the surface and perturbed with Gaussian noise o = 0.25
e 500 points sampled uniformly in the bounding box [—1,1]3

A validation set is generated by perturbing 1000 points from the training surfaces with o = 0.25.

For each sampled point, the ground-truth SDF value is computed as the distance to its closest neighbor
on the original (unperturbed) surface, obtained via KD-tree queries [39]. The sign is determined by checking
whether the point is contained within a cell of the original mesh.

To preserve scale information factored out during preprocessing (Algorithm 1), each geometry i is as-
sociated with a normalized scaling parameter p; used as additional input to condition both NN ¢ and

NN iy

Simax
S ®
max] S]max

where s; .. is the maximum absolute coordinate value of geometry 7 before normalization.

Inference datasets. At inference time, latent codes are optimized using point clouds sampled directly on
the geometry surfaces without perturbation. For real anatomies, 4000 surface points are used; for idealized
geometries, 2000 surface points are used. Target SDF values are set to zero for all surface points.
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Robustness evaluation dataset. To evaluate reconstruction quality under varying noise and sampling
conditions (Section 2.1.3), points are sampled on the surface and perturbed with Gaussian noise, but the
ground-truth SDF value is retained as the noise-free value corresponding to the original surface point. This
introduces a labeling error that simulates realistic measurement noise: the number of sampled points varies

across {125,250, 500, 1000, 2000} and the noise standard deviation across {0.0,0.0125,0.025,0.05,0.1}.

4.4 Shape model training step

X2

space . /\

domain x

~ SDF*(x)

), C RdQ

Figure 17: Auto-decoder architecture visualization. The geometrical input x is concatenated with the latent
code z; associated to the geometry €2; and with optional additional physical parameters p,;.

In this work, we adopt an autodecoder formulation to discover a continuous latent shape space jointly
with a neural implicit SDF model. We choose to represent each 3D shape (2; implicitly by training the
autodecoder to approximate its signed distance function (SDF"*):

SDF(x) = {—d(x, 09  ifx e

d(X7 8(2,) if x ¢ Qi7 (3)
d(x,00;) == i%g dx,y) VxeX.
yeofl;

This formulation has been shown to provide smooth latent spaces, high-fidelity reconstructions, and strong
generalization across shape categories, as demonstrated by the DeepSDF method [27]. The underlying
mathematical formulation is based on a probabilistic perspective [27, 29].

Given a set of NV shapes, each represented by the associated signed distance function {SDFi N |, we build
N sets of K; point samples, each corresponding to one shape:

X = {(xj, iy 85) 2, + 85 = SDF' (%)} (4)

In the auto-decoder setting, each geometry is paired with a shape code z; lying in the lower-dimensional
latent space Z. The shape code z; is learned together with the parameters wyqr, which parametrize the SDF
likelihood.

In the Bayesian setting, the posterior distribution over the latent variable z; can be decomposed as the
product of a SDF likelihood term and a prior distribution p(z;) over the latent space, as in Eq. (5):

Pw(2i| Xi) o p(2i) L (x; s sy e X Pw (851245 X5, i), (5)
where w parametrizes the SDF likelihood. In our case, the SDF is approximated by using a neural network

NN gqt, described by its set of weights wgqs. As a consequence, the likelihood function can be defined as:

Pwear (55263 %, i) = exp(—L(NNsar (24, X5, i Wsat ), 55) ) (6)
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where L is a custom loss function. The prior distribution over the latent space is modeled as a multivariate
Gaussian with zero-mean and spherical covariance 021 providing a simple and well-behaved initial structure
for the latent manifold.

At training time, the goal is to find both the best neural network approximation of the SDF associated to
each shape and the best corresponding shape code in the latent space. This can be obtained by minimizing
the joint log-posterior for all shapes with respect both to the codes {z;}X; and the network weights wgar
such that:

N K

i 1
min Z Z‘C(NNSdf(Zi’Xj"ui;WSdf)’sj)J'_r‘gllzng . (7)

waar{zi i, 577\ S5

Here, £(8;,s;) penalizes discrepancies between the predicted SDF value §; = NNga(z;,Xj; Wear) and the
ground-truth SDF value s;. In this work we adopt an ¢;-based loss, defined as:

L) = 22, 0
where b is a normalization constant.

To ensure smooth interpolation between shapes and stable latent space optimization, we control the Lips-
chitz constant on the decoder. This regularization bounds the sensitivity of SDF predictions to perturbations
in the latent code, preventing discontinuous transitions in the manifold of learned shape codes. To achieve
this we apply a weight regularization technique based on minimizing the Lipschitz constant of the network
introduced in [29], and named Lipschitz Multilayer Perceptron.

Applying the proposed architecture, each layer I of NN g is augmented with a Lipschitz weight normal-
ization layer, where the bound ¢; is computed from the current weights as:

Yy= U(W;dflx + bl)a W;dfl = normalize (Wsdfla SOftplus(Cl))v SOftphlS(Cl) = ln(]- + e )7 (9)

where wygg; is the weight matrix for layer I, and ¢; = ||Wsat;||co denotes the maximum absolute row sum of
the weight matrix. The normalization operator normalize,, scales each row of wyq¢; such that its /1 norm
does not exceed softplus(c;), ensuring the layer’s operator norm is bounded.

The set {cl}l]\ii”e“ is used to compute an upper bound for the Lipschitz constant of N\ ¢ as:

Niayers

C(wgat) = H softplus(¢;). (10)
=1

Given the Lipschitz constant of the network C(wgqt) the final training objective function becomes:

N [ K
min Y- EI: N sat (45 X5, 135 Wedr) = 85| 4 Wprior | 2]|5 + wipC(Wsar) | (11)

wsdfa{zi}i=1 i=1 j=1

where wyip, is a hyperparameter controlling the strength of the Lipschitz regularization and }Efil is the
averaged sum over the set of indices {1,...,7,...,K}.

4.5 Shape model inference step

At inference time, the decoder weights wgqs are fixed, and we want to find the optimal latent code z; for a
new shape. While in training we used a zero-mean spherical Gaussian prior, it is now possible to incorporate
the empirical distribution of learned latent codes to obtain a more informative prior.

From a Bayesian perspective, observing that the training codes {z;}X, form an empirical distribution
with mean p and covariance X, the natural choice for the prior at inference is p(z) = M (u, ). Substituting
this into the posterior distribution (analogous to (5)) and taking the negative log-posterior leads to the
Mahalanobis regularization term:
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213 = (20 — 1) TS (2 — ). (12)
The Maximum a Posteriori (MAP) estimate of the latent code for a single geometry X; = {(x;, s, 5;) } 1<,
is therefore obtained by solving

K
2; = argmin | N NN aar (21, %, 3 Waar) = 5] + Wpost (21— 1) S (2 — ) | (13)
Z; )
where prbt = 5 balances the reconstruction term against fidelity to the learned latent distribution. The

factor 1 5 comes from the Gaussian log-likelihood, while b is the normalization constant from (8), and K
accounts for the averaging over sample points.

We observe that wpest = % decreases with the number of sample points K and increases with the noise
scaling factor b. As a consequence, with scarce or noisy observations, the optimization relies more heavily
on the learned prior distribution A (u,3), regularizing the latent code toward the training manifold. On
the other hand, with abundant high-quality data, the reconstruction term dominates, allowing the model to
accurately fit the observed geometry.

4.6 Shape reconstruction metrics

In order to evaluate the quality of the reconstructed shapes we consider 5 metrics.

Chamfer Distance (CD). The Chamfer distance measures the dissimilarity between two point clouds
D; and D5 by computing the average nearest-neighbor distance in both directions:

1
CD(Dy,Dy) = 5 |D1‘ Z min [x —yll2 + == ‘D‘ Z min ly —x]2 | - (14)

Normalized Chamfer Distance (CDyorm). Since the model is trained on shapes that are normalized
in the cube [—1,1]3, in order to factor out cohort size differences, we also compute the Chamfer distance
between reconstruction and normalized target. This provides a scale-invariant measure of shape similarity.

Mean Level Estimate (MLE). To assess how closely the network predicts zero on the actual surface, we
compute the Mean Level Estimate as the average absolute SDF prediction across all ground-truth surface
vertices and all geometries:

Ngeo

MLE = j: (}E |./\/Nsdf(zi7xa,ufi§wsdf)|> ; (15)
xeX;

i=1

where X; denotes the set of surface vertices for the i-th geometry. Since ground-truth surface points should
have SDF value zero, the MLE indicates the bias of the learned SDF representation across the dataset.
Lower MLE values indicate better alignment between the predicted zero-level sets and the true geometry
surfaces.

Intersection over Union (IoU). We evaluate the decoder NN g4 on a fine regular grid and classify each
grid point as inside (SDF < 0) or outside (SDF > 0) the reconstructed geometry. Similarly, we determine
the inside/outside classification for each grid point with respect to the target mesh. The IoU is then defined
as:

| Vpred N V:carget |

IoU = ,
|Vprcd U V;:argct|

(16)
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where Vpred and Viarger denote the sets of grid points classified as inside the predicted and target geometries,
respectively.

Dice Coefficient (Dice). The Dice coefficient, also known as the F1 score or Sgrensen—Dice coefficient,
provides an alternative volumetric overlap measure:

Dice — 2|‘/p1red N V},arget|
‘Vpred| + |‘/target|
The Dice coefficient is more sensitive to changes when the overlap is high, making it particularly useful for

assessing the reconstruction quality in medical imaging applications, where accurate volume estimation is
critical. We use a 3D grid with 96 x 96 x 96 resolution for computation of IoU and Dice.

(17)

4.7 Shape generation

Once the decoder NN 4q; and latent codes {zi}fy:1 have been optimized, we can extract explicit mesh repre-
sentations of the learned shapes.

For each training shape i, we evaluate the conditioned network AN ga¢(2;, -; Wsqr) on a dense 3D grid
in the domain of interest. The resulting discrete SDF values are then processed using the marching cubes
algorithm [28] to extract a triangular mesh corresponding to the zero-level set, which represents the shape
boundary 0f);.

We can exploit the learned latent space to generate new plausible geometries. We sample latent codes
from the empirical distribution NV (u, ) of the training codes, where g and 3 are the mean and covariance
calculated from {z;}~ ;. Each sampled code z,c,, ~ N (1, Y) is used to condition the decoder, which is then
evaluated on the same 3D grid and processed via marching cubes to obtain a mesh. We also sample a scaling
factor ppew from a uniform distribution obtained by taking the minimum and maximum scaling factors used
during training.

Under the assumption that the latent space is sufficiently smooth and M gqr exhibits regularity with
respect to the latent code (enforced by the Lipschitz regularization in (11)), the sampled codes produce
realistic novel geometries that interpolate between training examples. These synthetic shapes can be used
for data augmentation in downstream tasks, such as surrogate modeling of ventricles.

4.8 Architecture/Training/Specifics

Model architecture. The decoder NN ¢ is a fully connected network with 6 hidden layers of 64 neurons
each. We use the Exponential Linear Unit (ELU) activation function instead of ReLU to ensure C'! continuity
of the learned SDF. This smoothness is necessary for downstream finite element simulations, as ReLU
activations introduce sharp angles in the reconstructed zero-level set that can cause numerical instabilities.

Following [36, 40], we set the latent space dimension to dim(Z) = 16, when working with real patient
anatomies.

Idealized geometries are generated by varying a set of 3 parameters: the ventricular long axis [, the max-
imum diameter d and transmural thickness w. When training the reconstruction model on them we choose
to keep the same architectural structure used for the real setting and thus, knowing that the geometrical
scaling value p; correlates strongly with I, we set dim(Z) = 2. In this way the scaling factor acts as third
dimension of the latent space. Latent codes are initialized by sampling from A/(0,10721).

Hyperparameters. Following (11), we set the prior weight wprior = 10~* and the Lipschitz weight
Wip = 107% when training the model on patient anatomies and Wip = 107?, when training on idealized
geometries. The prior weight encourages latent codes to remain within a bounded region, while the Lips-
chitz regularization promotes smoothness in the latent space for stable interpolation. The posterior weight
for the inference loss is set to wpest = 6.25 x 107°.
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Training and inference. The AMA 4 model is trained for up to 12000 epochs with ADAM optimizer
and decaying learning rate starting from 5 x 1073, Training is automatically stopped when the root mean
squared error computed on the validation points stagnates for more than 200 epochs.

At inference time the weights of the network wggs are frozen and only the latent code associated with
the geometry of interest is trained via the procedure indicated in section 4.5. We train each inference code
for 2000 epochs with ADAM optimizer.

4.9 PCA encoding fitting

1-to-1 correspondence via universal ventricular coordinates Dimensionality reduction via princi-
pal component analysis (PCA) requires establishing a standardized coordinate system where 1-to-1 corre-
spondence between different patient anatomies can be achieved. We employ UVCs [22], a cylindrical-like
parameterization ((, o, ®), where ¢ € [0, 1] represents the apicobasal direction, ¢ € [0, 1] denotes the trans-
mural direction, and ¢ € [—m, 7] corresponds to the rotational coordinate. In this space we define a uniform
sampling grid with dimension Nicatures = V¢ X N, X Ny, creating a regular lattice of query points.

The reparametrization works as follows.The mesh vertices of each mesh, represented in Cartesian coordi-
nates (z,y, z), are associated with their corresponding UVCs. Spatial interpolation is performed to map the
irregular patient-specific mesh onto the uniform UVC grid. Using a nearest-neighbour interpolation method,
we obtain three interpolated fields Z(¢, o, @), §(¢, 0, ¢), and 2(C, o, ¢) each evaluated at the grid points. At
this point, we filter the grid to retain only surface points, corresponding to z = 1 (base) or ¢ € {0,1}
(endocardium and epicardium). The coordinates are concatenated and flattened to obtain a final vector
representation of length Nieatures- 1he vector representations of all train geometries are concatenated to
form the snapshot matrix S¢yain With shape 3 Nteatures X Nirain-

PCA via singular value decomposition The snapshot matrix is first centered by subtracting the mean
feature vector over all train patients:

Ntrain

~ _ B 1

Strain - Strain - S]-T s = M § S;. (18)
=1

Then, the centered snapshot matrix is decomposed via truncated SVD:
Strain = UEVTa (19)

where U € R3Nteatures X" contains the left singular vectors (spatial modes), ¥ € R™" is the diagonal matrix
of singular values o;, VI' € R"™*Nuain contains the right singular vectors, and 7 = min(3Nteatures; Nirain) i
the rank of the decomposition.

The cumulative explained variance ratio is computed as:

(20)

This metric quantifies the proportion of geometric variability captured by the first k& principal modes. In our
work we select £k = r — 1 in order to retain as much geometrical information as possible, since even small
variations could be relevant for downstream tasks. The final mode is excluded to avoid numerical artifacts.
The reduced basis Uy, is constructed by selecting the first k left singular vectors. Each patient geometry
is encoded into a low-dimensional latent representation via projection onto the principal component basis:

z; = ULS; € RF, (21)
where §; is the centered feature vector. The original geometry can be approximately reconstructed as:
S; = s+ Ugc;,, (22)

where c; is the shape code for patient 7. §; is then reshaped in the original tridimensional space.
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4.10 PCA encoding inference

Since UVCs cannot be precomputed on point cloud data, shape codes need to be inferred through an
optimization procedure. Given a set of observed surface points X € R¥ebs*3 sampled from the test geometry,
we look for the optimal shape code z* € R¥ that best reconstructs the observed data, by exploiting the PCA
basis introduced in Section 4.9. The reconstruction model is defined as:

i(z) =5+ Upz. (23)

The flattened reconstruction §(z) is reshaped to obtain the surface point cloud 8yf(z) € RNteatures X3,
The objective function for the optimization procedure is the CD between the surface points and the
geometry reconstructed by the PCA model:

z* = argmin CD(X, §5u£(2)). (24)

The optimization is performed using the Adam optimizer with learning rate o = 5 x 10~2 for 2000 epochs.
At each step of the optimization, gradients are computed via automatic differentiation.

4.11 Forward PDE problem

Finite strain mechanics We endeavor to infer the deformation due to diastolic filling of the LV at defined
cavity pressure p. Therefore, ground truth data is generated by solving the following quasi-static finite strain
solid mechanics boundary value problem on each of the (idealized and patient-specific) cardiac geometries.
The strong form of the boundary value problem defined on an LV geometry {2y, cf. Fig. le for an exemplary
patient-specific model, reads as follows:

0=V, (FS) in £,
(FS)ng=—pJF Tn, on I},
(FS)ng = kll)l (I —ng®mng)u (25)
+ ki (no @ no)u on I'f%P,
(FS)ng =kl (I —ng @ no)u
+ k (no @ no)u on Fé%’e,

where F' = I+Vu is the deformation gradient, J = det F its determinant, and « the unknown displacement
field from the (stress-free) reference configuration (2 to a deformed configuration 2. Further, I')¥ and Fé{ ()
are Neumann and Robin boundaries, respectively, and ny is the outward normal with respect to the reference
frame. The constitutive relation for the 2nd Piola-Kirchhoff stress tensor S is of anisotropic hyperelastic
type:
ov(C)
oC -’
where C = FTF is the right Cauchy-Green deformation tensor and ¥ the strain energy density function,
here given by the anisotropic Holzapfel-Ogden model [41]:

_ 80 [ bo(To—3) ) a; ( bi(I4,:—1)2 ) afs (b JI2 ) K 2
w_—(eoc R S L ) I N ) 6 A V) o7
2bo oy 2 2b s 2 (27)

S=2

(26)

where Ic = J~2/3trC is the isochoric first invariant of the Cauchy-Green tensor, and I, ; = f, - C'f, and
I, = s - Csq are invariants defining the squared stretches in fiber and sheet directions f, and sg, respec-
tively, while Is = f, - C'sg describes the shear stretch between the two (initially perpendicular) directions.
Fiber and sheet directions are generated using rule-based approaches [42, 43]. Figure le shows the transmu-
rally varying fiber field f, along with its angle a with respect to the ventricle’s circumference. Finally, &
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represents a bulk modulus, chosen such that deformation is nearly incompressible.

We solve problem Eq. (25) using the finite element method, seeking displacements u € V2" such that

/S(C(u)) : %50(61@ dv + /;ﬁJ(u)F(u)_TnO -dudA+
20

e

k] (I = o @ no)u+ ki-(no @ no)u] - SudA + / [k (I = np © no)u + k (ng @ mo)u] - dudA =0
F(f{’b Fé%.e
(28)
for all displacement test functions du € V", where VP and V" are suitable trial and test spaces (identical
up to potential Dirichlet conditions included in the trial space). Throughout this study, first-order piecewise
polynomial spaces on tetrahedral meshes are used. Parameters of the constitutive model Eq. (27), and the
boundary conditions in Eq. (25), are given in Tab. 6.

Table 6: Parameters of the constitutive model Eq. (27) as well as boundary conditions in Eq. (25).

ao [kPa] by [=]  ay [kPa] by [—] as [kPa] by [=] ays [kPa] by [-] & [kPa]
0.059 8023 18472  16.026 2481 11.120 0216  11.436 107
ki [kPa] k| [kPa] kX [kPa] Kkl [kPa] p [kPa]
2-10° 107 10 1 2.67

Universal ventricular coordinates (UVC) We compute the continuous fields of UVCs — the apicobasal,
transmural, and circumferential coordinates (, g, and ¢, respectively — by solving three Laplace problems
[22] on (2 (cf. Fig. le for boundary labels). For the apicobasal coordinate, we solve:

-V (VC) =0 in .Qo,
C =0 on PapeX7 (29)
(=1 onI%b,

where P,pex is the epicardial node of the left ventricular apex. Note that here, we do not perform geodesic
distance sampling of ¢, in contrast to [22].
The transmural coordinate o varies between 0 and 1 (between endo- and epicardium), hence it is a
solution to:
-V (VQ) =0 in .Qo,
o=1 on I (30)
0=0 onrly.

Finally, the circumferential coordinate ¢ varies between —m and 7 and is solution of the following Laplace
problem:
-V (Vg)=0 in (2,
¢p=m only, (31)
¢p=-m only.

Therein, I is a coronary cut plane spanned by the apex, the center of the base place, and the apex point
projected onto the base plane, and I'§’ is a plane rotated about an infinitesimal angle d¢.

Problems Eq. (29)—(31) are discretized and solved using piecewise linear finite elements. The UVC fields are
depicted in Fig. 1h.
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4.12 Surrogate model

In order to predict the deformation field of ventricles under diastolic pressure loading conditions, a fully con-
nected neural network (FCNN), or multi-layer perceptron (MLP), for learning the discrete field of ventricular
displacements on the nodal points of a LV geometry is introduced. The FCNN is trained on the cohorts
of (idealized or patient-specific) cardiac geometries, and its input layer consists of (min-max normalized
versions) of the following quantities:

e x € R™*3: the discrete vector of spatial cartesian coordinates;

o & c R™3: the discrete vector of UVCs;

e (%) € R™: a shape code encoding geometric variability (e.g., PCA-SM, SDF-SM);

e p, € R"™: a set representative of the parameterization of the physics model (here invariant).

The output layer of the FCNN is the discrete vector of displacements u. The architecture of the network
is depicted Fig. 1j. The discrete set of cartesian coordinates x, UVCs &, and displacements u are defined
according to:

T 1 Y1 21 3 (1 01 sin¢y cos ¢y Uy Ug,1 Uy,1 Uz,
Tnl, [TnYn 2], £.];, LCn 0 sing, cosy |, Un], |Usn Uyn Uzn],
(32)

where the index n corresponds to the number of discrete points (nodes) of the i-th geometry. Further, z,y, 2
denote the axes of the cartesian reference frame, and ¢ € [0,1], p € [0, 1], and ¢ € [—m, 7] are the universal
apicobasal, transmural, and circumferential ventricular coordinates. Due to the sharp discontinuity of ¢
from —x to 7, we prefer to use continuous representations sin ¢ and cos ¢, instead.

For scaling and performance purposes, we perform a min-max normalization of the input data as follows.
Minimum and maximum values of geometry and displacement are computed as follows:

[[z1]] 21 ][] 21 ][] 21 ][]
Lmin = min ¢ min IR min ) Tmax = Max § mMax y« ey MAX ’
nll], Lenll] v Llenll] Lenll] v
(33)
[l [ [] [ ][] [ [l
Umin = Min { min : , ..., Min : ,  Umax = Max ¢ max : ,...,max : ,
wnll] Lwnll] Lwall] Lunll] 5
(34)
and the min-max normalized data for the i-th observation is
T1 — Tminl x U] — Uminl U
~ 1 ) . ~ 1 ) .
Xi=——— : =|: , uy=— : =1 : , (35)
Tmax — Tmin Y Umax — Umin Y
LTp — xminl i Tn i Up — uminl i Unp i
so that values range € [0,1]. The UVC fields are min-max normalized per component® as follows:
z Evz - Evmin
5= _omin 36
' Evmax - Evrnin, ( )

INote that ¢, ¢ € [0, 1] already, hence these components are not affected by min-max normalization.
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with the vector of minimum and maximum UVCs being

Emin = [min {(&)1,..., (Ex)1},....min{(&)a, ..., (En)a}]", (37)
Emax = max {(&1)1,.. -, (En)1},- -, max{(&1)4,. .., (E,N)4}]T . (38)

Analogously, the min-max normalized vectors of shape codes for the i-th geometry and parameters for the
k-th parametric configuration read

Hgi— :ug»minl Hp k — Hp min

l/)/ 7,:—7 ﬁ,k: ) (39)
P Jigmax = Hg,min ? Hp,max ~ Hp,min
with the minimum and maximum shape code across geometries being fig min = min {min Hg1,---,min ug,N}
and g max = max {max Mg 1,- .. max ug’N}. The vectors of minimum and maximum parameters read
. . T
Hpnin = 1000 { (1 )1, G 1 b smin { by Do (00 ) ] (40)
T
Hp max = [max {(l‘l’p,l)17 SRR (ll'p,Np)l} y e ooy MAX {(Hp,l)np’ ERN) (:U’p,Np)np }} ) (41)

with the number of parameters n, and the number of parametric configurations N, (here, we only consider
N, =1).
The FCNN outputs the (min-max normalized) displacement u* at the set of query points X,
u” (ﬁ, ﬁp» QO) ~ NNphyS(SEa &, ﬁg(90)> ﬁp; thys>7 (42)

with the trainable parameters (weights and biases) w. We seek an optimal set of trainable parameters

w* = arg min J (w) (43)
w
being the minimizer of the loss function
which here is decomposed into the mean squared error loss relating to the displacement,
1< I s
mw)—Ni}; i 2185 I | (45)

and one that penalizes displacement gradients, i.e. strains:
1 N 1 Ne
Fouw) = = ¥ | gi— " IBw) - B(w)|? | . (46)
i=1 € j=1

where g; are weighting factors. Here, E is the vector of (elemental) Green-Lagrange strains in Voigt notation:
T
E=[E Ey FEs3 2E1, 2Ei13 2Ex3| (47)

ne is the number of cells per model i, and N is the total number of observations, i.e. geometries. The
regularization parameter s in Eq. (44) controls the contribution of gradient information that adds to the
loss. Further, note that the strain is computed with the de-normalized displacement.

The displacement gradient here is computed using the linear tetrahedral finite element space, with the
four nodal coordinates and displacements for one tetrahedron being

b oyt 2 u; ué ui

2 2 2 2 2

r© oyt oz us us ou

€ J— e) __ xT zZ

z(®) = 3 ,3 .3 and u') 3 4 3] (48)

oy’ oz uy uy Uy

4 4 4 4 4 4

z* oyt oz Up Uy, U
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respectively. The vector of nodal finite element shape functions and its derivatives in finite element reference
space read

N' 1-6 -6 -8 -1 -1 -1
N2 & |1 0 0
N= || = : and  Ne=|, | 4| (49)
N* &3 0 0 1
yielding the element-centered displacement gradient
-1
Vou® =u®@ Ny =u® NeJ ' =u@ N, (a:@)TN,g) . (50)
Finally, the element Green-Lagrange strain is
1 T
E© =~ (F(“") FO© - I) 51
> , (51)

with the deformation gradient F(® = I 4+ Vou(®.

4.13 Surrogate training

Shape-informed inference of the displacement field from end-diastolic LV inflation is performed on two
different geometry cohorts. We aim at quantifying the different types of shape encoding on the quality of
the inferred displacement field, test the influence on the number of query points, and assess the impact of
enriching the loss function by gradient information (strains).

First, we perform tests on the idealized cohort (Sec. 4.1) of 512 geometries, cf. Fig. 1b. The set is once
randomly split into 230 training, 179 validation, and 103 test geometries. The same split is kept throughout
all the studies on that cohort. Second, we investigate the performance of shape encoding on the augmented
cohort of 44 real geometries (24 heart failure, 20 healthy), Fig. 1c, and 976 generated models (Sec. 4.7), cf.
Fig. 1d.2 In order to balance loss contributions from real vs. generated models, we weigh the loss term of real
geometries by g; = 3 compared to generated ones (g; = 1) in Eq. (45). We compare this augmented dataset
to using the real-only dataset of 44 models and show the benefits of data augmentation. Patient-specific and
generated geometries are randomly split into 600 and 30 training, 300 and 5 validation, as well as 76 and 9
test geometries, respectively. Again, the same split is used on all studies with these cohorts.

Hyperparameter tuning is initially carried out for the idealized models and for the augmented generated
plus real cohort individually. We assume a fixed number of three layers between input and output layer. We
perform 500 epochs and evaluate the error on the validation set, with 5 startup trials and 50 warm-up steps,
and seek the number of neurons ny, € [10,50], ng, € [5,40], and ng, € [3,20] in layer 1, 2, and 3, respectively.
An optimal neural network architecture for the idealized cohort of ny, = 50, ns, = 39, ng, = 14 is identified.
For the augmented real and generated geometries, we identify the optimal numbers of neurons as n,, = 50,
ng, = 29, and ng, = 20.

We use hyperbolic tangent (tanh) activation functions for each of the neurons, and training is performed
using a BFGS optimizer with a maximum number of M = 10000 epochs. For memory and efficiency reasons,
we randomly subsample n = 15000 spatial points (nodes) per geometry (if not indicated otherwise) and use
the same subset of points for repeated, differently configured runs to achieve optimal comparability.

4.14 Software

Data preprocessing for the shape modeling step was performed using SciPy [44] and scikit-learn [45]. Geome-
try creation of the idealized models is done in FreeCAD [46]. Geometry reconstructions are carried out using
vtk [47]. All meshing is performed in gmsh [48]. The finite element solution of problem Eq. (28) is solved

20ut of 1000 generated heart models, 24 disqualified for meshing and model generation due to degenerate geometric features.
See Appendix Fig. 18 for some exemplary geometries which had to be discarded.
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using 1ife* [49]. The shape model NN ¢ and the mechanics surrogate model NN phys Were implemented
in JAX [50] and Flaz [51], and trained using Optaz [52]. Hyperparameter tuning for NN ppys is carried out
using Optuna [53]. Post-processing and mesh extraction were performed using scikit-image [54] and PyVista
[55].
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Appendices

A Additional Materials

/

Figure 18: Examples of five discarded synthetic geometries (samples 6, 39, 184, 280, 361) exhibiting artifacts
near the apex or base.

Figure 18 shows 5 examples of the discarded synthetic geometries. Out of 1000, 24 geometries were
discarded mostly due to small holes close to the apex or degeneration at the cut plane level.

Figure 19 reports the mean geometry and the deformation effect of the first 6 out of 34 PCA modes.
The first modes describe mainly the length of long of the long-axis, the orientation of the ventricles and the
different behaviors close to the apex.
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