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Abstract

In this work, we propose a model for the passive transport of a solute in a fractured porous
medium, for which we develop a Hybrid High-Order (HHO) space discretization. We consider,
for the sake of simplicity, the case where the flow problem is fully decoupled from the transport
problem. The novel transmission conditions in our model mimic at the discrete level the property
that the advection terms do not contribute to the energy balance. This choice enables us to handle
the case where the concentration of the solute jumps across the fracture. The HHO discretization
hinges on a mixed formulation in the bulk region and on a primal formulation inside the fracture
for the flow problem, and on a primal formulation both in the bulk region and inside the fracture
for the transport problem. Relevant features of the method include the treatment of nonconform-
ing discretizations of the fracture, as well as the support of arbitrary approximation orders on
fairly general meshes.

Keywords: Hybrid High-Order methods, finite volume methods, finite element methods, frac-
tured porous media, Darcy flow, miscible displacement, passive transport
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1 Introduction

Over the last decades, the research on fluid flows in fractured porous media has received a great amont
of attention because of its relevance in many areas of the geosciences, ranging from ground-water
hydrology to hydrocarbon exploitation. Fractures in the subsurface are indeed ubiquitous, and can
be caused by tectonic forces, changes of temperature, drying processes, by leaching in the plane of
stratification, or by schistosity. Depending on the material that has accumulated within the fractures,
they may act as conduits or barriers, and thus affect the flow patterns in a substantial way. For instance,
it has been observed that fractures near boreholes tend to increase the productivity of wells during oil
recovery. In the context of geological isolation of radioactive waste, the presence of fractures in the
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disposal areas due to, for example, tunnel excavation, can drastically accelerate the migration process
of radionuclides.

A common feature of fractures in porous media is the variety of length scales. While the presence
of smaller fractures may be accounted for by using homogenization or other upscaling techniques,
fractures with larger extension have to be modelled explicitly, and there are several possible ways to
incorporate their presence. Our focus is here on the approach developed in [23], where a reduced
model for the flow in the fracture is obtained by an averaging process, and the fracture is treated as
an interface inside the bulk region. The fracture is assumed to be filled of debris, so that the flow
therein can still be modelled by Darcy’s law. The problem is closed by interface conditions that relate
the average and jump of the bulk pressure to the normal flux and pressure in the fracture. In [11] we
have designed and analysed a Hybrid High-Order (HHO) method to discretize this model, and proved
stability and order O(h**!) convergence of the discretization error measured in an energy-like norm,
with & denoting the meshsize and k > 0 the polynomial degree. Several other discretization schemes
have been proposed for this type of models; see, e.g., [3, 5, 810, 13, 20, 24] and references therein.
Other works where fractures are treated as interfaces include [4, 7, 18].

The literature on passive transport in fractured porous media and related problems is, however,
more scarce. In [22], the authors study a system of advection-diffusion equations where the jump of
the diffusive bulk flux acts as a source term inside the fracture. In the coupling conditions, only the
diffusive part of the total bulk flux is considered. The discretization is based on the Unfitted Finite
Element method, for which well-posedness and O(/¥) convergence in the energy-norm are proved.
In [12], a Finite Volume method is combined to a Trace Finite Element method to solve a transport
problem in the bulk region and inside the fracture, with the jump of the total bulk flux acting as a
source term in the surface problem and under the assumption that the concentration is continuous at
the interface. Convergence in O(h) is numerically observed for the energy-norm of the discretization
error. A similar problem is studied in [1]. In [21], the authors use an averaging technique similar
to [23] in order to derive coupling conditions for a transport problem which allow the concentration to
jump across the fracture. This enables them to model high concentration gradients near the fracture
resulting from highly heterogeneous diffusivity. The problem is used discretized by eXtended Finite
Elements (XFEM), and numerical evidence is provided.

In this work, we consider the passive transport of a solute driven by a velocity field solution of a
(decoupled) Darcy problem. We present two novel contributions:

(i) first, we propose new coupling conditions between the bulk region and fracture inspired by
energy-based arguments, following the general ideas developed by [19] in a different context.
Crucially, these transmission conditions allow the solute concentration to jump across the
fracture;

(ii) second, we propose a novel HHO discretization of this new model where the Darcy velocity field
results from an HHO approximation of the flow problem in the spirit of [11]. The discretization
is designed so as to incorporate the new transmission conditions and to reproduce at the discrete
level the energy argument from which they originate.

The main source of inspiration for the discretization of the advection terms in the bulk region and
inside the fracture is [15], where the authors develop an HHO method robust across the entire range
of Péclet numbers and supporting locally degenerate diffusion. Concerning the coupling of the flow
and transport problems, we take inspiration from [2], where an HHO discretization of miscible dis-
placements in non-fractured porous media described by the Peaceman model is considered. Therein,
in order to obtain a well-posed discrete problem, the flow problem has to be solved using polynomials
of degree twice as high as the transport problem. In our work, we find that a similar condition is
required to prove the coercivity of the transport bilinear form; see Remark 8 for further details. A
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Figure 1: Illustration of the notation introduced in Section 2.1.

thorough numerical investigation is carried out to demonstrate the order of convergence of the method
and showcase its performance on physical test cases.

The material is organized as follows. In Section 2 we describe the equations that govern the model
along with their weak formulation. In Section 3 we discuss the discrete setting and, in Section 4, we
formulate the HHO approximation. Section 5 is devoted to the numerical tests, including a numerical
study of the convergence properties of the method.

2 The differential model

In this section we introduce the strong and weak formulations of the flow and passive transport
problems. For the sake of simplicity, the presentation focuses on the two-dimensional case with a
single fracture. The extension to the three-dimensional case and to fracture networks is possible (and,
actually, quite straightforward), but requires heavier notations which we want to avoid here.

2.1 Notation

We consider a porous medium saturated by an incompressible fluid that occupies a space region
Q c R? traversed by a fracture I'. We assume that Q is an open, bounded, connected, polygonal
set with Lipschitz boundary 0Q. The fracture I is represented by an open line segment of nonzero
length which cuts Q into two disjoint connected polygonal subdomains Qg 1 and Qp ; with Lipschitz
boundary. The set Qp = Q\ T = Qp,1 U Qp corresponds to the bulk region. We denote by
0Qg = Ule (098 \ f) the external boundary of the bulk region and by nsq the unit normal vector

on 0Qp pointing out of Qp. Fori € {1,2}, we let 0Qp; = 0Qp N Qp; denote the external boundary
of the subdomain Qg ;. The boundary of the fracture I is denoted by OI', and the corresponding
outward unit tangential vector is Tgr. Finally, nr denotes the unit normal vector to I" pointing out of
Qg,1. This notation is illustrated in Figure 1.

For any function ¢ sufficiently regular to admit a (possibly two-valued) trace on I', we define the
jump and average operators such that

PL+ @2
[ellr = @1 — 2, {ohr = .
where ¢; = ¢|q,,; denotes the restriction of ¢ to the subdomain Qp; C Q. When applied to

vector-valued functions, these operators act component-wise.
Finally, for any X c Q, we denote by (-, -)x and ||-||x the usual inner product and norm of L*(X)
or L*(X)?, according to the context.



2.2 Darcy flow

We now formulate the equations that govern the flow in the saturated, fractured porous medium and
discuss a weak formulation inspired by [6, 14].

2.2.1 Governing equations

In the bulk region Qp and in the fracture I', we model the fluid flow by Darcy’s law in mixed and
primal form, respectively, so that the bulk Darcy velocity u : Qg — R?, the bulk pressure pressure
p : Qp — R, and the fracture pressure pr : I’ — R satisfy

u+Kvp=20 in Qp, (1a)
Vu=f in Qp, (1b)

=V - (KrVepr) = (rfr + [ullr-nr inl, (lc)
u-ngo=0 on 0Qg, (1d)
—KrVipr-tor=0 on 0T, (le)

fpr =0, (1f)
r

where f € L*(Qp) and fr € L*(I") denote source or sink terms, K : Qg — R>*? the bulk permeability
tensor, and we have set Kt := «[.{r, with [ : I' — R denoting the tangential permeability inside the
fracture and {r : [’ — R the fracture thickness. In (1c) and (le), V. and V.- denote the tangential
gradient and divergence operators along I', respectively. We assume that K is symmetric, piecewise
constant on a finite polygonal partition

Pp = {wp,; : i€ Ip} ()

of Qg, and uniformly elliptic so that there exist two strictly positive real numbers K; and Kg such
that, for almost every x € Qg and all z € R? with |z| = 1,

0<Kg sK(x)z-ZSEB.
The quantities «[. and {r are also assumed piecewise constant on a finite partition
Pr={wr,; : i €I} (3)

of I, and such that there exist strictly positive real numbers gr,Er K F,Er such that, for almost every
x erl, B
O<£rﬁf1"(x)$€r, 0<KFSKr(x)SKr.

To close the problem, we add the following transmission conditions across the fracture:
Arf{ulr - nr = [plr onT, @
Aflulr - nr = {phr—pr  onT,

where, denoting by ¢ € (%, 1] a user-dependent model parameter, we have set

{r £ & 1
Ar = —, Az =Ar|= - —]|.
AT r r(z 4)

Here, «{' : I' — R represents the normal permeability inside the fracture, which is assumed piecewise
constant on the partition Pr of I' and such that, for almost every x € T,

0< A < Ar(x) < A,

for two given strictly positive real numbers A and Ar.
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Remark 1 (Compatibility condition). Since homogeneous Neumann boundary conditions are consid-
ered on both the bulk and fracture boundaries (cf. (1d) and (1e)), the flow through the porous medium
is entirely driven by the source terms f and fr, which typically model injection or production wells
according to their sign. Decomposing f and fr into their positive and negative parts, i.e., writing
f=f"=f"and fr = f{f - ff with f* = % and ff = w, we need to further assume the
following compatibility condition in order to ensure that a global mass balance is satisfied:

LBf++frfrfr+=fQBf_+j;frfE, 5)

which translates the fact that all the fluid that enters the domain through injection wells must exit the
domain through production wells. In this configuration, the fracture pressure pr is defined up to a
constant that is fixed by the zero-average constraint (1f). The bulk pressure, on the other hand, is
uniquely defined without additional conditions owing to the coupling conditions (4).

2.2.2 Weak formulation

We define the space H (div; Qp), spanned by vector-valued functions on Qg whose restriction to every
bulk subregion Qg ;, i € {1,2}, is in H (div; Qp ;). The Darcy velocity space is

U = {u € H(div;Qp) : u-ngo =00n0Qp and (i - nr,uy - nr) € LZ(F)Z} .

The fracture velocity spaceis Pr := H!(T') mL(z) (I'), with L% (I') spanned by square-integrable functions
with zero mean value on I'. We define the bilinear forms ai :UxU — R, a£ cH'(T)xHYT) - R,
b:UxL*(Qp) »Randd : U x L*(T') — R such that

as (u,q) = (K~ 'u, @), + (Alullr-nr, [glr-nr)r + (Arfulr-nr, {ghrner,
a (prs zr) = (KrVepr, Vo zr)r, b(u,z) = (V-u,z2)q d(u, zr) = ([ullr - nr, zr)r,

as well as the global bilinear form ﬂg’w s (U x L*(Qp) x H'(I')) x (U x L>(Qp) x H'(I')) - R
such that

AL (w, p, pr), (¢, 2 2r)) = di (u, q) + b(u, 2) — b(g, p) + d(q, pr) — d(u, zr) + ag (pr, zr).

With these spaces and bilinear forms, the weak formulation of problem (1)—(4) reads: Find (u, p, pr) €
U x L>(Qg) X Pr such that, for all (g, z,zr) € U x L>(Qp) x H'(I),

AP ((w, p, pr). (¢: 7 2r) = (f> ey + (Crfr. 20)r- (6)

The well-posedness of problem (6) with mixed boundary conditions is studied in [6]; cf. also [14,
24] and references therein.

2.3 Passive transport

We next formulate the equations that govern the passive transport of a solute by the Darcy flow
solution of problem (1)—(4). For the sake of simplicity, we focus on the case where the transport
problem is fully decoupled. This section contains the first main contribution of this paper, namely
novel transmission conditions that enable the treatment of discontinuous solute concentrations across
the fracture.



2.3.1 Bulk region

Denoting by ¢ : Qg — R the concentration of the solute in the bulk and by D : Qg — R>*? the
symmetric, uniformly elliptic bulk molecular diffusivity field, the passive transport of the solute in
the bulk region is governed by the following equations:

V-(uc—-DVe)+ fTc=f'C in Qg, (7a)
—DVc¢ - -ngo =0 on 0Qg, (7b)

where the term f~ ¢ acts as a sink, while the term f*c, with ¢ : Qg — R denoting the concentration
of solute as it is injected, acts as a source. We assume that both D and ¢ are piecewise constant on
the polygonal partition Pg of Qp (see (2)), and that there exist two strictly positive real numbers Dy
and Dy such that, for almost every x € Qg and all z € R? such that |z| = 1,

0<Cx)<1, 0<Dy<Dx)z z<Dp.

More generally D can depend on u. While the theoretical focus on the case of D independent from
u, this dependence has been considered in some numerical experiments presented in section 5.

2.3.2 fracture

we define the darcy velocity u, : y — R? inside the fracture such that ur := —KrV.pr where
pr : I' = R is the fracture pressure solution of problem (1)-(4). Denoting by cr : I' — R the
concentration of the solute inside the fracture, and letting Dr := D[ {r with D[ : I' — R denoting the
(strictly positive almost everywhere) tangential molecular diffusivity of the fracture, the governing
equations for the transport problem inside the fracture are:

VT . (urCr — DI“V-,-CF) + frfl:cl" = frflfc/f + [uc — DVC]]F -nr inT, (83)
—DrVi.cr-tor =0 on 0T, (8b)

where again fc acts as a sink term while f{'cr acts as a source, with ¢r : ' — R denoting the
concentration of solute as it is injected in the fracture. For the sake of simplicity, we assume in what
follows that both ¢ and Dr are piecewise constant on the partition Pr of I (see (3)), and such that
there exist two strictly positive real numbers D and Dr such that, for almost every x € T,

0<cr(x) <1, 0 < D < Dr(x) < Dr.

2.3.3 Transmission conditions

When considering a transport problem, the advective term does not create or dissipate energy: the
only related contribution possibly stems from the boundary, and is equal to zero in the case of no flow
(homogeneous Neumann) boundary conditions. We aim at reproducing this property in our model.
Specifically, we consider the following transmission conditions, which ensure that the advective terms
do not contribute to the energy balance (see Theorem 2):

1
ftuc = DVelr - nr = friicle + ((ullr - no)liehr + ([ulr - no)lelr  onT,
9)
1
[wc - DVellr - nr = BE(fchr —cr) + 5 (Ll - nr)(elir +er) onT,

where ¢ is the user-dependent model parameter introduced in Section 2.2.1, and we have set

_Dr e o (£ 1\
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The term Dp : I' — R represents the normal molecular diffusivity of the fracture, which is assumed
piecewise constant on the partition Pr of I' (see (3)), strictly positive almost everywhere on I', and
such that, for almost every x € I,

0< B < Br®) < Br,

for two given strictly positive real numbers ﬁr and Er-

2.3.4 Weak formulation

Let H'(Qg) denote the broken Sobolev space spanned by scalar-valued functions on Qg whose
restriction to every bulk subregion Qp ;, i € {1,2},isin H ! (Qp,;). We define the molecular diffusion
bilinear form ap : H'(Qp) x H'(Qp) — R, the advection-reaction bilinear form aur - H 1(Qp) x
H'(Qp) — R, and the diffusion-advection-reaction bilinear form a : H'(Qg) x H'(Qp) such that

ap(c,z) = LB DVc-Vz, ay,r(c,2) = fQB (— c(u-Vz)+ f_cz), 10)

a(c,z) =ap(c,z) + auf(c, 2).
We also define their fracture-based counterparts ag cH' (D)xH'\(T) - R, a}; I H'T)xH\(T) -
Rand ar : HY(T') x H'(I') — R such that

ah(er, zr) = fDrVTCr -Vezr, ag,f(cr, 7r) = f ( —cr(ur - Vezr) + 5rf1:CrZr), an
r r

ar(cr, zr) = ap(cr, zr) + ay, ;(cr, 2r).

The global bilinear form Az : (H'(Qg) x H'(I)) x (H'(Qp) x H'(I')) — R, that additionally
takes into account terms that stem from the coupling equations, is defined as follows:

transp o & _ _

A (e er), (z2r) = ale, 2) +ar(er zr) + | Br(fchr —er)(zhr — zr)
‘ r
1
¢ [ (Brlelrlalr + S Mule - medr + el - 0))  (12)
r

1
= fr (CHzhr - no)fielirlelr + g (Ludr - n)lelrledr).

With these spaces and bilinear forms, the weak formulation of problem (7)—(8)-(9) reads: Find
(c,cr) € H'(Qp) x H'(T) such that, for all (z, zr) € H'(Qg) x H'(T)

AL (c.er). (220)) = (F1E Dy + (CrffE G 2 (13)

2.3.5 Coercivity

In the following theorem, we prove the coercivity of the global transport bilinear form defined by (12)
and show that, thanks to the new transmission conditions (8), the advective terms do not dissipate
energy. This is result is the key ingredient to derive a stability result for problem (13).

Theorem 2 (Coercivity). Let & > /2. Then, for all (z, zr) € H' (Qg) x H'(T), it holds
A (2 20), (. 20) = IDVVzIG, + IDEVezrli? + 1y 2l3, + Ly Czrli? (14)
+ 1B W zhr - zo)lIE + 1(Br) P LzDr IR,

4
with yp = U;—' and yr = r|2fr|'




Remark 3 (Energy balance). Equation (14) can be interpreted as a global energy balance. The
transmission conditions (9) are designed so that the advective terms do not contribute to this balance.
Additionally, if zr is continuous across I', also all terms related to the molecular diffusion across the
fracture, collected in the second line of (14), disappear.

Proof. Let (z,zr) € H'(Qp) x H'(I'). By definition of the global bilinear form ﬂgansp (12), it holds

AL (2200 (2, 20) = a2, 2) + ar(zr 2r) + 18D P (W — 20 IIF + 1(B) P L2DrlI?

1
+ fr 5 (ellr - mo)({{zhie + 2r) (Hzhr - 2r) (15)
1
+ fr (Cahr - no)lihiclelr + g (Ll - no)lIR).
Using the definitions (10) and (11) of the bilinear forms a and ar, we obtain

a(z.2) = ID"Vzl3 + aup(z.2).  arGr.zr) = 1D VezrlE + a), p(zrzr). (16)

Expanding the bilinear form q,, s according to its definition (10), we get
Au,f(2,2) = f ( —z(u-Vz) + f_ZZ)
Qp
[ (ruv&rer=)
= —u-V(=)+ [z
o 2

1 1
= LB (E(V . u)z2 +f_zz) - EJ;[[uZZ]]F -nr

1/2 1
= llxg 2lig, - 5 fr (Tulr - nrfz? e + Qudr - el ).

A7)

where we have used an integration by parts together with the boundary condition (1d) to pass to the
third line while, to pass to the fourth line, we have used (1b) to write %(V ‘u)+ f = ’5[ + f = @
followed by the relation

[ablr = [allr{bhr + {alrlPlr. (18)

Similarly, expanding allz . according to its definition (11), we find
ay, ¢(zr, 2r) = ﬁ ( —zr(ur - Vzzr) + frfr_z%)
St
St

1
= [ (Glerse tude - mn)z} + 0o )
r

2
e
ur - V(=) + (rfi2i)

1
5 (Ve un)zi + e frf) (19)

1
~ Iarl 4 g [ e nog,
r

where we have integrated by parts and used (1le) to pass to the third line, we have used (1c) after
recalling that ur := — KV, pr to pass to the fourth line, and invoked the definition of yr to conclude.



Plugging (16), (17) and (19) into (15), we obtain

AP (2 20), (z.20) =IDV2IG, + IDEVezrlif + g 2lid, + P zrli?
+ 1B (2 = zo) I + 1(Br) P zlIr |12
1
e (= 300 e+ e - no (kb= 3170

1
¥ fr 5(([[u1|r )22 + (Ll - nr) (2 + 20 () - zf))

1
+ f UL nr)[z]2,
r

where, to cancel the last term in the third line, we have used formula (18) with a = b = z to infer
%[[ZZ]]F = {{z)irllz]lr. Rearranging the terms on I', we arrive at

trans ! : :
AL (@20, (2 20) = DYzl + IDEVezrllf + Iy 2l + e

+1BD) P (Wzhr = 20 + 1080) " L=r I 20)
1 1
+ fr 5 ([l - nr) (;z;‘f— (P + )2 - A + Z[[z]]%) :

Using the formula

1
{tablir = {afiri{bhr + Z[[a]]r[[b]]r

with a = b = z to write {z*}}r = {{z}}% + }‘[[z]]% in the last line of (20), (14) follows. m]

3 Discrete setting

The HHO method is built upon a polygonal mesh of the domain Q defined prescribing a set of mesh
elements 7 and a set of mesh faces 7.

The set of mesh elements 7}, is a finite collection of open disjoint polygons with nonzero area
such that Q = Ureq, Tand h = maxrcq;, hr, with hr denoting the diameter of 7. We also denote by
OT the boundary of a mesh element 7 € 7;,. The set of mesh faces ¥, is a finite collection of open
disjoint line segments in Q with nonzero length such that, for all F € 5, (i) either there exist two
distinct mesh elements T3, 7> € 7}, such that F C 971 N 07> (and F is called an interface) or (ii) there
exist a (unique) mesh element 7 € 7, such that F' ¢ T N JQ (and F is called a boundary face). We

assume that ¥ is a partition of the mesh skeleton in the sense that (rcq; 0T = Ureqs, F.

Remark 4 (Mesh faces). Despite working in two space dimensions, we use the terminology “face”
over “edge” in order to (i) be consistent with the standard HHO nomenclature and (ii) stress the fact
that faces need not coincide with polygonal edges (but can be subsets thereof); see also Remark 5.

We denote by Thi the set of all interfaces and by 7—'hb the set of all boundary faces, so that
Fn = ?;li U 7"hb. The length of a face F € ¥}, is denoted by hg. For any mesh element T € 7, 7 is
the set of faces that lie on 0T and, for any F € 7, nrF is the unit normal to F pointing out of 7.
Symmetrically, for any F € ¥, 7F is the set containing the mesh elements sharing the face F (two if
F is an interface, one if F is a boundary face).

To account for the presence of the fracture, we make the following

Assumption 1 (Geometric compliance with the fracture). The mesh is compliant with the fracture,
i.e., there exists a subset Y-;lr C 7—;11 such that I' = (Jp eFr F. As aresult, 7_~hr is a (1-dimensional)
mesh of the fracture.
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Figure 2: Treatment of nonconforming fracture discretizations.

Remark 5 (Polygonal meshes and geometric compliance with the fracture). Fulfilling Assumption 1
does not pose particular problems in the context of polygonal methods, even when the fracture
discretization is nonconforming in the classical sense. Consider, e.g., the situation illustrated in
Figure 2, where the fracture lies at the intersection of two nonmatching Cartesian submeshes. In this
case, no special treatment is required provided the mesh elements in contact with the fracture are
treated as pentagons with two coplanar faces instead of rectangles. This is possible since, as already
pointed out, the set of mesh faces 7, need not coincide with the set of polygonal edges of 7.

The set of vertices of the fracture is denoted by V), and, for all F € 7_-hr, we denote by Vg the
vertices of F. Symmetrically, for any V € V},, Fy is the set containing the fracture faces sharing the
vertex V (two if V is an internal vertex, one if V is on the boundary on the fracture). For all F € ﬁr
and all V € Vg, Tpy denotes the unit vector tangent to the fracture and oriented so that it points out
of F. Finally, (V/i is the set containing the internal vertices and (V}f’ is the set containing the points in
oI, so that V), = (V}i U ‘1/;;.

To avoid dealing with jumps of the problem data inside mesh elements, as well as on boundary
and fracture faces, we additionally make the following

Assumption 2 (Compliance with the problem data). The mesh is compliant with the data, i.e.: (i) for
each mesh element T € 7}, there exists a unique sudomain wg € Pp (see (2)) such that T C wp;
(ii) for each fracture face F € ﬁr, there is a unique subdomain wr € Pr (see (3)) such that F' C wr.

4 The Hybrid High-Order method

In this section, we formulate the HHO discretization of problems (6) (Darcy flow) and (13) (passive

transport).

4.1 Darcy flow

We start with the discretization of problem (6), which is closely inspired by [11]. Through this

section, we denote by / > 0 a fixed integer polynomial degree.

4.1.1 Discrete bulk Darcy velocity unkonwns, bulk Darcy velocity reconstruction, and permeability-
weighted product of Darcy velocities

Let an element T € 7, be fixed, and denote by Kr the (constant) restriction to 7 of the bulk
permeability. For any integer m > 0, set

U7 = KrVP"(T). 21
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We define the following space of fully discontinuous bulk Darcy velocity unknowns:

—

U, = {gh =(qr, (grF)Fes)rey;, : forallT € Ty, qr € UlT and grp € PI(F) forall F € 7—}} .
For any T € 7, the element-based unknown g represents the Darcy velocity inside the element,
while the face-based unknown grp, F € Fr, represents the normal Darcy velocity exiting T through

— —
F. Given ameshelementT € 7, we denote by U lT the restriction of U, to T and, for any q, € U,,we

—
let q, = (g7, (qrFr)Fer) €U ZT The following subspace of U, strongly incorporates the continuity

of Darcy velocity unknowns at each interface F € Th‘ \ ﬁr contained in the bulk region, as well as
the homogeneous Neumann boundary condition on 9Qp:

— .
Ul = {gheﬂh : [[gh]]F:OforallFeﬁ\Thranqu:OforallFeThb}, (22)

where, for all F € Thb, we have set gp = grr with T denoting the unique mesh element such that

; —
F € r and, for all F € 7', we have defined the jump operator such that, for any q, € u,,

g, lF = Z qrF -

TeTr

For all T € 75, we define the local discrete Darcy velocity reconstruction operator F IT+ o i IT -
U (see (21)) such that, for all ¢ = (7. (qrF)rer) € U, F7''q solves

[ Fira, v - f arVrwr + ) f gre(wr —mpwr) - Ywr ePUND). - (23)
T

FeFr

Notice that the F; [+l 4, provides a representation of the Darcy velocity inside T one degree higher than
the element- based unknown qr. It can be checked that condition (23) defines a unique element of
U l“, and that it is equivalent to [11, Eq. (19)] with discrete divergence operator expanded according
to its definition.

Based on this Darcy velocity reconstruction operator, we define the global permeability-weighted
product of Darcy velocities a%’h : Qil X Qfl — R such that, for all (u,, gh) € Qﬁl X Qil,

di (W q,) = ( f K7'Filug Fi'q +sir(ur.g )) (24)
TeT,

Here, the first term is the Galerkin contribution responsible for consistency while, for all T € 7},

le T’ Ul X Ul — R is the stabilization bilinear form such that, for all (uT, ) € Ul X QZT,

hr
sher(u . q )= E f ——(Fu -nrp —urp)(Fy'q - nre - qre),
T =T Ferr KTF T T

where, for all F € Fr, we have set Krr .= Krnrr - nTF.

4.1.2 Discrete fracture pressure unknowns, fracture pressure reconstruction, and tangential
diffusion bilinear form

The space of discrete fracture pressure unknowns is given by

PL, = {E{l = ()perr (Dve,) © 2k € BI(F) forall F € 7F and 2l € R forall V € %V,
(25)

11



Forall F € TF we denote by P, P  the restriction of Pl , to F, and set zF = (zF, (ZV)Veﬂ/F) € P
We also 1ntr0duce the followmg subspace which embeds the zero-mean value constraint:

flr,h,o = {E;F, € flr,h : frzil; = 0}> (26)

where z{l € IPZ(?—"hr ) is the broken polynomial function on ﬁr such that (Z£ WF = zg forall F € 7-‘hr .
Let F € ﬁr and denote by K the (constant) restriction to F of the fracture permeability. We
define the local fracture pressure reconstruction operator rl+1 Pl — P*1(F) such that, for all

2 = (2 (zy)) € P —FF’ ?;ZF is such that, for all wl. € P’“(F),

f KpVerlpzh - Vewl = - f (25 Ve - (KeVew)) + D 2y (KeVewp)(V) - Ty, (27)
F F VeVg

This relation defines a unique element V rﬁj ;z P

additive constant, which we fix by additionally imposing that

I+1 T r
L(’KFZF_ZF) 0.

provides inside F a representation of the fracture pressure one degree

hence a polynomial rl+}zF € P4Y(F) up to an

1+1
K, FiF
higher than the element-based fracture unknown z;

The reconstruction r

We can now define the tangential diffusion bilinear form a; : Pl., X P, — R such that

@ d) = ( fF KpVerghd - v rgg;q + s p (2 g >) (28)
FeFl

where the first term is the Galerkin contribution responsible for consistency, while s Pl
Plr, r — Ris the stabilization bilinear form such that, for all (g P QF) € P F X P’li o
Kr
L, .
@) = = (R (V) = ) (R g (V) = q), (29)
VeVr

with R]I‘;}, : EIE P P**+1(F) such that, for all z. € Pk

k+1 T k k+1 F)
=TI,F>

k+1 .
Ry zF—zF+(rKFzF Tplg pip

4.1.3 Discrete flow problem

Let an integer k > 0 be fixed. Following [2], in order to have a sufficiently accurate representation of
the Darcy velocity when writing the HHO approximation of degree k of the transport problem (13),
we solve the flow problem (6) with an HHO approximation of degree 2k. Thus, the bulk velocity,
bulk pressure, and fracture velocity will be sought, respectively, in U}, 2k (see (22)), sz = PK(T7)
(the space of broken polynomials of total degree < 2k over 7;), and P , (see (26)). The discrete

&2k

counterparts of the continuous bilinear forms defined in Section 2.2 are the bilinear forms a Kh -

U x Uk > R bk - U x PR — R, diF - U x PR, — Rosuch that

an Wy a,) = aid, . )+ 3 (T, Ig, 1e)r + (el (g, he)r).
FeFf
by (wy, pn) = Z (_fuT‘VPT+ Z fMTFPT),
Te7, T Ferr v F
dl%k(zh’llz): f[[u ]]FPF,
FeFl
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%kh 2215 are defined by (24) and (28), respectively, and, for all

pn € P and all T € 5, we have set pr := ppr.
hLe;ltting ﬂg?}‘z% : (g flk X Pﬁf‘h X E%f‘h) X (Q ,21" X Péf‘h X B%{{h) — R be the global bilinear form
such that

where the bilinear forms a and a

2k
Aor (o P P> (@ 200 2)) = a4, + 03 o 2) = 3 (g, pn)

T2k
+dy (g py) - @5+ agy (v 7).
the HHO discretization of problem (6) reads: Find (Eh, Phs pZ) elU ,Qlk X Pékh x P2k such that, for

1m0
r 2k 2k 2k
all (qh, zh,gh) € gh X PB’h X Bl",h’

Ao (@, Pro P> (@ 52 23)) = (s 2oy + (Crfr 2,)r- (30)

4.2 Passive transport

We now formulate the HHO discretization of the passive transport problem (13). In what follows, the
polynomial degree k is the same as in Section 4.1.3.

4.2.1 Discrete bulk concentration unknowns, bulk concentration reconstruction, and molec-
ular diffusion bilinear form

We define the fully discontinuous space of bulk concentration unknowns as follows:

—k
Py, =12, = 1. (zrr)rer)rer, @ forall T € T, 27 € PX(T) and z7p € PX(F) forall F € Fr} .

—k
ForallT € 7, we denote.by PS’T the restriction of BB, , toT, and we set Zr = (z1, (ZTF)Fer;) € EE’T.
For any interface F € 7-“h‘ shared by distinct elements 77, T, € TF, we introduce the jump and average

—
operators such that, for any z, € Py ;.

ITyF + I F
Iz, 1F = z0,F — 2038 iz, hr = ==

= 2
The following subspace of Py , strongly incorporates the continuity of concentration unknowns across
interfaces contained in the bulk region:

—k .
Py, = {gh € Py, : llz,llF =0forall F e 7, \ 7—;{} : (31)

Let now an element T € 7, be fixed, and denote by Dt the restriction to T of the bulk molecular
diffusivity. We define the bulk concentration reconstruction operator rif1 : Pk - — P**I(T) such
k+1

that, for all z. = (zr, (z7F)Fes;) € BE’T, rpr iy solves

[ Drvizy Swr == [ (v @rvwn)+ 3 [ e @rur ) e e B,
T T Fefr F

k+1

This condition defines r DT

up to a constant, which we fix by additionally imposing that

k+1
[ bt =ar) =0

13



The polynomial r;‘;}zT provides a representation of the concentration inside 7" one degree higher

than the element-based unknown z7.
We are now ready to define a global molecular diffusion bilinear form closely inspired by [16].

More precisely, we let aj, ,, = Py, X Py, — R be such that, for all (¢, z,) € Pf ), X Py .,

k — k+1 k+1 k

app(Cp2;) = (IDTV’”D r¢r Vi + Spr(cr ET))’
TeTy,

where the first term is the Galerkin contribution responsible for consistency, while s’l‘) T El'; T X

B’é’T — Ris the stabilization bilinear form such that, for all (¢, gT) € P T X Plé T

1 k+1
SD T(CT7 ZT) Z f _(RngCT CTF)(RDTTET - ZTF),
Fe¥r
with Dyp := Dynpg - npp for all F € Fr and RkJrl B’];T — P**1(T) such that, for all zr € P’E T
Rk+l T =t (rkDJr}ZT o gr}ZT)

4.2.2 Fracture concentration unknowns, fracture concentration reconstruction, and molecu-
lar diffusion bilinear form

The fracture concentration is sought in the space P Pk defined by (25) with / = k. Forall F € Thr, we
define the fracture concentration reconstruction operator rk+1 Pk — P*1(F) as in (27) setting

| = k and replacing Kr by D = Drr. Similary, we denote by ay Pk , X Pt — Rthe tangential
molecular diffusion bilinear form defined as (28)—(29) with [ = k and K F replaced by Dp.

4.2.3 Darcy velocities and advection-reaction bilinear forms in the bulk region and in the
fracture

In order to discretize the advection-reaction terms that appear in the passive transport problem, we
need suitable representations of the Darcy velocity both in the bulk region and inside the fracture.

Denote by (ﬁh, Phs [_)Z) elU, 2k P2k X P%kh o the solution of the discrete flow problem (30). For
any T € 7, taking in (30) 4, = 0, z;, Such that zp» = O for all T* € 75, \ {T'} while z7 spans P2k(T),

and gi = 0, we infer the following local balance for the discrete bulk Darcy velocity:
[curvirs Y [urrzr= [ v e (32)
Fe¥r

Additionally, by definition (22) of U3¢ 5 » the Darcy velocity thus defined has continuous normal
components across interfaces contained in the bulk in the sense that [u, [|r = 0 for all ' € Thi \ 7_-hr.
Thus, u, is the natural candidate to play the role of the Darcy velocity in the bulk region.

Let now a fracture face F € 7-;; be fixed, and define the fracture Darcy velocity g; =

(u', (uk., )vev, ) such that
up(V) - TFv+7““m(p ) ifVeV
uy = —-KpV; r2k+1pF and, for all V € Vg, uk, = F "
0 ifVey

where, forall V € Vg, ypy' P2k — R is the boundary residual operator defined as in [17, Lemma
3]. With this choice for the fracture Darcy velocity, the following local balance holds for all F € Thr:

_fu;.vrz,rp+ > ugv(z;(m—zg):f (erfr+lu,llr)ey Vi e PR (33)
F F

VeVg
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Moreover, the discrete fracture Darcy velocity is continuous across internal vertices, that is to say,

D upy =0forall VeV, (34)
Fefv

u II; is therefore the natural candidate to play the role of the Darcy velocity inside the fracture.
We now have all the ingredients to define discrete counterparts of the advective terms in the bulk
region and inside the fracture. More precisely, closely following [15], we define the advection-reaction

T . pk k Lk . pk k
bilinear forms a t Py, xPg, —R and " Pr, xPr, such that

“zli,f,h(ﬁwéh) = Z (j;CT(_uT “Vzr+ fTzr) + Z f

TeT, Ferp VF

k
u,f,h

k
urper(zr — zrr) + S, 7 (Cps ET))’

ah () =) (f Cp (~t Ve 2o+ frzp) + )y cp (VIR (V) = 2) + 53,5 (e, g;)),
Ferr VeVr
(35)
where, forall T € 7, and all F' € ﬁr, sf"T : EE,T X EI;T — R and sil} : EEF X E{i’F — R are the
upwind stabilization bilinear forms respectively in the bulk and inside the fracture such that

lurp| — u
Sft,T(QT’ Zp) = Z #(CT —crr)(Zr — ZTF)s
FE'}-T F (36)

|y | — Ul
S (€ 2p) = ) (V) = ) @ (V) = 7).
VeVg

4.2.4 Passive transport problem

We are now ready to state the HHO discretization of the transport problem (13). At the discrete
level, the counterpart of the continuous bilinear form defined in (12) is the bilinear form AL."P

ek
(Blf;,h X Elli,h) X (B’é,h X Blﬁh) — R such that

trans T T . k k Ik r T Tk r T
ﬂf,h,lf((gh’ ) (2 2p)) =ap (¢ 7)) + ay 4y (Cpo 7)) +ap (o z)) + @) (Chs 2,)

+ ) fF (BE (e, M — R iz, e — 20) + Brlle, 1rlz, 1F)

Feﬁfhr

1
+ Z L({{Eh}}F{{gh}}Fl[gh]]F+gﬂﬂh]]Fl[gh]]F[[gh]]F)

FeThr

¢ 3 [ e, e + bz, br =),
FeFl
(37)
where the role of the terms in the last three line is to enforce the transmission conditions (9) on T'.
The HHO discretization of problem (13) then reads: Find (¢, g}:) € Blfs, n X Blﬁ ,, such that

A () (2 25) =f frea, +ffrf1f5rz£ V(z,.2)) € Py, X PL,. (38
N Qp r

We now prove the discrete counterpart of the Theorem 2.

15



Theorem 6 (Discrete coercivity). Let & > 1/2. Then, for all (z,.2}) € Py, X Pf . it holds

trans r r k Ik r T
ﬂf,h,,f((gh, 2,0, (2, 2)) =ap (2. 2,) + a5, (2,.2,)

1
+ ) (||xg’szT||%+ > 5|||uTF|‘/2<zT—zTF)||%)

TeT, FeFr
12 T2 1 Tr r r\2 (39)
+ 00 | aezrlli + ) SlubylGR(V) — <)
F€7:hr VeVr

+ 3 (Bl e - 25l3 + Brlle, 1F12).

Festh

where, for all T € T, and all F € ?'hr, XB,1 = (xB)|T and xr,r = (xr)|F, respectively.

Remark 7 (Upwind contributions). Unlike the continuous case (see Theorem 2), we have in the second
and third lines of the energy balance (39) upwind-related contributions of bulk and fracture region,
respectively. These could be removed at the price of having coercivity in a weaker norm.

Proof. The proof is similar to the one of the Theorem 2. Let (z,, 511; ) € B’ﬁ X B’lg . be fixed and set
(gh,ii) € Bszh X E%kh such that,

g " % Z%F
VT € T, G =2, = @1, BrF)Fer) = (7, (T)Fe?’r),

(40)
I'\2 (F)Z
VFeF!,  @)F =2 =@ @ )ver,) = (%, (%m%).

transp
&,hk

obtain the terms in the first and last line of (39). Let now I; := a* @) b= all:’; 2 (2520
and let 73 gather the remaining coupling terms, that is to say, the two last lines on the right-hand side
of (37) with ¢, = z, and c},; = zg forall F € ?;lr. Expanding 7 and 7, according to their respective

Using the definition of the global bilinear form A (37) with (¢;,, gg) =(z e gg), we immediately

definitions (35), and recalling the definitions of the stabilization bilinear forms s,’i + and s'; F (36), it
is inferred that

I = Z (L(—MT'VZT+f_Z%)+

1
Z f (MTF(?T —#rp) + §|I4TF|(ZT - ZTF)Z))s (41a)
F

TeT, Fe¥Fr
_ 2 1
L=y (f (k- Veth o+ tofizf?) + 3 (uhy GROV) =) + Sl R (V) - ZW))'
F€7:hr F VeVr
(41b)

Using the local balances (32) in the bulk and (33) inside the fracture (that hold since #r € P2k (T) for
all T € T, and 2. € P, forall F € F,1) together with the fact that

Z Z UrrF2rr = Z [u,z,1F,

TeT, Fefr F€7:hr
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which follows from (u,,2,) € U ik x P2k we finally we get from (41a) and (41b)

—B,h’
1
n=Yy (||x{§szT||%+ > §|||MTF|1/2<ZT—ZTF>||%)— > f Mu,2,0r  (422)
TeT, FeFr Ferl F
1
h= ), (”XIF/,ZFZ;”%* 2 Elulr”V'(Z;(V)—Zg)z)Jf 2 f[[ghl]ﬂ? (42b)
F€7'~hr VeVg F€'7‘-hr F

To conclude, it suffices to prove that the sum of the last term in the right-hand side of (42a) and
the last term in the right-hand side of (42b) and 73 is equal to zero. Using (18) to infer first that

[u,2,0F = [u,lr{z,}F + {u,}r[2,]F and then that [, 11F = [z, 1F{iz, }F, we get

> f (ERTEAR A RS f (L), 1r (22, W + Vsllz, 17 — U2, 0r)),
F F

FeFl FeFl

that concludes the proof since {{z, )} = %({{gh }}12; + J‘;l[éh]]%)- O

Remark 8 (Polynomial degree and local conservation). The use of polynomials of degree 2k to solve
the discrete flow problem (38) is required in the proof of Theorem 6. Indeed, to pass from (41)
to (42), the argument we used is that both the local balances (32) and (33) are valid when we use as
test functions 2, € BZB’fh and g}: € B%{‘h defined by (40).

4.3 Extension to the unsteady case

In the numerical tests of Sections 5.2-5.3 below, we consider the physically relevant situation of
unsteady passive transport with a steady Darcy velocity field. The extension of the HHO scheme (38)
to this situation is briefly discussed in what follows.

The transport problem can be extended to the unsteady case by assuming that the unknowns
depend on the time and adding the unsteady contributions ¢d,c and {r¢rd;cr in, respectively, (7a)
and (8a), where ¢ : Qp — R and ¢r : I' — R stand, respectively, for the porosity in the bulk region
and in the fracture such that 0 < ¢ < 1 and O < ¢r < 1. In the numerical tests, we assume that these
are piecewise constant on the partitions g and Pr (see (2) and (3)), respectively. More generally, the
porosities could also depend on time. Initial conditions for the bulk and the fracture concentration
ct=0,)=c")and cr(t = 0,-) = c19(~) close the problem. The functions ¢ and ¢r that represent
the concentration of solute as it is injected in, respectively, the bulk and the fracture, will also be
allowed to depend on time.

To discretize in time, we consider for sake of simplicity a uniform partition (¢")g<,<n of the time
interval [0, 7] with £ = 0, " = ¢ the final time of computation, and ¢"* — "1 = 6t the constant
time step for all 1 < n < N. For any sufficiently regular function of time ¢ taking values in a vector
space V, we denote by ¢" € V its value at discrete time " and we introduce the backward differencing
operator ¢ such that, forall 1 <n < N,

i Son _ (pn—l
o = 5 eV.
With this notation, the discrete problem reads: Forall 1 <n < N, find (¢}, g,rl’") € Eé’ n X BIE , such
that, for all (z,,,z,) € P, X Pf.,
Sic” fﬁ 5 I'n F+ﬂtran8p(( n F,n) ( F)) — +-n +f€ +-n_T (43)
o ¢ tCpZh t . rér tC, 2 Ehk Sl )\ 2k QBf ¢ Zn . Ffrcrzh-
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The initial condition is discretized taking c2 and c}l:’o equal to the L?-orthogonal projections on P (7;,)
and Pl(?‘hr) of ¢® and CIQ, respectively. Notice that it is not necessary to prescribe face values for
the concentration in the bulk region, nor vertex values for the concentration in the fracture, as these
discrete unknowns do not appear in the discretization of the time derivative.

5 Numerical results

This section contains an extensive numerical validation of the HHO method. We first study numeri-
cally the convergence rates achieved by the method, and then propose two more physical test cases in
which fractures act as barriers or conduits, depending on the value of the permeability parameters.

5.1 Convergence for a steady problem

We start by a numerical study of the convergence rates obtained by the method for both the flow
problem (30) and the steady passive transport problem (38).

5.1.1 Analytical solution

We approximate problems (30) and (38) on the square domain Q = (0, 1)? crossed by the fracture
I'={xeQ : x; =0.5},and set {Tr = 0.01 and & = 3/4. For the flow problem, we consider the exact
solutions corresponding to the bulk and fracture pressures

px) = {COS(2X1)COS(M2) b pr(x) = {clhr — Arllulr - nr,

cos(mxy) cos(mxy) if x; > 0.5
and let u|q, , = ~KVpqg, fori € {1,2} and ur = —KrV,pr, with «{ =1, k= 0.0l and

cos(1)

_ ki/(2tr) 0
sin(1) + 7#/2

0 1

], Kr = Kicfr.

For the passive transport problem, the exact solutions corresponding to the bulk and fracture concen-
trations are given by

) exp (2/7r cos(mxy) (,81- - %COS(RXQ)%%)) if x; <0.5
c(x) = n . s
exp (Yn(cos(rn) = m) (Br - hcos(ray F Bmbonn ) gy > 0.5 )
[uc - DVelr - nr - {{chr (Valulr - nr + BF)
cr(x) = ;

12y - nr — B

with D = I,, the identity matrix of R2*2, Z)lf =1 and Z)’lf = 0.01. The source terms f, fr are
inferred from (1b) and (1c), respectively. The right-hand sides of (7a) and (8a) are also modified by
introducing nonzero terms in accordance with the expressions of ¢ and cr; see (44). It can be checked
that, with this choice of analytical solutions, the jump and average of p, u, ¢, DVc are not identically
zero on the fracture, which enables us to test the weak enforcement of the transmission conditions (4)
for the flow problem and (9) for the passive transport problem.

18



5.1.2 Error measures

On the spaces of discrete bulk unknowns U 121k and Bﬁ, we define the norms |||l and ||||p,» such
2k k
that, forall ¢, € U;" and all z, € P,

2. 572 -1 2 2
g, 5., = > Koy |llgrlF + > hellarel? |,
TeT, Fefr
2 . 12 2
Iz, 5 = D epr (IDFVarlif + ) ~ zrp)lI}),
T<7, FeFr

where, for any T € 7y, fB,T is the largest eigenvalue of the (constant) permeability tensor K7, while
oD.T = 5B,T/QB’T is the bulk anisotropy ratio with 53,7, Dy > 0 denoting, respectively, the largest
and smallest eigenvalue of the (constant) local bulk molecular diffusivity tensor Dr.

On the spaces of discrete fracture unknowns PZk and Pk T, we define the norms ||||r,x,» and

|I-lIr, p.r such that, for all Kh P2 Th and all zh € P'lih,

1 2 Kr r ry\2

Il n = D (IKEVevEllE + ) = OR(V) =)
Fe‘}’hr VeV F

T2 _ Dl/zv ry2 DF r 1% r\2

HEhHF,D,h = I F TZF||F+ h_(ZF( )_Zv)
Fe‘}’hr VeVr F

For the flow problem, we monitor the following errors defined as the difference between the
numerical solution and suitable projections of the exact solution:

2%k T _ 2k 2%k r_ 2%
N, — I}, ullp lp, = L prilr.x.n lpn — 7, Pl ) p, — mprlleay,  (45)

where I} u := (K7 Vyr, (2 (w-nrp)pes )res, with yr € P/(T) is suchthat [ (K7Vyr —u)-Vvr =
0 for all v € PI(T), IfS, pr = ((ﬂ%kpnp) Ferr (or(V))vey,) with 2% denoting the L*-orthogonal
projector on P?K(F), and 7r kp and 7% pr denote, respectively, the L?-orthogonal projections of p
and pr on P2k and P%kh,

Similarly, for the passive transport problem we consider the following error measures:

th

k r_ gk k r_ _k
liey, = L,cllp,n, ey, — It perlie,p,n, llen = mycllr2g)s ey, — mpperllzqy,  (46)

where [, ke= ((ﬂ§c|T)T€7;l, (771’; (c| F))Fes,) With n% and ﬂ; denoting, respectively, the L?- orthogonal
pI’O_]eCtOI‘S on PK(T) and P¥(F), I* Lpcr = ((rk CriF)Ferr (CF(V))VE(V,I) and 7y c and ”r ,cr denote,

respectively, the L2-orthogonal projections of ¢ and cr on P B.h and P

5.1.3 Results

We consider the triangular, Cartesian and nonconforming mesh families of Figure 3.

In Figure 4, we display the errors (45) for the flow problem as functions of the meshsize. The flow
problem (30) is solved using polynomials two times higher than for the passive transport problem, so
higher convergence rates than for the passive transport problem are to be expected. More specifically,
on the triangular mesh we observe convergence in 42K*! of the discretization error measured in the

energy-like norms ||u, — I ik ullpn and || Bll; - ﬁlk prlir.x,», and convergence in h?+2 for the error
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(a) Triangular (b) Cartesian (c) Nonconforming

Figure 3: Mesh families for the numerical tests

measured in the L?-norms || Ph — ﬂflk Pllz2qg) and || pg - ﬂlz—’kher 2@y~ Slightly better convergence
rates are observed on Cartesian and nonconforming meshes, as already noticed in [11].

For the passive transport problem (38), we plot in Figure 5 the errors (46) as functions of the
meshsize. For both the energy-like norms of the error ||c, — I I;,CHD,h and || Q,l: -1 {3 nerlinp.n, we

obain convergence in K*+1. For the L2-norms of the error ||cj, — n’}jcll 12(Qg) and ||c;1; - 7r1’£ wCllz2qr), on

the other hand, we obtain convergence in 4**> using piecewise linear or quadratic polynomials, and

between 4 and h? using piecewise constant polynomials.

5.2 Unsteady transport with impermeable fractures

We next consider a physical test case modelling the unsteady passive displacement of a solute in a
porous medium in which the fractures act as barriers.

The configuration is depicted in Figure 6a. More specifically, the computational domain is the
unit square Q = (0, 1)?, with fractures of constant thickness £r = 1072 corresponding to

IF'={x=(x1,x)eQ : (x1 <0.75and x, € {0.25,0.75}) or (x; > 0.25 and x, = 0.5)}.

The injection well is located in (0.5, 0), the production one in (0.5, 1), and both are modeled by the
source term f defined such that

f(x) = %(tanh (200(0.025 — {}(x2 = 0.5) + x2)) — tanh (200(0.025 — \/(x% ~0.5) + (x2 — 1)2))).

The fracture source term fr is set to 0. It can be checked that the average of f in Qg is zero, so the
compatibility condition (5) is verified. We set the user parameter ¢ = 0.75.

Concerning the flow problem, we select the values of the permeability in the bulk and in the
fracture so as to obtain impermeable fractures. More specifically, in the bulk we set K = 10731,
while in the fractures the tangential and normal permeability are, respectively, k. = 1073 and
Kf = 107°. In Figure 6a, we display the bulk pressure p obtained with such parameters and the plot
over x; = 0.5. We can clearly see that the pressure jumps across the fractures and decreases from the
injection to the production well.

We consider the unsteady passive transport problem (43), set the final time #r = 100 and the time
step ot = 1. Att = 0, there is not solute in the bulk nor in the fractures. The concentration of injected
solute in the bulk is given, for all x € Qg, by ¢(z,x) = 1 if t < 30 and ¢(z, x) = 0 otherwise. Since
we do not have wells in the fracture, we set cr = 0. The porosity in the bulk and in the fracture is set
to ¢ = ¢r = 107", The molecular diffusivity in the bulk is defined locally for all T € 7}, such that

Dr = ¢dwls + QIFF u (i Eyr + di(I2 — Eur)),

20



where |[F2*1y_ | is the Buclidean norm of F&*'u_, E, 7 = |[F**'u |7 (F%k“gT ® F%k“gT),
while dp, = 1073, d; = 1 and d; = 1072 denote, respectively, the molecular diffusion, longitudinal,
and transverse dispersion coefficients. Notice that the high-order reconstruction of the Darcy velocity
is needed to define Dt since, when using constant elements k£ = 0, we do not have cell-based DOFs
for the flux. The fracture counterpart of the molecular diffusivity is defined, for all F € ﬁr , as
follows

Dr = trgrdpls + ¢riug|(d] Eur +d{ (I2 = Eur)),

with Ey p = |ul |7 (ulrp ® ug) and where df, = 107, d] = 1 and d{ = 1072 denote, respectively,
the fracture molecular diffusion, longitudinal, and transverse dispersion coefficients. We set the
normal molecular diffusivity of the fracture D[ equal to 1. A more in-depth investigation of the
meaning of this term is postponed to a future work.

We run the test case on the Cartesian mesh depicted in Figure 3b of meshsize 4 = 7.81- 103 with
k = 2. In Figure 6b, we display the bulk concentration at different time #. As expected, the solute
follows the corridors designed by the fractures that act as barriers and goes from the injection to the
production well.

5.3 Unsteady transport with permeable fractures

We next focus on the case where the fractures act as conduits. The domain is still the square unit
Q = (0, 1)2, the fractures of constant thickness ¢ = 1072 are located in

I'={x € Q : x; €{2/32,8/32,13/32,19/32, 24/32,30/32} and 0.25 < x, < 0.75}.

The configuration is depicted in Figure 7a. The only parameters that differ from the previous test
case of Section 5.2 are the fracture permeabilities: to obtain permeable fractures, we set the normal
permeability ki = 103 and the tangential one K[ = 107!, With this choice, it is expected that the
flow is attracted by the fractures.

In Figure 7a, we display the bulk pressure p and Darcy velocity u# where, for the latter, the legend
correspond to the value of the magnitude. As expected, the flow is from the injection well towards
the fractures near the bottom of the domain, and from the fractures to the production well near the
top of the domain.

In Figure 7b, we display the bulk concentration ¢ at different times. We can clearly see that the
solute attracted by the fractures goes faster to the production well than the surrounding one stayed in
the bulk.

References

[1] C. Alboin, J. Jaffré, J. E. Roberts, and C. Serres. “Modeling fractures as interfaces for flow and
transport in porous media”. In: Fluid Flow and Transport in Porous Media: Mathematical and
Numerical Treatment. Ed. by Amer. Math. Soc. Contemp. Math. Vol. 295.2002, pp. 13-24. urL:
https://who.rocq.inria. fr/Jean.Roberts/2002alboinjaffrerobertsserresAMS-web.pdf.

[2] D. Anderson and J. Droniou. “An arbitrary order scheme on generic meshes for miscible
displacements in porous media”. In: SIAM J. Sci. Comput. (2018). Accepted for publication.
URL: https://arxiv.org/abs/1707.04038.

[3] P. Angot, F. Boyer, and F. Hubert. “Asymptotic and Numerical Modelling of Flows in Frac-
tured Porous Media”. In: ESAIM: Math. Model Numer. Anal. 43.2 (2009), pp. 239-275. por:
10.1051/m2an/2008052.

21


https://who.rocq.inria.fr/Jean.Roberts/2002alboinjaffrerobertsserresAMS-web.pdf
https://arxiv.org/abs/1707.04038
http://dx.doi.org/10.1051/m2an/2008052

(4]

(5]

[6]

(7]

(8]

P. Angot, T. Gallouét, and R. Herbin. “Convergence of finite volume methods on general
meshes for non smooth solution of elliptic problems with cracks”. In: Finite Volumes for
Complex Applications Il (1999), pp. 215-222.

P. F. Antonietti, C. Facciola, A. Russo, and M. Verani. Discontinuous Galerkin approximation
of flows in fractured porous media on polytopic grids. MOX report No. 55/2016. 2016. URL:
https://www.mate.polimi.it/biblioteca/add/qmox/55-2016.pdf.

P. F. Antonietti, L. Formaggia, A. Scotti, M. Verani, and N. Verzotti. “Mimetic finite difference
approximation of flows in fractured porous media”. In: ESAIM: Math. Model Numer. Anal.
50.3 (2016), pp. 809—-832. por: 10.1051/m2an/2015087.

P. Bastian, Z. Chen, R. E. Ewing, R. Helmig, H Jakobs, and V. Reichenberger. “Numerical
Simulation of Multiphase Flow in Fractured Porous Media”. In: Numerical Treatment of
Multiphase Flows in Porous Media 52 (1999), pp. 50-68. por: 10.1007/3-540-45467-5_4.

M. F. Benedetto, S. Berrone, S. Pieraccini, and S. Scialo. “The Virtual Element Method for
discrete fracture network simulations”. In: Comput. Meth. Appl. Mech. Engrg. 280 (2014),
pp- 135-156. por: 10.1016/j.cma.2014.07.016.

W. M. Boon and J. M. Nordbotten. Robust discretization of flow in fractured porous media.
Submitted. Preprint arXiv:1601.06977 [math.NA]. 2016.

K. Brenner, J. Hennicker, R. Masson, and P Samier. “Hybrid-dimensional modelling of two-
phase flow through fractured porous media with enhanced matrix fracture transmission condi-

tions”. In: Journal of Computational Physics 357 (2018), pp. 100-124.po1: 10.1016/j.jcp.2017.12.003.

F Chave, D. A. Di Pietro, and L. Formaggia. “A Hybrid High-Order method for Darcy
flows in fractured porous media”. In: SIAM J. Sci. Comput. (2018). Published online. por:
10.1137/17M1119500.

A. Chernyshenko, M. Olshanskii, and Y. Vassilevski. “A Hybrid Finite Volume-Finite Element
Method for bulk-surface coupled problems”. In: Journal of Computational Physics 352 (2016),
pp- 516-533. por: 10.1016/j.jcp.2017.09.064.

C. D’Angelo and A. Scotti. “A Mixed Finite Element Method for Darcy Flow in Fractured
Porous Media with non-matching Grids”. In: ESAIM: Math. Model Numer. Anal. 46.2 (2012),
pp- 465—-489. por: 10.1051/m2an/2011148.

M. Del Pra, A. Fumagalli, and A. Scotti. “Well-posedness of fully coupled fracture/bulk Darcy

flow with XFEM”. In: SIAM J. Numer. Anal. 55.2 (2017), pp. 785-811.por: 10.1137/15M1022574.

D. A. Di Pietro, J. Droniou, and A. Ern. “A discontinuous-skeletal method for advection-
diffusion-reaction on general meshes”. In: SIAM J. Numer. Anal. 53.5 (2015), pp. 2135-2157.
por: 10.1137/140993971.

D. A. Di Pietro, A. Ern, and S. Lemaire. “An arbitrary-order and compact-stencil discretization
of diffusion on general meshes based on local reconstruction operators”. In: Comput. Meth.
Appl. Math. 14.4 (2014). Open access, pp. 461-472. por: 10.1515/cmam-2014-0018.

D. A. Di Pietro and R. Tittarelli. “Lectures from the fall 2016 thematic quarter at Institut
Henri Poincaré”. In: ed. by L. Formaggia D. A. Di Pietro A. Ern. SEMA-SIMAI. Accepted
for publication. Springer, 2017. Chap. An introduction to Hybrid High-Order methods. URL:
http://arxiv.org/abs/1703.05136.

I. Faille, E. Flauraud, F. Nataf, S. Pégaz-Fiornet, F. Schneider, and F. Willien. “A new fault
model in geological basin modelling. Application of finite volume scheme and domain decom-
position methods”. In: Finite Volumes for Complex Applications 11l (2002), pp. 543-550.

22


https://www.mate.polimi.it/biblioteca/add/qmox/55-2016.pdf
http://dx.doi.org/10.1051/m2an/2015087
http://dx.doi.org/10.1007/3-540-45467-5_4
http://dx.doi.org/10.1016/j.cma.2014.07.016
http://arxiv.org/abs/1601.06977
http://dx.doi.org/10.1016/j.jcp.2017.12.003
http://dx.doi.org/10.1137/17M1119500
http://dx.doi.org/10.1016/j.jcp.2017.09.064
http://dx.doi.org/10.1051/m2an/2011148
http://dx.doi.org/10.1137/15M1022574
http://dx.doi.org/10.1137/140993971
http://dx.doi.org/10.1515/cmam-2014-0018
http://arxiv.org/abs/1703.05136

L. Formaggia, A. Quarteroni, and C. Vergara. “On the physical consistency between three-
dimensional and one-dimensional models in haemodynamics”. In: Journal of Computational
Physics 244 (2013), pp. 97-112. por: 10.1016/j.jcp.2012.08.001.

A. Fumagalli and E. Keilegavlen. “Dual Virtual Element Method for Discrete Fractures Net-
works”. In: SIAM J. Sci. Comput. 40.1 (2018), B228-B258. por: 10.1137/16M1098231.

A. Fumagalli and A. Scotti. “A reduced model for flow and transport in fractured porous media
with non-matching grids”. In: Numerical Mathematics and Advanced Applications 2011.2013,
pp. 499-507. por: 10.1007/978-3-642-33134-3_53.

S. Gross, M. A. Olshanskii, and A. Reusken. “A trace finite element method for a class
of coupled bulk-interface transport problems”. In: ESAIM: Math. Model Numer. Anal. 49.5
(2015), pp. 1303-1330. por: 10.1051/m2an/2015013.

V. Martin, J. Jaffré, and J. E. Roberts. “Modeling fractures and barriers as interfaces for flow
in porous media”. In: SIAM J. Matrix Analysis and Applications 26.5 (2005), pp. 1667-1691.
por: 10.1137/S1064827503429363.

A. Scotti, L. Formaggia, and F. Sottocasa. Analysis of a mimetic finite difference approximation

of flows in fractured porous media. Accepted for publication. 2017. por: 10.1051/m2an/2017028.

23


http://dx.doi.org/10.1016/j.jcp.2012.08.001
http://dx.doi.org/10.1137/16M1098231
http://dx.doi.org/10.1007/978-3-642-33134-3_53
http://dx.doi.org/10.1051/m2an/2015013
http://dx.doi.org/10.1137/S1064827503429363
http://dx.doi.org/10.1051/m2an/2017028

1072
~ 1074
0
S
s 10°6
NN
< 10
I
< 10710
Y
o
102
< 1074
A
~ -
o 1076
~I
I
< 10°8
=
10—10
107!
1073
£
N 1073
=
S 107
~<
[
I 107°
=
= .
= 1071
100
1072
=
X 1074
=
s 1076
=
~
~I 10-%
|
~ =
20 100

[ k=0mk=1-ok=2]

T T T 100 F T T 100 F : - -
L 1,0 1] |
// 10 10 =

| /./. q —
1074 H4 1074 el 4
/./
L - P
" // 1076 1 107 2
— 6
L - ) ]
o o owosh 1 108 ) :
L / 2
o 10710 |- 4 10710 | i
10723 1072 10713 10723 1072 1071 10723 1072 1071

L ‘ ‘ N g ‘ ‘ 109 L ‘ ‘ ]
10723 1072 10715 10723 1072 1071 10723 1072 1071
= T T — 100 F T T B T T T
// 107‘ i / |
1073 | om A
| — 1074 | /./// y
106+ P //‘/ -
B = -
t// 6
F 109 : 1 |
/ ’
. o I
10—]2 b 1 L = =
10723 1072 1071
10° T T
- 1072 e
- B
L 1074 F ////I/ i
= -
e
| 1076 o s | i
5 1078 - 3 |
1
- 10-10 - o/ 1 B B
10723 1072 10713 10723 1072 1071 10723 1072 1071
Triangular Cartesian Nonconforming

Figure 4: Convergence results for the test case of Section 5.1. Errors (45) for the flow problem v. A
on the triangular, Cartesian and nonconforming mesh families of Figure 3.
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Figure 5: Convergence results for the test case of Section 5.1. Errors (46) for the passive transport
problem v. A on the triangular, Cartesian and nonconforming mesh families of Figure 3.
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(a) Domain configuration (left), bulk pressure p (middle) and bulk pressure profile over x| = 0.5 (right).

(b) Snapshots of the bulk concentration ¢ at times (from left to right, top to bottom): ¢ =
5, 10, 20, 30, 40, 50, 60, 80, 100.

Figure 6: Configuration and numerical results for the test of Section 5.2 (unsteady transport with
impermeable fractures).
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(b) Snapshots of the bulk concentration ¢ at times (from left to right, top to bottom): ¢ =
5, 10, 15, 20, 30, 40, 60, 80, 100.

Figure 7: Configuration and numerical results for the test of Section 5.3 (unsteady transport with
permeable fractures).



MOX Technical Reports, last issues
Dipartimento di Matematica

Politecnico di Milano, ViaBonardi 9 - 20133 Milano (Italy)

24/2018

21/2018

22/2018

23/2018

20/2018

19/2018

18/2018

17/2018

16/2018

15/2018

Bassi, C.; Abba, A.; Bonaventura,L.; Valdettaro,L .
Direct and Large Eddy Smulation of three-dimensional non-Boussinesq
gravity currents with a high order DG method

Gervasio, P.; Dede, L.; Chanon, O.; Quarteroni, A.
Comparing Isogeometric Analysis and Spectral Element Methods: accuracy
and spectral properties

Pegolotti, L.; Dede, L.; Quarteroni, A.
Isogeometric Analysis of the electrophysiology in the human heart: numerical
simulation of the bidomain equations on the atria

Benacchio, T.;Bonaventura,L.
A seamless extension of DG methods for hyperbolic problems to unbounded
domains

Bassi, C. ; Abba, A.; Bonaventural.; Valdettaro, L.

A priori tests of a novel LES approach to compressible variable density
turbulence

Menghini, F.; Dede, L.; Quarteroni, A.
Variational Multiscale LES modeling of blood flow in an idealized left human
heart

Antonietti, P.F.; Bonaldi, F.; Mazzieri, |.
A high-order discontinuous Galerkin approach to the elasto-acoustic problem

Agosti, A.; Giverso, C.; Faggiano, E.;Stamm,A.; Ciarletta, P.
A personalized mathematical tool for neuro-oncology: a clinical case study

Calissano, A.; Vantini, S.; Arnaboldi, M.
An elephant in the room: Twitter samplingmethodology.

Simona, A.; Bonaventura, L.; Pugnat, T.; Dalena, B.
High order time integrators for the simulation of charged particle motion in
magnetic quadrupoles



	qmox25-copertina
	mox-2018420141137
	Introduction
	The differential model
	Notation
	Darcy flow
	Governing equations
	Weak formulation

	Passive transport
	Bulk region
	fracture
	Transmission conditions
	Weak formulation
	Coercivity


	Discrete setting
	The Hybrid High-Order method
	Darcy flow
	Discrete bulk Darcy velocity unkonwns, bulk Darcy velocity reconstruction, and permeability-weighted product of Darcy velocities
	Discrete fracture pressure unknowns, fracture pressure reconstruction, and tangential diffusion bilinear form
	Discrete flow problem

	Passive transport
	Discrete bulk concentration unknowns, bulk concentration reconstruction, and molecular diffusion bilinear form
	Fracture concentration unknowns, fracture concentration reconstruction, and molecular diffusion bilinear form
	Darcy velocities and advection-reaction bilinear forms in the bulk region and in the fracture
	Passive transport problem

	Extension to the unsteady case

	Numerical results
	Convergence for a steady problem
	Analytical solution
	Error measures
	Results

	Unsteady transport with impermeable fractures
	Unsteady transport with permeable fractures


	qmox25-terza_di_copertina

