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Abstract

We address the spatial discretization of an evolution problem arising
from the coupling of viscoelastic and acoustic wave propagation phe-
nomena by employing a discontinuous Galerkin scheme on polygonal
and polyhedral meshes. The coupled nature of the problem is ascribed
to suitable transmission conditions imposed at the interface between
the solid (elastic) domain and the fluid (acoustic) domain. We state
and prove a well-posedness result for the strong formulation of the
problem, present a stability analysis for the semi-discrete formulation,
and finally prove an a priori hp-version error estimate for the resulting
formulation in a suitable (mesh-dependent) energy norm. The conver-
gence results are validated by numerical experiments carried out in a
two-dimensional setting.
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Introduction

This work is devoted to the development and analysis of a discontinuous
Galerkin (dG) method [1-4] for an evolution problem modeling the coupling
of viscoelastic and acoustic wave propagation phenomena. Such kind of prob-
lems arise, for example, in a geophysics framework, namely in the modeling
and simulation of seismic events near coastal environments. Other contexts

*This work has been supported by SIR Research Grant no. RBSI14VTOS funded by
MIUR - Italian Ministry of Education, Universities, and Research.

fpaola.antonietti@polimi.it

fCorresponding author, francesco.bonaldi@polimi.it

$ilario.mazzieri@polimi.it


mailto:paola.antonietti@polimi.it
mailto:francesco.bonaldi@polimi.it
mailto:ilario.mazzieri@polimi.it

in which this problem plays a major role are the modeling of sensing or
actuation devices immersed in an acoustic fluid [5], as well as medical ultra-
sonics [6]. In practical applications, the underlying geometry one has to deal
with is remarkably complicated and irregular; considering a conforming tri-
angulation would therefore be computationally very expensive. We are thus
led to consider a space discretization capable to reproduce the geometrical
constraints under consideration to a reasonable extent of accuracy, without
being at the same time too much demanding. Such discretization is then per-
formed using general polygonal or polyhedral (briefly, polytopic) elements,
with no restriction on the number of faces each element can possess, and pos-
sibly allowing for face degeneration in mesh refinement. The dG method has
been recently proven to successfully support polytopic meshes: we refer the
reader, e.g., to [7—13], as well as to the comprehensive research monograph
by Cangiani et al. [14]. In addition to the dG method, several other methods
capable to support polytopic meshes, such as the Polygonal Finite Element
method [15-18], the Mimetic Finite Difference method [19-22|, the Virtual
Element method [23-26], and the Hybrid High-Order method [27-31].

An elasto-acoustic coupling typically occurs in the following framework: a
domain made up by two subdomains, one occupied by a solid (elastic) body,
the other by a fluid (acoustic) one, with suitable transmission conditions
imposed at the interface between the two. The aim of such conditions is to
account for the following physical properties: (i) the normal component of
the velocity field is continuous at the interface; (ii) a pressure load is exerted
by the fluid body on the solid one through the interface. In this paper,
the unknowns of the problem are the displacement field in the solid domain
and the acoustic potential in the fluid domain; the latter, say ¢, is defined
in terms of the acoustic velocity field v, in such a way that v, = —V.
However, other formulations are possible; for instance, one can consider a
pressure-based formulation in the acoustic subdomain [6], or a displacement-
based formulation in both subdomains [32].

In a geophysics context, when a seismic event occurs, both pressure (P) and
shear (S) waves are generated. However, only P-waves (i.e., whose direction
of propagation is aligned with the displacement of the medium) are able
to travel through both solid and fluid bodies, unlike S-waves (i.e., whose
direction of propagation is orthogonal to the displacement of the medium),
which can travel only through solids. This explains the reason for considering
the first interface condition. On the other hand, the second one accounts for
the fact that an acoustic wave propagating in a fluid domain of density p,
gives rise to an acoustic pressure field of magnitude p,|¢|, ¢ denoting the
first time derivative of the acoustic potential.

Mathematical and numerical aspects of the elasto-acoustic coupling, or fluid-
structure interaction in a more general sense, have been the subject of an



extremely broad literature. We give hereinafter a brief overview of some of
the research works carried out so far in this field.

Barucq et al. [33] have characterized the Fréchet differentiability of the
elasto-acoustic field with respect to Lipschitz-continuous deformation of the
shape of an elastic scatterer. The same authors [34] have also proposed
a dG method for computing the scattered field from an elastic bounded
object immersed in an infinite homogeneous fluid medium, employing high-
order polynomial-shape functions to address the high-frequency propagation
regime, and curved boundary edges to provide an accurate representation
of the fluid-structure interface. Bermitdez et al. [32] have solved an in-
terior elasto-acoustic problem in a three-dimensional setting, employing a
displacement-based formulation on both the fluid and the solid domains,
and a discretization consisting of linear tetrahedral finite elements for the
solid and Raviart—Thomas elements of lowest order for the fluid; a further
unknown is introduced on the interface between solid and fluid to impose
the trasmission conditions. Brunner et al. [35] have treated the case of thin
structures and dense fluids; the structural part is modeled with the finite
element method, and the exterior acoustic problem is efficiently modeled
with the Galerkin boundary element method. De Basabe and Sen [36] have
compared Finite Difference and Spectral Element methods for elastic wave
propagation in media with a fluid-solid interface. Fischer and Gaul [37] have
proposed a coupling algorithm based on Lagrange multipliers for the simula-
tion of structure-acoustic interaction; finite plate elements are coupled with
a Galerkin boundary element formulation of the acoustic domain, and the
interface pressure is interpolated as a Lagrange multiplier, thereby allowing
for coupling of non-matching grids. Flemisch et al. [5] have considered a
numerical scheme based on two independently generated grids on the elastic
and acoustic domains, thereby allowing as much flexibility as possible, given
that the computational grid in one subdomain can in general be consider-
ably coarser than in the other subdomain. As a result, non-conforming grids
appear at the interface of the two subdomains. Mandel [38] has proposed
a parallel iterative method for the solution of the linear equations result-
ing from the finite element discretization of the coupled fluid-solid systems
in fluid pressure and solid displacement formulation, in harmonic regime.
Ménkola [39] has examined the accuracy and efficiency of the numerical so-
lution based on high-order discretizations, in the case of transient regime.
Spatial discretization is performed by the Spectral Element method, and
three different schemes are compared for time discretization. Péron [40] has
presented equivalent conditions and asymptotic models for the diffraction
problem of elastic and acoustic waves in a solid medium surrounded by a
thin layer of fluid medium in harmonic regime. Other noteworthy references
in this field are [41-48].

At the best of our knowledge, in all of the aforementioned works a well-



posedness result for the mathematical formulation of the coupled problem
cannot be found; and in general, a contribution in this direction has not
yet been addressed in literature. In this work, the proof of existence and
uniqueness for a strong solution is accomplished in a semigroup framework,
by resorting to the Hille—Yosida theorem.

The rest of the paper is organized as follows. In Section 1 we give the
formulation of the problem and prove the existence and uniqueness of the
solution under suitable hypotheses on source terms and initial values. In
Section 2 we introduce the discrete setting, with particular reference to the
assumptions on the polytopic mesh. In Section 3 we present the formulation
of the semi-discrete problem. In Section 4 we prove the stability of the
semi-discrete formulation in a suitable energy norm. In Section 5, we prove
hp-convergence results (with A and p denoting, as usual, the meshsize and the
polynomial degree, respectively) for the error in the energy norm. Finally,
in Section 6, we present some numerical experiments carried out in a two-
dimensional setting to validate the theoretical results. The proofs of two
technical lemmas are postponed to Appendix A.

General notation

In what follows, scalar fields are represented by lightface letters, vector fields
by boldface roman letters, and second-order tensor fields by boldface greek
letters. We let Q < R?, d e {2, 3}, denote an open bounded convex domain
with Lipschitz boundary, given by the union of two open disjoint bounded
convex subdomains 2. and (), representing an elastic and an acoustic do-
main, respectively. We denote by I't = 092 n 082, the interface between the
two domains, also of Lipschitz regularity and with strictly positive surface
measure. We assume that the following partitions hold: 0. = I'ep U I';
and 0, = I'yp U I't, where I'.p and I'yp also have strictly positive sur-
face measure, and I'ep nI'1 = @& = I'yp n I'1. We further denote by n.
and n, the outer unit normal vectors to 0€2. and 02, respectively; thereby,
ne = —n, on I'y (cf. Fig. ??). For X < Q, we write L?(X) in place of
L*(X)?, with scalar product denoted by (-,-)x and associated norm |-|x.
Analogously, we write H'(X) in place of H!(X)? for Hilbertian Sobolev
spaces of vector-valued functions with index [ > 0, equipped with norm
I-l1.x (so that |-o.x = ||x on H°(X) = L*(X)). Given an integer p > 1,
Zp(X) denotes the space spanned by polynomials of total degree at most p
on X. Given a subdivision T} of €2 into disjoint open elements x such that
Q= Ukes, R+ We denote by

Po(Th) = {ve LX) : V) € Pp, (k) Vi € T}



the space of piecewise polynomial functions on ¥y, with p = (px)rez,. Fi-
nally, for 7' > 0, we let (0,7] denote a time interval. For the sake of read-
ibility we omit, at times, the dependence on time ¢ € (0,7"]. The first and
second time derivatives of a scalar- or vector-valued function ¥ = W¥(t) are
denoted by ¥ and U, respectively.

1 The elasto-acoustic problem

The elasto-acoustic problem is formulated as follows: for sufficiently smooth
loads per unit volume f, and f,, and initial conditions (ug, w1, o, 1), find
(u, ) such that:

el + 2pcCtt + peCPu — dive(u) = f. in Q. x (0,77,
u=0 on Tep x (0,77,
o(u)n. = —papne on I't x (0,77,
u(()) = ug, in Qea
u(0) = uy in Q;
| (1)
= Do = fa in Qg x (0,77,
¥ = on I'yp x (OaT]7
0p/on, = —t-n, on I't x (0,T7];
©(0) = o, in Qq,
(p(O) = Y1 in Qa.

Here, u: Q. x[0,T] — R? and ¢: Q,x[0,T] — R represent the displacement
vector and the acoustic potential, respectively. Moreover, ( = 0, ( € L*(Q),
is a damping factor, p, is the density of the elastic body €2, with 0 < p; <
pe < pf < 4w ae. in Q, o(u) = Ce(u) is the Cauchy stress tensor,
with C the fourth-order, symmetric and uniformly elliptic elasticity tensor,
and e(u) = § (Vu + Vul) is the strain tensor. Also, we denote by p, the
density of the acoustic region g, with 0 < p; < pg < pf < 400 a.e. in Q,
and by ¢ > 0 the speed of the acoustic wave. Notice that the coupled nature
of the problem is to be ascribed to the trasmission conditions imposed on
I't x (0,7T]. The first one takes account of the acoustic pressure exterted by
the fluid onto the elastic body through the interface, whereas the second one
expresses the continuity of the normal component of the velocity field at the
interface.



Let us now introduce the Hilbertian Sobolev spaces

HL(Q.) ={ve H(Q,):v=0o0nT.p},

HEH(Q) = {ve HY(Q,) :v=0onT,p},
A ) . ) (2)
H: (Q.) = {ve L (Q) : divCe(v) € L*(Q)},

H2(Q,) = {ve L} () : Ave L2(Q,)}.

The existence and uniqueness of a strong solution to (1) can be inferred in the
framework of the Hille—Yosida theory. In particular, the following theorem
holds.

Theorem 1.1 (Existence and uniqueness). Assume that the initial data have
the following regularity:

ug € HE () 0 Hp (), uy € Hp(Q0),
wo€ HA(Q) n Hh(Q), 1€ Hp(Ra),

and that the source terms are such that
fee CH[0, T L*(Q)),  fa€ CH([0,T]; L*()).
Then, problem (1) admits a unique strong solution (u, @) such that

we C%([0,T]; L*()) n CH([0,T]; HEH(2))
A CO([0,T); HE () n Hp (),

@€ C*([0,T]; L*(Q4)) n C*([0,T]; Hp())
A CO[0,T]; H® (Q4) N Hb ().

Remark 1.2 (Boundary conditions). We consider formulation (1) for ease
of presentation, but more general boundary conditions, such as Dirichlet
and Neumann nonhomogeneous conditions, can be taken into account. In
this case, suitable trace liftings of boundary data have to be introduced, by
resorting to a one-parameter family of static problems (where the parameter
is time). Then, a result analogous to (3) holds provided boundary data have
C3-regularity in time [49, Theorem 1.1].

Remark 1.3 (Convexity). The above result also holds without any convexity
assumption on either € or the subdomains 2. and €2,. On the other hand,
this hypothesis is necessary to ensure that the exact solution (u, ) is (at
least) H2-regular, so that the traces of Vu and V¢ on (d — 1)-dimensional
simplices are both well defined, in view of the forthcoming analysis of the
semi-discrete problem (cf. Section 3).



Proof of Theorem 1.1. Let w = 4, ¢ = ¢, and U = (u,w, ¢, ). We intro-
duce the Hilbert space

H=H}(Q) x L*(Q) x HH(Q4) x L*(Qa),
equipped with the following scalar product:

(U, Us)m = (peCPur, uz)q, + (Ce(ur), e(uz))g, (4)
+ (pewr, w2)q, + (pa V1, Vpa)a, + (¢ 2padt, 92)q, -

Then, we define the operator A: D(A) ¢ H — H by
AU = (—w, 2w + (Pu — p; div Ce(u), —¢, —c*LAp) YU € D(A),

where the domain D(A) of the operator is the linear subspace of H defined
as follows (cf. definition (2)):

D(A) = {U e H: ue HE(Q), we HY(), pe H ), ¢ € Hb(R);

(Ce(u) + pa¢pI)ne =0on T, (Ve +w)n, =0on FI}.

(5)
Finally, let

F = (Onoe_lfevo’ C2fa)'
Problem (1) can then be reformulated as follows: given F € C([0,T7]; H)
and Up € D(A), find U € C1([0, T]; H) n C°([0,T]; D(A)) such that

Yy auw) = 7y, e (0,11,

dt
U0) = Up.
Owing to the Hille-Yosida Theorem (see e.g. [50, Chap. 7]), this problem is
well-posed provided A is maximal monotone, i.e., (AU, U)g = 0 VU € D(A)
and I + A is surjective from D(A) onto H. By the definition (4) of the scalar
product in H, we have
(AU,Z/[)H = (_pQCQwvu)Qe + (-(CE(’UJ),E(U))QE
+ (2,06C’w + peC?u — div Ce(u), 'w)QP
+(=paVe, V)o, + (—paldip, d)a,-

Taking into account the definition (5) of the domain D(A) and integrating
by parts, we obtain

(AU U = (2peCw, w)g, =0,



i.e., Aismonotone. It then remains to verify that, for any F = (Fy, Fs, F3, Fy)
€ H, there is (a unique) U € D(A) such that U + AU = F, that is,
u—w = Fy,
(1+20)w + C*u — p; 'divCe(u) = F,
¢ — ¢ = Fs,
¢ — Lo = Fy.

(6)

The first and third equations allow to express w and ¢ in terms of u and
p, respectively; substituting these two relations in the other two equations
gives

(C+1)%u — p;tdivCe(u) = (1 + 20)Fy + Fy, )
o — N = F3 + Fj.
Since n, = —n, on I', and owing to the first and third equations of (6) and
to the transmission conditions on I't embedded in the definition of D(A), the
variational formulation of the above problem reads: find (u,¢) € H} () X
HE(9,) such that, for any (v,v) € Hp(Qe) x Hb(Qa),

d((“v@)? (U,¢)) = .,2”(1),1/1),

where

A ((u, ), (v,)) = (pe(¢ + 1)’u,v)q, + (Ce(u),e(v))a, + (paPre, v)r,
+ (pac” %0, 9)q, + (pa Ve, Vo, — (patt-ne, ¥)r,

and

j('U, 71)) = (pe(l + 2C)F1 + peFy, U)Qe + (paane, v)FI
+ (pac 2 (Fs + Fi), )0, — (paFi-me, ¥)r;.

This problem is well-posed owing to the Lax—Milgram Lemma (notice, in
particular, that the bilinear form &7 is coercive since the interface contribu-
tions vanish when v = w and ¢ = ¢). In addition, thanks to equations (7)
we infer that u € H@(Qe) N HL(Q) and p € HA(Q,) N Hp (). This in
turn gives (w, ¢) € H} () x HL () thanks to the first and third equations
of (6). Thus, U € D(A) and the proof is complete. O

With a view towards introducing the semi-discrete counterpart of (1) and to
carry out its analysis, we observe that the solution given by (3) satisfies the
following weak form of (1): for any t € (0,T], and all (v,v) € Hp(Q) x
Hb(Q),

(peii(t), v)a, + (¢ 2paB(t), ¥)a, + (2peCu(t), v)a, + (peCPul(t), v)o,
+ Ac(u(t), v) + Aa(p(t), V) + Ze($(1), v) + Za((t), ) (8)
= (fe(t),v)a. + (fa(t), V),



Here, the bilinear forms A.: H}‘j(Qe) HL(Q) — R, I.: HH(Q,) x
HL(Q) — R, Ag: HY(Q0)x H(Qu) — R, and Z,: HY(Q.) x H(Q4) — R

are defined as follows:

Ae(uav) = (CE(U),E(’U))Qe, Ie(q/}"u) = (Pal/meav)rn
Aa(@ﬂﬁ) = (paV(Pv Vw)Qav Ia(”ﬂﬁ) = (PaU'na,¢)F1-

Notice that we have multiplied the second evolution equation by p, to ensure
(skew) symmetry of the two interface terms (since n, = —ne).

2 Discrete setting

Assuming that €. and 2, are polygonal or polyhedral, we now introduce
a polytopic mesh 7, of meshsize h over 2. We denote by h, the diameter
of an element k € T,. We assume that 7, is compliant with the underlying
geometry, i.e., the decomposition 7, = T,¢ U T;* holds, where 7,¢ = {x €
Th :RCQ}and’];l“—{/ie’ﬁL ECQ} We assume that C and p, are
element-wise constant, and set

= (IC”R). VreTy, (9a)

Par = Pal|x Vk € 77111;
here we have denoted by |-|2 the operator norm induced by the ¢2-norm on
R™ with n the dimension of the space of symmetric second-order tensors
(n=3ifd=2,n=6if d = 3). With each element of 7, (7,*), we associate

a polynomial degree pe, = 1 (pax = 1). We then introduce the following
finite-dimensional subspaces:

Vie = (2 (TON = {vn € LX) : v € [P, ()] Ve Ty}
Vit = Ppu(Ti) = {tbn € L2 Q) : Ypjs € P, (k) Ye € T}
For an integer [ > 1, we also introduce the broken Sobolev spaces
H(T?) = {v e L*(Q) : v, € H'(k) Vi e Th} :

HY(T) = {¢ € L(Q) : ¢, € H' (k) Vi e 7;3} .

Henceforth, we often write * < y and = 2 y in place of x < C'y and = >
Cy respectively, for C' > 0 independent of the discretization parameters
(polynomial degree and meshsize), as well as of the number of faces of a
mesh element, but possibly depending on material properties, such as C, pe,
¢, and pyg.



2.1 Grid assumptions

We term interface of Tp, the intersection of the boundaries of any two neigh-
boring elements of 7. This definition allows for the treatment of situations
where hanging nodes or edges are present. Therefore, for d = 2, an interface
will always consist of a piecewise linear segment. On the other hand, for
d = 3, an interface will be given by the union of general polygonal surfaces;
we thereby assume that each planar section of a given interface may be sub-
divided into a set of co-planar triangles. We refer to such (d—1)-dimensional
simplices (line segments for d = 2, triangles for d = 3), whose union deter-
mines an interface of 7y, as faces. We denote by Fj, the set of all faces of 7},.
Also, let
Thi={keTy:0kn T # &}

denote the set of elements sharing a part of their boundary with I't, and
Ty =Than Ty, Ty = Tha 0 T, We then define the set of faces laying on
I'1 as follows:

Fni={F € Fp: Fcor®nok k€ Ty, v°€ T}

Hence, we assume the following decomposition: Fj, = Fj u Fj,1 U Fj, where

F7 and F} collect, respectively, all faces of 7;¢ and of 7;* that do not lay

on I't. Further, 7 and F}' are decomposed as follows: Ff = Fp"' U f;’b,
h = f;f’l v f;’b, where .7:,3’1 and ]:;11’1 collect the internal faces of T;° and
a

', respectively, and ]:;’b, fﬁ’b collect the boundary faces of T, and T;?,
respectively.

We can now proceed to state the main assumptions on 7y, referring to [11,
14] for further details.

Assumption la. Given an element k € T, there exists a set of nonoverlap-
ping (not necessarily shape-regular) d-dimensional simplices {/ﬁ;f Yok € K,
such that, for any face F' < 0k,

: d|ry | . F
(i) hy < \Fb] , (ii) U Rl C R,
Fcok

where the hidden constant is independent of the discretization parameters,
the number of faces of k, the measure of F', and the material properties.
Remark 2.1 (Number of faces and degenerating faces). Notice that no re-
striction is imposed by Assumption la on either the number of faces of an
element, or the measure of the face of an element with respect to the diam-
eter of the element itself. Therefore, the case of faces degenerating under
mesh refinement can be considered as well.

10



We recall that, under Assumption la, the following trace-inverse inequality
holds for polytopic elements:

Vi € Th, Yo € Pp(k), V] r2(0m) < Ph 0] 12 (10)
where the hidden constant is independent of the discretization parameters,
the number of faces per element, and the material properties [11, 14].

Assumption 1b. Let 721 = {K} denote a covering of Q = Q. U, consisting
of shape-regular d-dimensional simplices K. We assume that, for any k € Ty,
there exists K € ’7;? such that x ¢ K and

maxcard{/i’eﬂl KK #J, lCe’Ef such that HCIC}

KETH
is uniformly bounded; and that, for each pair k € Ty, K € 771jj with x c IC,
diam(K) < hy,

where the hidden constant is independent of the discretization parameters
and of the material properties |8, 14].

Assumption 1c. Let k1, k™ be any two neighboring elements of 7;,. We as-
sume the following hp-local bounded variation property for both the meshsize
and the polynomial degree:

b+ < hy— < hg+y  Put S Pr— S Dits

where the hidden constant is independent of the discretization parameters,
the number of faces per element, and the material properties [51].

3 Semi-discrete problem

Before stating the dG formulation of the semi-discrete problem we introduce
the following average and jump operators [1, 52|. For sufficiently smooth
scalar-, vector- and tensor-valued fields ¢, v, and 7, we define averages and
jumps on an internal face F € F;' v F)"', F < 0k™ n 0k~ with £ and k-
any two neighboring elements in 7,° or 7;%, as follows:

[Vl = v'nt +on, ) A
[l =v" on* v @n, o) =0
[r]=7"nt +177n", {r} = T+;T_,

11



where a ® b denotes the tensor product of a,b € R?, and 9%, v and 7%
denote the traces of ¢, v and T on F taken from the interior of k%, and
n* the outer unit normal vector to dx*. When considering a boundary face
FeFoP O FP we set [¢] = ¢m, [v] = v®@n, [r] = mn, and {} = b,
{v} =v, {r} = 7. We also use the shorthand notation

(@)= > (&, V)p,  [@r=(2,)f
FeF

for scalar, vector or tensor fields ® and ¥ and for a generic collection of faces
F < Fh.

The semi-discrete approximation of problem (8) reads: find
(un, n) € C([0,T];V,E) x C%([0, T1;V;%) such that, for all (vp,, ¢p) € ViEx V2,

(peiin(t), vn)a, + (€2 paBr(t), ¥n)a, + (20¢Un(t), vi)a. + (pCun(t), vp)a,

+ A (un(t), vn) + A5 (on(t), ¥n) + T (&n(1), vn) + Iy (wn(t), ¢n)
= (fe(t);vn)a. + (fa(t); V),
(11)
with initial conditions (up(0), @ (0), ¢4 (0), ©r(0)) = (wo.h, W1k, P0O.Ks ©1,0) €
Ve x ViP x Vi@ x V)¢, where the bilinear forms Ay, : V¢ x V) - R, A} : V;* x
Vit > R, Z;: V@ x Vi > Rand Zj: Vi° x Vi' — R are given by
A (u,v) = (on(u), en(v))o, — {on(w)}, [v])x
(Ll Aon@) Y + llul [o]r;  Vawe VE,

Ai(@,¥) = (pa Vo, Vih)a, = fpaVieh, [¥]) 7o
— Il fpa Vi) ro + Xllel [¥D7a Yo, € Vi,

Iﬁ&ba”) = (Pcﬂ/mev’v)rl = <pa¢'nfe,'v>]_‘h’I V(w,’v) € Vha X Vhe,
I/Z(’UJ/J) = (Pa'v‘navd’)l“l = —IZ(T/%’U) V(’U,¢) € Vhe X ‘/(hau)
12

with V}, the usual broken gradient operator on 7. We point out that the
last identity in (12) holds due to the fact that n, = —n.. Here we have set,
for any integer [ > 1 and any v € H/(T;¢) o V}¢,

ep(v) = % (th + Vh’UT) ,
op(v) = Cep(v).

The stabilization functions ne L*(F;) and x € L*(F}') are defined as fol-

12



lows:

( @szn e,i + _
o max _ VEeF, FCok™ ndk™,
ke{rt,k™} P
e =19 _ ) (13a)
C
wPen YFeF Fcom
Iy
Pa,nPa -
B max <W> VFeF,', Fcoktnik,
ke{rt,k™} P
X\F = A B ) (13b)
% VFe FP, Fc ok
\ K

where «a, 8 > 0 are positive constants to be properly chosen. We now intro-
duce the following norms:

[oldc.e = ICen(@)E, + In[v]lF:  Vve H'(T) 2V,
lollic.e = Ivldc.e + In~ " {Cen()}3: Vv e HA(Ty),

h

[013c.a = lpd*Vav b, + IXPTelIF: Ve e H'(T)
I¥l3c.a = [¥lic.a + X {pa Vi }Zs Vi€ H(T).

The following result follows based on employing standard arguments.

D Vha,

Lemma 3.1 (Coercivity and boundedness of Aj and Af). Provided that
Tr satisfies Assumption 1a, and that constants o and 8 in (13a)—(13b) are
chosen sufficiently large, the following continuity and coercivity bounds hold:

Aj(u,v) < |ufagelvace — Vu,veVy,
2 (14a)
Aj(v,v) 2 [v]ic.e Vv e Vi,
Ap(p,¥) < |ellacaltllaca Yo, € Vi, (14b)
A, 9) 2 [¥]3c.q Vi e V.
Moreover,
A (w,v) S [|lwlygclvlace  V(w,v) e H*(T) x Vi, (15)

An(0,9) S lellagal¥laca V(.)€ HA(T) x Vii.

As a consequence of (14a)—(14b), whose proof hinges on Lemma A.1, problem
(11) is well-posed.

4 Stability of the semi-discrete formulation

In this section we prove a stability result for the semi-discrete problem
(11) (see |51, 53, 54| for the purely elastic case). Let W = (v,v) €

13



C([0,T7; Vi) x CL([0,T7]; V}2); we introduce the following mesh-dependent
energy norm
W @)[2 = [v@)]Z + lv@)Z, (16)

where ) ) ) ) ) )
o2, = o003, + p2Co )8, + lv®)ic..

[e@®IZ, = le™ P @)1, + 1¢(OlEc.q
Remark 4.1 (Energy norm). The definition of the energy norm does not take

into account the interface terms. The reason is related to the fact that, as
observed previously, the bilinear forms Z; and Z; are skew-symmetric, i.e.,

T (v, ) = =I5 (¢, v) for all (v,¢) € Vif x V2.

Theorem 4.2 (Stability of the semi-discrete formulation). Let Uy, = (up, ¢n)
be the solution of (11). For sufficiently large penalty parameters o and 5 in
(13a) and (13b), respectively, the following bound holds:

ULl < 1URO)] e +L (Ife(lae + 1 fa(r)a.) dr,  t e (0,T].

Proof. Taking vj, = 1y, and ¢y, = ¢p, in (11), we obtain

(Petin, @n)o, + (20eCitn, @n)o, + (peCPun, @n)a, + (on(un),enlin))q,
— {on(un)}; lanl) ze — Munll, fon(@n) )z + lunl, [anl)x
+ (72 pahy ¢n)es + (0aVien, Vagn)o, — {paVien}, [onl) 7
—pallonl, {VroRY) 7o + Xlpnll (201D 70 = (Fes tn)a, + (fas én)au,

that is,

< (10nl — 2 (ontn)}. [, + Apa Voo, Tl ))

+ 2] p2C P, = (Fertin)a, + (far @n)an-

N | =

Integrating the above identity over the interval (0,t) we have

OO 2 (Honlun(®), [un D5, + HoaVrgn®}, [on(t)]) -
4] 10 (), dr = JULO)IE =2 (CAon(an(O) . [un O 5,
+ T OR LoDz ) +2 | (£u(r). (), o

+ 2L (fa(T)’ ¢h(T))QadT’

14



and, since the last term on the left-hand side is positive, we get

U0 — 2 (Aon@un)}, Fn D5, + HoaVaen®)}, LoDz, )
< [T O] ~ 2 (Hon(wn )}, [ OD g + ApaVaon()}, [on(0)] )

2 L (Fo(7), wn(7)) o, dr +2 L (fal7), h(7))q, dr-

From Lemma A.2 in the Appendix, we get

[OA®I = 2 (AonunE)}, [ua®Dz + HpaVaen®F, [on®)])5 )
2 [UL(1)2,
[T ()] = 2 (Con(un(O)}, [un )z + {paVren(O)}, [on (O] )
< |UR(0)]2,

where the first bound holds if the stability parameters a and [ are chosen
large enough. Consequently

U013 < [0 +2 | (Fe(r). () d+2 | (lr)onlr) g, dr
< |UL(0)[2 + fo | £om) e o8 (7)
# [ 1)l e onr
0

< U (0)[2 + f UFeln + 1 Fa()lon) [T dr,

where we have used the Cauchy—Schwarz inequality and the definition (16)
of the energy norm in the last two bounds. The assertion follows then by
employing Gronwall’s Lemma (see e.g. [55, p. 28]). O

5 Semi-discrete error estimate

The main subject of this section is the derivation of an a priori error estimate
for the semi-discrete coupled problem (11).

For an open bounded polytopic domain D < R%, and a generic polytopic
mesh ¥, over D, we introduce, for any s € ¥;, and m € Ny, the extension op-
erator &: H™ (k) — H™(R?) such that &v,, = v, &V gm ey < Cllv] gm ()
with C' > 0 depending only on m and . The corresponding vector-valued
version, mapping H™ (k) onto H™(R?), acts component-wise and will be

15



denoted in the same way. The result below is a consequence of the hAp-
approximation properties stated in [14, Lemmas 23 and 33| and of Assump-
tion 1c on local bounded variation.

Lemma 5.1 (Interpolation estimates). For any pair of functions (v,v) €
H™(Tf) x HY(T*), m = 2, n = 2, there exists a pair of interpolants
(vr,%r1) € Vi¢ x V% such that

2min(m,pe,x+1)—2
hi

v —vill3ge < D) L ] e
ReTE De,r

hZ min(n,pa,x+1)—2

Il = vrllice S D, 3 |6

KETZ a,k

2
n,C*

Additionally, if (v,v) € C*([0,T); H™(T,¢)) x C1([0,T); H(T,%)), m > 2,
n = 2, then

h2 min(m,pe,x+1)—2
K .
lvo—wrlf < ) 53 (16005 + 1€v17x)

KeTS De,r
2
nJg ) -

2min(n,pa,x+1)—2
hi

R Y

KeT® ak

ol X

We are now ready to state the main result of this section.

Theorem 5.2 (A priori error estimate in the energy norm). Let Assump-
tions la—1c hold. Assume that the exact solution of problem (1) is such that
(u,p) € C?([0,T]; H™(2)) x C%([0,T]; H*(%)), with m = 2, n > 2. Let
(un, pn) € C*([0,T]; Vi¢) x C*([0,T); V%) be the corresponding solution of
the semi-discrete problem (11), with sufficiently large penalty parameters o
and 8 in (13a)—(13b). Then, the following bound holds for the discretization

error B(t) = (ec(t), ea(t)) = (u(t) — un(t), o(t) — on(t)):

2min(m,pe,x+1)—2
i

sup |B(t)|z < sup | D] r— (€l + |Euliie) (A7)
te[0,T] te[0,T] KETE e,k
h2min(n,pa,,¢u+1)—2
K .
e (el + 18wl |+

KETR a,k

T h2 min(m,pe,x+1)—2
K oo .
n f D s (| + [E0l2 e+ [ Eul? )

0 KETY €K
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2min(n,pa,x+1)—2

hy ..
+ Z n—3 (H@@‘P

KET a,k

sk FlEln e + 1€l ) | dr.

Corollary 5.3 (A priori error estimate in the energy norm). Under the
hypotheses of Theorem 5.2, assume that h = max.e7;, hi >~ hy for any k € Ty,
Per = D for any k € T,¢, and pa, = p for any k € T,*. Then, if (u,¢) €
C%([0,T]; H™(Qe)) x C2([0,T]; H*(Q0)) withm = p+1 andn = p+1, the
error estimate (17) reads

h2p .
sup | E(t)[F < pzm_3< sup ([al7,.0, + lul7q.)

te[0,T

T
+mew+mm&+ua@w)
(18)
€lo, T

+ [ %J@.

Proof of Theorem 5.2. 1t is easy to see that the semi-discrete formulation
(11) is strongly consistent, i.e., the exact solution (u, ¢) satisfies (11) for any
te(0,T]:

h?P 2112 2
T oms | s (I2l7.0, + I¢ln0,)
t

ma. + 12050, + e

(peii, v)q, + (€ 2paB, ¥)a, + (2040, v)q, + (pelu, v)o,
+ A (u,v) + Ag (0, %) + T (p,v) + T (4, 9)
= (fevv)Qe + (favw)QM V(Uﬂﬁ) € ‘/vhe X Vf?

Subtracting (11) from the above identity, we obtain the error equation:

(Pe€e,v)q, + (C_Qpaéa;¢)9a + (2peCée, v), + (peC2ee,U)Qe
b A5 (0 0) + A (e ) + T (b0, v) + T2 (e, ) = 0, V(w,) € ViF x Vi
We next decompose the error E = (e, e,) as follows: E = E; — Ej, with

E; = (er,er) = (u—ur,o — 1), and By, = (ep,en) = (un — ur, ¢ — ¢1),
(ur,¢r) € Vi¢ x V% being the interpolants defined as in Lemma 5.1. By
taking as test functions (v,1) = (€&, €y), the above identity reads then

(Pehr €n)a. + (€2 paén, én)a, + (2peCen, €n)a, + (peCPen, €n)o,
+ AZ(G}“ eh) + A(}Il(efh eh) + I}ez(éha eh) + Iﬁ(éhv eh)

= (pe€r,én)a, + (¢ 2par, én)a, + (20eCer, en)a, + (peCer, én)a,
+ .A,el(e[, éh) + .A%(GI, éh) + Iﬁ(é[, éh) + I;;(é[, éh).

17



Using the Cauchy—Schwarz inequality to bound the terms on the right-hand
side, the above estimate can be rewritten as

; i (”EhH£ —2{{{on(en)}. [enl)re — 2{{paVhen}, [[eh]]>fa)

+2lol2¢ enlh, < el lenle, +lérle,lenle, +210Y2¢ e rla, 03¢ 2enlla,
+ Af(er én) + Afi(er,én) + T (ér,€n) + Ii(er. én) + (0C%er, én)a,
This inequality can be further manipulated by observing that
2 p*¢Perla. lpl*¢Penla. < [pCPerld, + 10*¢enl?,;
thereby we obtain

%% (||Eh|\§ —2{{on(en)}, lenl) 7 — 2{{raVaen}, [[6h]]>fa>

+ |lp2¢ R enlB, < lerle.lenlle. + lérle, lenlle, + 1022¢er |3,
+ A (er, en) + Afi(er, én) + Z5(ér, €n) + Zi(ér, én) + (pCPer, én)a.

Since Hp62 V2¢ HQ 0, integrating in time between 0 and ¢, using Lemma

A.2, and choosing the projections of the initial data such that e;(0) = ug p—
(uo)r = 0 and €;,(0) = o — (po)r = 0, we get

t
| Enlz < L (lerlellenle. + lerle. lenle,) dr + j lod?¢ " erlg, dr

t t
+ J (,OBCZBI, éh)QEdT + J (Afb(ej, éh) + AZ(@[, éh))dT
0 0

t
+J (Zg(ér, en) + Ti(er,én))dr. (19)
0

Performing integration by parts in time between 0 and ¢ on the third term
on the right-hand side, and using the fact that e, (0) = 0, e,(0) = 0 and the
definition (16) of the energy norm yields

t

t
f (peCier, én)o.dr = (peCler(t), en(t))a. —f (peC2er, en)o.dr
0 0
t
< llerfe.llenls. +J lér]e. llen]e.dT.
0

Analogously, using the continuity of bilinear forms A7 and A} expressed by
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(15), and the definition (16) of the energy norm, we obtain

f() (.AZ(G[,éh) + AZ(eI,éh))dT = AZ(G[(i),eh@)) + AZ(eI(t),eh(t))

t
— fo (A5 (é1,en) + Af(é1,ep))dr

S llerllac.e

lenlle. + llerllac.allenlle.

t
n f (lerllacelenle. + llérllag allenls,)dr.

We now seek a bound on the fifth term on the right-hand side of (19).
Focusing on the bilinear form Zj (cf. definition (12)), we have

Ti(ér,én) = Y, (pabrne,én)r < Y, lpatilrlénlr

FeFp1 FeFy 1

< Z |Erllona | €nllone
5‘367’,{3717 maeT,ﬁI

—1 . .

S Y pewehylerlons enlne
f-ﬁeeTheJ, H“E'ThaJ

< h_1/2 .

< Parhy Pl érllox |llen]e.,

a
/167—,111

where we have used the Cauchy—Schwarz inequality, the trace-inverse in-
equality (10), the definition (16) of the energy norm, and, in the last bound,
Assumption 1c on hp-local bounded variation. Hence, we have

t ¢ t
[[zenenars [ (% matilerles)lenledr = [ Fpeenienls.an
0 0 \ &7, 0
(20)
Recalling that Zj'(ér,én) = —Z; (én, ér), with completely analogous argu-
ments we obtain

t t t
f Ti(er, én) dr < f ( 3 pe,nh:/ﬂéfran) lenlle.dr = j Te(en)enledr.
0 0 0

HE'TheJ
(21)
Substituting the above bounds into (19), we get

t
1B < (lerle. + llerlag..) lesle. + lerlugalenle, + | 1o c! a3, ar

t
n fo (lerle. + llérllag. + TEEnD) lenls.dr
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t
n f (Ierle, + Nlérllaca + T2(0)) lenleadr.

Observe now that |en|s, < |En|e and |enlls, < |En|e. Thanks to Young’s
inequality we have

€ 9 1 2
(lerle, + llerllac.c) leale. < Slenl?, + 5= (lerle, + llerllac.c)

€ 1 2
< 1B + L (lerl?, + llerlia.)

enlle, < SIEwE + o=llerll3

llerllac.a
Choosing € such that 1 — %Ce > (0 and ¢ such that 1 — %0(5 +¢€) >0,C
being the hidden constant in (19), we infer that

t
2 2 .
|EnlZ < lerl?, + llerllac,e + llezlldc o +L lpe>¢erd, dr

t
+ | (lerle. + el + T

lérle, + Nerllag.a + Ti(en) 1 Bnle dr.

Upon setting
2 2 2 T 1 1 2
G= sup (lerlh, + llerlic, + llerlica) + [ lot¢ 213, dr,
te[0,77] 0

and applying Gronwall’s Lemma [55, p. 28] along with Jensen’s inequality,
we get

T

B2 <G+ f

. . 2 .
- (lerlz, + llerllie,. + e

lerlt, + lerllieq + Tien?) dr. (22)

Owing to hp-approximation boundary estimates [14, Lemma 33|, we infer

that
hmin(pa,,q+1,n)—1
K

TN s ), =16k,
KET)'y Pa,x
hmin(pe,,.@—i-l,m)—l
. K .
gens Y M ful
567;31 Pe,x

(cf. (20) and (21)). Applying the bounds of Lemma 5.1 to estimate the
energy- and dG-norms in the right-hand side of (22), observing that | E(t)[2 <
2(|En(t)|2 + | Er(t)|2) Vt € [0,T], applying again the bounds of Lemma 5.1
to estimate the second addend, and taking the supremum over [0,7"] of the
resulting estimate, the thesis follows. O
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6 Numerical examples

In this section we solve problem (1) for ¢ = 0 in the rectangle Q = (—1,1) x
(0,1) on polygonal meshes' such as the one represented in Figure 1. Numer-
ical experiments have been carried out both to test hp-convergence (besides
validating numerically estimate (18) by computing the dG-norm of the error,
we also check convergence of the method in the L2-norm) and to simulate a
problem of physical interest, where the system is excited by a point source
load in the acoustic domain. In all cases, we assume that Q. = (—1,0) x(0,1)
is occupied by an isotropic material, i.e., C is such that

o(u) =2pe(u) + A(divu)l,

with g and A Lameé coefficients, both constant over 2., and €2, = (0,1)x(0,1)
is occupied by a fluid with constant density p,. The interface is thus given
by I't = {0} x [0,1]. The time discretization employed is always a leap-frog
centered scheme, as in [51]. The timestep will be precised depending on
the case under consideration. In all of the numerical experiments, all the
physical quantities involved are supposed to be dimensionless.

In Sections 6.1 and 6.2 we choose, as in [6], u = 26.29, A = 51.20, p, = 2.7,
pe=1,and c=1.

6.1 Test case 1

In this test case, the right-hand sides f. and f, are chosen so that the exact
solution is given by

w(z,y;t) = 2% cos(v/2rt) cos (5:13) sin(7y) u, (23)

o(x,y;t) = 22 sin(v/2nt) sin(wz) sin(7y),

where @ = (1,1). The timestep is here set to At = 107%, and the final
observation time is set to T = 1. Notice that, in this case, both the left-
and right-hand sides of the transmission conditions on I't (cf. (1)) vanish,
as well as the unknowns v and ¢ themselves. Figure 2 shows convergence
results in the dG- and L2?-norms respectively, for four nested, sequentially
refined polygonal meshes (the coarsest mesh containing 80 elements, the
finest 5120), when polynomials of uniform degree p = 2 are used on any
element. The numerical results concerning the dG-error show asymptotic
convergence rates that match those predicted by estimate (18). Also, as it
is typical for dG methods, the L%-error turns out to converge in hP*! (see,
e.g., [54, Theorem 2| for the case of the elastodynamics equation).

"Meshes have been generated using PolyMesher [56].
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-1 0 1 x

Figure 1: Computational domain and mesh made up by 120 polygons.

Figure 3 shows convergence results in a semilogarithmic scale, in the dG- and
L?-norms respectively, for a fixed mesh given by 300 elements and a uniform
polynomial degree ranging from 1 to 5. Since the exact solution is analytical,
the error undergoes an exponential decay, as predicted, for instance, by the
theory of Spectral Element methods (see e.g. [55, Chapter 10]).

6.2 Test case 2

We now choose the right-hand sides f. and f, so that the exact solution is

given by
u(z,y;t) = (COS <4;:U>, cos (4:::>) cos(4mt), (24)
o(z,y;t) = sin(4rx) sin(47t),

where

[A+2u m
cp = and cg =,/ —
Pe Pe

are the velocities of pressure and shear waves in the elastic domain, re-
spectively. The same test has been carried out in [6] using a Spectral El-
ement discretization; the choice of material parameters is also the same as
in the previous test case. In this case, on I'1, both the traction o(u)n.
and the acoustic pressure —pqpn. vanish; on the other hand, we have
dp/on, = —1 - ng = 4msin(4nt). The timestep is, again, set to At = 1074;
on the other hand, the final observation time is in this case set to T' = 0.8,
to ensure that none of the two unknowns uw and ¢ be identically zero when
dG- and L?-errors are computed.

Figure 4 shows convergence results in the dG- and L?-norms respectively,
for four nested, sequentially refined polygonal meshes (the coarsest mesh
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Figure 2: dG-error and L?-error vs. h for four sequentially refined polygonal

meshes and second-order polynomials, with w and ¢ as in (23).
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Figure 3: dG-error and L2-error vs. p for p ranging from 1 to 5 and a mesh
given by 300 polygons, with u and ¢ as in (23).
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containing 80 elements, the finest 5120), when polynomials of uniform degree
p = 2 are used on any element. The numerical results concerning the dG-
error again show asymptotic convergence rates matching those predicted by
estimate (18). Also, the L2-error convergence rates turn out to be slightly
higher than h?*! both for w and for ¢; in the latter case, this difference is
more remarkable.

Figures 5 shows convergence results in a semilogarithmic scale, in the dG-
and L?-norms respectively, for a fixed mesh given by 300 elements and a
uniform polynomial degree ranging from 1 to 5. Again, the error undergoes
an exponential decay. Notice that, concerning the L?-error on u (Figure 5b),
the convergence rate decreases when passing from polynomial degree 4 to 5:
in both cases the L2-error is on the order of 10~7. This behavior is related
to the choice of the timestep At, set to 10™%; indeed, when a leap-frog time
discretization is employed, the error is expected to converge in At?. In our
case, At?> = 10~®, which is only one order of magnitude lower than the L2-
error for p = 4 and p = 5. Decreasing the timestep to At = 107> allows to
recover the expected convergence.

6.3 Physical example

As a further numerical experiment, we simulate a seismic source. In partic-
ular, we reckon that the system is excited only by a Ricker wavelet, i.e., by
the following point source load placed in the acoustic domain:

fa(z,t) = —27ma (1 — 2ma(t — t9)?) e*m(t*to)%(az—wo), xg € Qq, to € (0,71,

(25)
where = (x,y), £y = (z0,y0) is a given point in ,, and § is the Dirac
distribution (cf. Figure 6 for a representation of the time factor in (25)). All
initial conditions, as well as the body force f., are set to zero. The Dirac
distribution in xq is approximated numerically by a Gaussian distribution
centered at xg. We consider the following values of the material parameters:
Pe = 2.5, po = 1, p = 10, X = 20, ¢ = 1.5; also, in (25), we choose
xo = (0.2,0.5), to = 0.1, and a = 576. We employ here a polygonal mesh of
5000 elements, corresponding to a meshsize h ~ 0.04, a uniform polynomial
degree p = 3, and a timestep At = 107°. The final observation time is set
toT = 1.

Figure 7 shows the numerical solution (horizontal and vertical elastic dis-
placements, and acoustic potential) at time ¢t = 0.5. The vertical displace-
ment, displayed in Figure 7b, turns out to be very close to zero in a large elas-
tic subregion, except near the boundary, where small reflected wavefronts can
be detected, because of homogeneous Dirichlet boundary conditions. This
behavior is due to the fact that the seismic source is placed close enough to
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Figure 4: dG-error and L?-error vs. h for four sequentially refined polygonal
meshes and second-order polynomials, with u and ¢ as in (24).
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Figure 5: dG-error and L2-error vs. p for p ranging from 1 to 5 and a mesh
given by 300 polygons, with u and ¢ as in (24).
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the interface I't, so that the effects of reflected waves in the elastic region are
not observed for a certain time, and hence only the coupling effects are visible
(only longitudinal stresses are propagated through the elasto-acoustic inter-
face, since fluids cannot sustain shear stresses). Nevertheless, after a certain
time, elastic waves are reflected, which gives rise to a nonzero vertical dis-
placement. Concerning the acoustic region, spherical wavefronts generated
by the point source load can be clearly observed in Figure 7c; again, waves
are reflected on the boundary for the same reason as before.

A Appendix

Lemma A.1. The following inequalities hold:

In~"*fon()} 7 < %HCWeh(v)Hﬂe v e Vi, (26a)
X" §pa Vit } 7 jgp;/“’vhwuna vy e Vi, (26b)

where o and (B are the stability parameters appearing in the definition of
stabilization functions (13a)—(13b).

Proof. We only prove (26a), the arguments for showing (26b) being com-
pletely analogous.
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Figure 7: Numerical solution at ¢ = 0.5.
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Recall that the following trace-inverse inequality holds for simplices [14,
p. 25]: given a simplex T = R? and a polynomial degree p > 1, for all
v € Py(T) there is a real number C' > 0 independent of the discretization
parameters such that

||

ol < Co ol (21)

T
Owing to (27), the definition (9a) of Cy, the definition (13a) of 1, and As-
sumption la, for any v € V;° we obtain

I~ fon@)}F: < >, D) Culln™*CPe(v)|i

neTheFC(?n
< Y Y R, L e w) 2, < LI en )2
< n ,{peﬁ‘mF‘ e()ir = - en(v)]q,-
kET¢ FCok b

O

Lemma A.2. For any W = (v,¢) € C}([0,T]; Vi) x CL([0,T]; V}2), it
holds

W2 =2 (Uon®)} [0 + UpaVash. [6D) < [WIE,
W12 =2 (Uon)} oD + UpaVirh. [6D5 ) 2 [WIE.

Proof. The first bound follows from the Cauchy—Schwarz inequality, the def-
inition (16) of the energy norm, and Lemma A.1:

W12 =2 (Qon)} [oD g + Ara ¥tk 1915 )
< W2 + [n " fon@) bz [ Tollz; + I Eoa Vi bl Ix [ 17
SIWIE + =IC el [vlace + T lol Tubla, ¥l
SIWIE+ W < W12,

where we have set |W |3, = HUH(%G’G + Hi/JH?iG’a. To prove the second bound,
it suffices to show that

W36 -2 (o)} [oD s + Vit [6]5 ) 2 IW e (28)

Indeed, by the definition (16) of the energy norm and (28),

W12 =2 (Qon)} [oD g + ApaVrih [ )

= lo*d1d, + lo*Col, + 7 pl*01E, + IWlde
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=2 (Uon@)}, o]y + ApaVats}, [ )

2 o0l + lpd*Col, + e ol b1, + IWlie = W2,

Thus, we next show that (28) holds provided the stability parameters o and
B are chosen large enough. To this purpose, using Young’s inequality we
infer that, for any J,¢e > 0,

Hon@) oz < 3 I~ Hon(@)}lrln’ o]l s

FeFy

1 —1/2 2 0 1/2 2
< 27;“77 fon(v) 7z + §H7I [o i

H{pa Vi) D7 < X IX " Hpa Vi }rlx " [¥]1r

FeFp
1 —1/2 2 €12 2
< 5 TP ViR F + SINTFTYTIF:

Hence, from the definition of the ||-|4q - and |-|ag,q-norms on V¢ and V}¢,
it follows that

IW e = 2 (Uon )} oD + Hea Vi) [ )
> |CVe(w) I3, + VbR, + (1 - ) ol — <l (@)}
F (= TNl — I Vbl

Cl 02
> (1- S et + (1 5 ) Vv,
+ (=) In ol + (- ) Tl
where in the last bound we have applied Lemma A.1 with hidden constants

Cy and C3. Then (28) follows by choosing, for instance, 6 = ¢ = 1/2 and
a>4Cy, B = 40,. O
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