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Abstract

In this article we design and analyze a class of two-level non-overlapping
additive Schwarz preconditioners for the solution of the linear system of
equations stemming from discontinuous Galerkin discretizations of second-
order elliptic partial differential equations on polytopic meshes. The pre-
conditioner is based on a coarse space and a non-overlapping partition of
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the computational domain where local solvers are applied in parallel. In
particular, the coarse space can potentially be chosen to be non-embedded
with respect to the finer space; indeed it can be obtained from the fine grid
by employing agglomeration and edge coarsening techniques. We investi-
gate the dependence of the condition number of the preconditioned system
with respect to the diffusion coefficient and the discretization parameters,
i.e., the mesh size and the polynomial degree of the fine and coarse spaces.
Numerical examples are presented which confirm the theoretical bounds.

1 Introduction

The process of defining a computational grid characterized by standard tri-
angular /tetrahedral or quadrilateral/hexahedral-shaped elements is one of the
potential bottlenecks when traditional finite element methods are employed for
the numerical approximation of problems characterized by strong complexity of
the physical domain, such as, for example, in geophysical applications, fluid-
structure interaction, or crack propagation problems. In order to overcome this
issue, during the last decade a wide strand of literature has focused on the design
of numerical methods that support the use of computational meshes composed of
general polygonal and polyhedral elements. In the conforming setting we men-
tion, for example, the Composite Finite Element Method [49, 8], the Mimetic Fi-
nite Difference Method [50, 28, 27, 24, 7], the Polygonal Finite Element Method
[60], the Extended Finite Element Method [61, 45], the Virtual Element Method
[22, 23, 2], and the Hybrid High-Order Method [37, 35, 36]. A major issue in the
design of conforming methods on such general polytopic meshes is the definition
of a suitable space of continuous piecewise polynomial functions; in this context,
this is far from being a trivial task, particularly for high-order approximations.
An alternative strand of literature has focused on the non-conforming setting,
where the ease of defining spaces of piecewise polynomial functions is naturally
associated with the flexibility provided by polytopic meshes. Here, we men-
tion, for example, Hybridizable Discontinuous Galerkin Methods [33, 34], non-
conforming Virtual Element Methods [19, 13, 32], Gradient Schemes [39], and
Discontinuous Galerkin (DG) Methods [4, 21, 20, 8, 9, 31, 30, 11, 5, 14, 3, 1, 6].
In particular, DG methods represent a class of powerful non-conforming nu-
merical schemes in which the use of numerical grids characterized by general
polytopic elements couples very well with the possibility to build the under-
lying discrete space in the physical frame, thereby avoiding the need to map
polynomial spaces from a reference/canonical element.

However, as was shown in [10], the condition number of the matrix in a sys-
tem of linear equations stemming from DG methods may be prohibitively large;
indeed, by writing i to denote the mesh-size and p the polynomial degree, the
condition number of the DG approximation to Poisson’s equation grows like
O(»*/n?) as h tends to zero and p tends to infinity. For this reason, in re-
cent years, the development of fast solvers and preconditioners for systems of
linear equations stemming from (high-order) DG discretizations has been an
active area of research. A variety of two-level and multigrid/multilevel tech-



niques have been proposed, both in the geometric and algebraic settings, for
the solution of DG discretizations; see, for example, [47, 38, 26, 25, 16]. In
particular, the availability of efficient geometric multilevel solvers is strongly
related to the possibility of employing general-shaped polytopic grids; indeed, if
polytopic grids can be employed, then the sequence of grids which are required
within a multilevel iteration can be defined by agglomeration; see [11, 15] for
details. Besides multigrid, a recent strand in the literature has focused on
Schwarz domain decomposition methods; see, for example, [62], for a general
abstract overview of these methods. In the DG setting where standard triangu-
lar/tetrahedral or quadrilateral/hexahedral grids are employed, one of the first
contributions in terms of domain decomposition solvers was presented for the
solution of elliptic problems in [44], where bounds of order O(H/s) and O(H/n)
were obtained for the condition number of the preconditioned system in the
framework of overlapping and non-overlapping Schwarz methods, respectively;
here, H, h, and § represent the size of the coarse grid, the fine grid, and the
amount of overlap, respectively. Dryja and Sarkis proposed in [42] an addi-
tive Schwarz preconditioner for the solution of second-order elliptic problems
with discontinuous coefficients. There, the authors showed that the condition
number of the of the matrix of the preconditioned system is independent of the
jumps of the coefficients across the substructure boundaries and outside a thin
layer along the substructure boundaries. A further development of this algo-
rithm, which is very well suited for parallel computation, can be found in [41].
Concerning the setting of high-order DG methods, we mention the work in [10],
where additive and multiplicative Schwarz preconditioners were introduced for
efficiently solving systems of linear equations arising from the discretization of
second-order symmetric elliptic boundary-value problems using hp-version DG
methods; there, hp-spectral bounds of order O(er”H/p) were derived for a class
of domain decomposition preconditioners for DG discretizations, where o is the
coefficient of the interior penalty stabilization parameter, p is the polynomial
approximation degree, and H, h is the size of the coarse and fine mesh, respec-
tively. Recently, in [12], this condition number estimate was improved to yield
the optimal rate of O(ep”H/qn), where ¢ denotes the polynomial approximation
degree employed within the coarse grid solver; cf. [53] for related work. We also
mention the recent work presented in [51], where the influence of the penalty
terms, as well as the choice of coarse mesh spaces, on the condition number
of the matrix of the system of linear equations preconditioned with additive
Schwarz methods were investigated.

The goal of this article is to design and analyze a class of two-level non-
overlapping additive Schwarz preconditioners for hp-version DG discretizations
of second-order elliptic problems on general polytopic grids. Given the DG
discrete problem defined on a fine mesh of granularity &, the preconditioner
is designed by introducing two additional partitions employed to define the
local solver operators and the coarse space correction. On the one hand, the
partition employed to build the local solvers is related to a suitable splitting
of the DG space and hence it is assumed to be nested with respect to the fine
polytopic mesh. On the other hand no conditions are imposed on the coarse



partition, which can be non-nested with respect to the fine grid. In particular,
we consider the massively parallel setting, whereby the partition employed for
the local solvers are finer than the grid employed within the coarse solver. Here,
we investigate the dependence of the condition number with respect to both
the diffusion coefficient and the discretization parameters of the fine and coarse
spaces, as well as the granularity of the partition for the local solver. We stress
that our analysis is carried out in a very general setting, and, in particular, for
nested meshes, it allows the computational domain where the model problem is
posed to be non-convex; cf. Section 2 below.

The rest of the paper is organized as follows. In Section 2 we introduce the
DG method on polytopic grids for the numerical approximation of second-order
elliptic problems. In Section 3 we formulate the additive Schwarz preconditioner
analyzed in this article. In Section 4 we then outline some key analytical results
that are required for the analysis that follows. Section 5 is devoted to deriving
some preliminary results required to obtain the desired bound on the condition
number of the matrix of the preconditioned system stated in Section 6. Numer-
ical experiments are presented in Section 7 to confirm the theoretical bounds
derived in this article.

2 DG method on polytopic grids

In this article we consider the following second-order elliptic problem. Let Q C
R?, d = 2,3, be a polygonal/polyhedral domain with boundary 9Q and let
f € L*(Q) be a given function. We consider the following weak formulation:
find u € V = H} () such that

A(u, v) ::/Qqu-Vvdx:/vadx YoeV. (1)

Here, p € L>°(Q) denotes the diffusion coefficient, which we assume to be such
that 0 < pg < p; here, we can assume that pg = 1, since (1) can always be scaled
by /po. Throughout this article, we use the notation x < y to signify that there
exists a positive constant C', independent of the diffusion coefficient p and the
discretization parameters, such that z < C'y. Similarly we write x 2 y in lieu
of x > Cy, while x =< y is used if both z <y and z 2 y hold.

Let 7, be a tessellation of € consisting of disjoint polytopic elements x of
diameter h, such that Q& = UR. Here, we denote by Fj, the set of faces F,
which are defined as the (d — 1)-dimensional planar facets of the elements x
present in the mesh 7,. For d = 3, we assume that each planar face of an
element k € T, can be subdivided into a set of co-planar (d — 1)-dimensional
simplices and we refer to this set as the set of faces, cf. [30]. Moreover, we
write FP = {F € F,: F C 09} to denote the set of boundary faces and
FL.=F, \.7:,11B the set of interior faces. We set h := max,ec7;, hy and, to ease
the presentation, we assume that h =< h, for all kK € Tp,.

Remark 2.1. We adopt the hypothesis that the diffusion coefficient p is piece-
wise constant on each polytopic element x € T, and write p, = p|x to denote



its restriction to k; we refer to [46] for the more general case when p violates
this assumption.

We assume that 7}, satisfies the following assumptions; cf. [31, 29, 30] for
details.

Assumption 2.2. For any k € Ty, there exists a set of non-overlapping d-di-
mensional simplices ﬁf C K, for F' C Ok, such that for any face F C Ok,

we have that F = 0k N 8/4;5, Urcaon nf C R, and the diameter h, of k can

be bounded by h, < dw\/|F| for all F C Ok, where |F| and |sf"| denote the
Hausdorff measure of F and /ﬁf, respectively.

Assumption 2.3. We assume that there exists a covering 7;1# = {Sx}x of
Trn consisting of shape-regular d-dimensional simplices Sy, such that, for any
Kk € Ty, there is an S, € 77L# satisfying k C S, and diam(Sx) S hy. We also
assume that

max card{/i’ €ETh: KNS, #0,S, € 771# such that k C S,i} <1.

KETH

We write (-) to denote the harmonic average operator defined as follows: let
1 be a sufficiently smooth function; then, for any F' C 0k, F € F},, we define

2 _

St e peF, Fcostnos,
(MF = M+ + M-

M FeFP, FcCorno,

where 7, k € Tp, denotes the trace of n on Ok. Moreover, for sufficiently smooth
vector- and scalar-valued functions 7 and v, respectively, we define the following
jump and weighted average operators across I € Fj,: for F C OxT N Ok~,
F € F}, we write

[[Tﬂ =Tt D+ + T Ny, {{T}}w = WTe+ (1 - w)Tn—a

[v] :== vernps + V-1, {vhe = wver + (1 —w)ve-,
where n,+ denotes the unit outward normal vector to k¥, respectively. For
F C Ok, F € FP, we set {T}, = T4, [v] := ven, cf. [18]. Here, w € [0,1]
represents the weight employed for the definition of {-}.. Given 7,7 C 7}, and
Fi C Fp, we write fT,f do == 3, c7s . dz, |v|§11(7-;) = YeeTs Vo320
ffi ds = Y pers [ ds, and ||’UH%2(]_-}51) = Y pers
Pp(r) to denote the space of polynomials of total degree p > 1 on &, k € T,
the DG space is given by

v||%2(F). Finally, writing

Vi = {vn, € L*(Q) : vplw € Pp(r) VK € Th}.

With this notation, we introduce the Symmetric Interior Penalty DG (SIPDG)
discretization of (1), cf. [63, 17, 43]: find up, € V}, such that

Ap(up,vp) = / fondz Vv € Vi, (2)
Q



where Aj, : Vj, x Vj, — R is the bilinear form of the DG method defined as
Ah(uh,vh) = / p[thh -Vpvn + Vyuy - Rp([[vh]]) + Vpop - Rp([[uh]]) dx
Q

+ /}- onplun] - [vn] ds,
(3)

and V), denotes the piecewise gradient operator on Tj,. Here, R, : [L(Fp)]? —
[Vi]¢ denotes the lifting operator defined by

[ Rl max = [ a-qadas vaemi ()
Q Fh

where, we take w|p := M”Nﬁ on each internal face F' € F/ shared by

k*. In (3), according to [40, 30], o5, € L>°(Fy) denotes the interior penalty
stabilization function, which is defined by

Uh,p|F = Co<prc>p2/<hn> VF e ]:h7 (5)

with C, > 0 independent of p, p, |F|, |k| and h,. It is well known that the
condition number of the operator A;, is potentially prohibitively large and de-
pends on the size of the partition 7, and the polynomial degree p employed
for the discretization; cf. [10] for standard triangular/tetrahedral/hexahedral
grids and [16] for polytopic grids. Our goal is to introduce a massively paral-
lel non-overlapping additive Schwarz preconditioner, which can be employed as
a preconditioner to accelerate the convergence of iterative solvers such as the
Conjugate Gradient method.

3 Non-overlapping additive Schwarz precondi-
tioner

The definition of the additive Schwarz preconditioner requires the introduction
of two additional partitions (besides 7): a partition Ty composed of disjoint
polytopic subdomains where local solvers are applied in parallel and a non-
overlapping partition Ty employed for the coarse space correction. To this end,
we introduce the following notation:

o T :={Q,...,0n,} of size H := max;<;<n,{diam(€;)} such that each
subdomain €; is the union of some elements k € 7Tp; we assume that
H =~ diam(€;) for all i = 1,..., Ng. We also assume that a colouring
property holds, i.e., there exists a positive integer Ng such that

_max, card{Q; : 0Q; N0, # 0} < N, (6)
1=1,...,]Nm
i.e., Ns represents the maximum number of neighbours that any subdo-
main ; € Tg may possess.



Figure 1: Example of polygonal T; (black), Ty (blue) and Ty (red), when
the coarse and fine grids are nested, i.e., T, C Tq, (left) and non-nested, i.e.,

Tn € Tu (right).

e Ty = {D1,...,Dn,} of size H := maxi<;j<n,{diam(D;)} such that
H < diam(D;) for all j =1,...,Npg.

We remark that the grids Ty and 7Tj are possibly non-nested, cf. Figure 1.

Remark 3.1. Given that 7y is defined by agglomeration of fine-grid-elements
k € Tpn, we write T, C T, since, for all k € Ty, there exists a K € Ty such
that k C K. However, we point out that no further assumptions are needed on
the relationship between Ty and T for the definition of our method. Classical
additive Schwarz methods have typically been defined based on the assumption
that 7, € Ty € Tg. In this article we take a different approach: firstly, we
assume that the granularity of Ty is finer than that of Ty; indeed, we are
particularly interested in the massively parallel case whereby Ty = T, cf. [41].
Secondly, we also permit the use of non-nested coarse and fine partitions, i.e.,

when T;, € T
The main ingredients of the additive Schwarz method are defined as follows.

Local Solvers. Consider the subdomain partition T with cardinality Ny.
Then, for each subdomain §2; € Ty we define a local space V; as the restriction
of the DG finite element space Vj, to ;, i.e., for i =1,..., Ny,

Vi = {v; € L*(%) : vils € Pp(k) Vi € Thy & C U} = Vila,.
The associated local bilinear form on V; x V; is defined by
A Vix Vi = R, Ai(ug,v;) := An(R] ui, R v;)  Vug,v; € Vi,

where R : V; — V}, denotes the classical extension-by-zero operator from the
local space V; to the global space V}. The restriction operator R; : Vj, — V,
i=1,..., Ny, is defined as the transpose of R, with respect to the L?(£);) inner
product.

Coarse Solver. For 1 < g < p, the coarse solver is defined on the partition
Tr. To this end, let Vj be the DG finite element space defined on Ty given by

Vo=V = {UH S LQ(Q) : UH|D]- S Pq(Dj), j= 1,...,NH}.



Further, let R} be the L2-prolongation operator from V; to V},, defined as:
RJ tvg € Vg — Rgvo e Vp: / Rgvowhdx = / vowpdx Ywy € V.
Q Q

In this way RJ is well defined also when 7T and T, are non-nested. Then, the
bilinear form associated to Vj is defined by

.A() : VO X V() — R, Ao(’u,o,”t}o) = Ah(RJUO,RJ’Uo) VUQ,”UO c ‘/o (7)

Remark 3.2 (Nested spaces). When Vy = Vg C V},, i.e., when the coarse and
fine grids Tz and Ty, respectively, are nested, then the action of R on a coarse
function coincides with the action of the natural injection operator. Indeed, by
contradiction, if there exists a g € Vj such that RJ Ty # Tg, then, by employing
the definition of R, we have

0 < |R) o — Tollz20y = min [lwh — Tol|r20) < [P0 — Dollz2) =0,
wp €V

which is a contradiction and hence R] v = vg for all vg € Vg when Vg C Vj,.

Introducing the projection operators P; := RZTIBZ Ve = Vi, 1 =0,1,..., Ny,
where

PV, — Vi, Ai(ﬁivh,wi) = Ah(vh,RiTwi) Yw;, €V;, i=1,..., Ng,
Py : Vi = Vo, Ao(Povp,wo) == Ap(vp, Rg wg) Vwo € Vo,

the additive Schwarz operator is defined by P4 := Zi\fo P;. For an upper
bound on the condition number of P,,, we refer to Section 6 below.

4 Analytical background

Before we embark on developing the preliminary results needed to analyze the
condition number of the additive Schwarz operator introduced in the previous
section, we first state two key theorems, which are essential in the forthcoming
analysis, and which may be of relevance in other more general settings. To this
end, we write D C R%, d > 2, to denote a bounded, open, simply connected
domain, with boundary dD; in the proceeding analysis, D will be selected to
be an element Dj, j = 1,..., Ng, from the coarse mesh 7. Following [59], cf.
also [56, 57], we introduce the definition of a special Lipschitz domain, and the
notion of a domain with a minimally smooth boundary.

Definition 4.1. (/59, Section 3.2],/56, Definition 1]) Let ¢ : R~t — R be a
function that satisfies the Lipschitz condition

lo(x) — d(y)| < M|x—y| Vx,y eRI"L (8)



The smallest M for which (8) holds is denoted by Cy. Based on this function,
we define the special Lipschitz domain it determines to be the set of points lying
above the hypersurface y = ¢(x) in R?, i.e.,

w = {x eRY: x4 > o(x1,xa, ... ,xd_l)}.
The Lipschitz constant of the domain w is defined by C,, := Cp.

Equipped with this definition, we now introduce the concept of a minimally
smooth boundary.

Definition 4.2. (/59, Section 3.3],[56, Definition 2]) The boundary 0D of D
is said to be minimally smooth if there exists an € > 0, a positive integer N, an
M >0, and a sequence Uy, Us, ... of open sets such that:

1. If x € 0D, then B(x,e) C U; for some i, where B(x,¢€) denotes the ball
with centre x and radius €;

2. No point x € R? is contained in more than N of the U;’s;

3. For each i there exists a special Lipschitz domain w; with C,, < M such
that

Based on the previous definition, we now introduce the following classical
extension operator.

Theorem 4.3. ([59, Theorem 5], [56, Theorem 3]) Let D be a domain with
minimally smooth boundary. Then, there exists a linear extension operator € :
H*(D) — H*(R%), s € Ny, such that ¢v|p = v and

1€0][ 11+ (rey < Cellvllze (),

where Cg¢ is a positive constant depending only on s and the constants €, N,
and M defined in Definition 4.2, which characterize the boundary 0D.

Remark 4.4. We highlight that, crucially, the constant C¢ appearing in The-
orem 4.3 is independent of the measure of the underlying domain D.

Secondly, we now study the regularity of the following Neumann boundary-
value problem: find z such that

—Az=f inD, Vz-n=0 ondD, 9)
with f € L§(D) := {v e L*(D) : [,v dx =0}

Theorem 4.5. Let D be a bounded, open, convex (and therefore Lipschitz)
domain. Then, there exists a unique solution z € H*(D) N L3(D) to the homo-
geneous Neumann problem (9). Moreover, the following stability bound holds:

1 .
Izl 20y < V6 (I fllL2(py + ;dlam(D)HVZHLz(D))- (10)



Proof. We defer the proof to Appendix A. O

Remark 4.6. An analogous bound to (10), with constant equal to unity, has
been derived in [48, Theorem 4.3.1.4] for convex polygonal domains in R?; there
the term Zdiam(D)||Vz||12(q) on the right-hand side of (10) is replaced by
12/l ()

5 Preliminary results

We first present some preliminary results, which will be employed within the
analysis contained in Section 6. For the sake of simplicity of the presentation,
we assume that the grids 7;, and Ty are nested; the extension of the theoretical
analysis to the general case T, ¢ Ty is deferred to Appendix B. Here, we
introduce the following energy norm:

i, = /T PIVawf? dx + /F ol [w]f? ds. (1)
h h

The well-posedness of problem (2) with respect to the norm (11) is then estab-
lished in the following lemma, cf. [30].

Lemma 5.1. Suppose that Ty, satisfies Assumption 2.2; then,

Ap(un,vn) S lunllppllvelle,e Y un, vn € Vi,

An(un,un) 2 lunliz, Yup € Vi.
The second bound holds provided that C, appearing in (5) is sufficiently large.

We also recall the following trace inequality on polytopic domains, intro-
duced in [29].

Lemma 5.2. Suppose that T; satisfies Assumption 2.2; then, the following
inequality holds:

HUHi?(an) S P he HUHiz(n) Vv € Ppy(k) Vi € Th.

Next we also recall a result regarding the approximation operator presented
in [31, Theorem 5.2] and [29, Lemma 5.5], to which we refer for details. However,
for the purposes of this article, we consider a slight generalization: given a
connected subdomain D C 2, we assume that D is formed from the union
of a subset of elements k € Tp; we denote the collection of such elements by
Th,p, ie., D := UkeT, pk. With this definition, the approximant relies on the
properties of the extension operator € : H*(D) — H*(R?), s € Ny, introduced
in Theorem 4.3. Hence, following [31, Theorem 5.2] and [29, Lemma 5.5], we
deduce the following lemma.

10



Lemma 5.3. Suppose that Assumption 2.3 is satisfied, and let v € L?(D) be
such that, for some k >0, v|, € H*(x) and €v|s, € H*(S:) for k € Th.p, with
S, € 7;1# as defined in Assumption 2.3. Then, there exists a projection operator
Uy, . 0 L2(D) — Py(k) such that

s—I

v = p vl ey FHGUHH’»”(SN)v 0<I<k.

~

s—1/2

[0 = kvl L20m) < Wllevﬂm(&w k=1,

where s := min{p+ 1,k} and p > 1.

Remark 5.4 (Global approximant). Given that Lemma 5.3 holds for all k €
Tn,p we can define the global approximation operator 11y, : L?(D) — Vj,|p such
that IIp,|, = I,. If v € HE(D), k > 0, then, by noting Assumption 2.3,
together with Theorem 4.3, the following bound holds:

s—1

‘|U*Hhv||Hl(7-}%D) ’Spk—l ||1)HH7“(D)7 0§l§k

A key ingredient in our analysis is the conforming approximant defined
in [12]. In particular, to ensure that the preconditioner is scalable in the presence
of jumps in the diffusion coefficient, here we define the conforming approximant
in a slightly different manner, in order to obtain an approximation of discontin-
uous discrete functions vy, € V3, on each local domain D; € Ty, j=1,...,Npg.
To this end, we adopt the following assumption on the coarse mesh Ty .

Assumption 5.5. We assume that D; € Ty is a convex polytope with Lipschitz
boundary 0Dj, for any j = 1,..., Ny, and that |D;| = H¢ j =1,...,Ngy,
where |D;| represents the Hausdorff measure of D;.

For the sake of the analysis, we define the following local grids generated
from 7, and Tg:

Thi ={k €Th:xCDj, Dj €Tu}, Fi,={F € Fn:F CDj, D; €Tnu},
F={FeF,:FCoOD;, D; € Tu}, Fnj:=Fi;UFL,,
(12)
forj=1,...,Ng.

Remark 5.6. Note that since the grids 7, and Ty are nested, i.e., Tp; C Ty,
j=1,...,Nu, Tn; also satisfies Assumptions 2.2 and 2.3, forall j = 1,..., Ng.

The local conforming approximant is then defined as follows.

Definition 5.7. Let D; € Ty satisfy Assumption 5.5, j = 1,...,Ng, and let
the discrete gradient operator of vy, € Vi inside D; be defined by the equal-
ity Gn,j(vn) = (Vavn + Ri(Tj(wn)) ¢p,y, § = 1,..., Nu, where 1 (p,y is the
characteristic function on D;, while J; : Vi, — [LY(Fp)]? is defined by

Ji(on)|r =wn]lr if F € f}ILJ, Jj(vn)|r =0 otherwise, (13)

11



where Fj, ; is the set defined in (12). Here, Ry : [LY(Fn)]E — [Va]? ids the lifting
operator with p = 1 and w = 1/2 in its definition given in (4). Then, Uy ; is
defined as the solution of the following problem: find vy, ; € ‘73 = HY(D,) N
L3(D;) such that

/ Vop,; - Vw dx = / Gn.j(vp) - Vw dx Yw e V. (14)
D; D;

Remark 5.8 (Poincaré’s inequality). Since vy, ; € ‘N/j and D; satisfies Assump-
tion 5.5, we note that, cf. [64, Corollary 3.4], [|[Un jlz2(p,) < CpllVUnjllz2(,),
with C, < diam(D;)'*%2|D;|~"/2. Thereby, invoking Assumption 5.5 gives

19,5117 p,) < (L4 CIVOR 20,y S IV, )
where we also made use of the fact that diam(D;) ~ H < 1.

By proceeding as in [12] we prove the following approximation result.

Theorem 5.9. Let D; € Ty satisfy Assumption 5.5, j = 1,...,Ng. Given
vy € Vi, we take vy ; € Vy, 5 =1,...,Nu, to be the conforming approzimant
given in Definition 5.7 and we define

_ - 1
U}Lj = Uh’j + W - ’Uth.
J ]

Then, the following approzimation and stability bounds hold:

lon =onjll2m)) S —||Cf alonlllzz = ) (15)
om0y S 1VnonllFeco,) + o), AlvndlZzz1 ), (16)

forj=1,...,Ny.

Proof. Given D; € Ty, j=1,...,Ny, let z € H*(D;) N LE(D;) be the solution
of problem (9) posed on the domain D;, i.e., D = D;, with f = vy, — Ty ;. Then,
by employing integration by parts we obtain

th _ﬁh,j”%g(pj) = —/ (’Uh —ﬂh)j) Az dx
5
= / (Viavp — VU ;) - Vz dx — / Vz-[vy] ds
D; T

_/Djnlgj(vh»-w dx _/Fl‘w[[vh]] ds,

where we have also used the facts that Vv, ; = Vihj7 Vz-nlp =0if F C
0Dj, [vn4]|lFr = 0 for all F € fh ., since Uy, ; € H'(D;), and that G j(v,) =
(Vhon + Ra(Tj(0n)1 (D)3 together with the definition of vy, j, cf. (14). Using
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the definition of Ry and Jj, cf. (4) and (13), respectively, for any 2z, € Vi|p,,
we have

lon — Uh,jH%Q(D],) = —/ Vz - [vn] ds —/ Ri(Tj(vn)) - Vz dx
‘Fé,j Dj

= Vz -] ds +/ [vn] - {{thh}}l/2 ds
]:}{] F’{,j
- / Ri(Tj(vn)) - (Vz — Vipz) dx
D;
= /1 H'Uh]] : {{thh - VZ}}l/Q ds

Faj

- Rl(‘jj(’l]h)) . (VZ — thh) dX;

D;

here we have used that, since z € H*(D;), {Vz}|r = Vz|p, F € ]:}Iw-. Hence,
we get

o = Bnjl 2,y S IR1(T; ()20 V2 = Vizal L2,

1 —1
+llow s onlll ey Hllon i A2 = Vaznbya 2y )
(17)

The first term on the right-hand side of (17) can be written as follows:
IRuUT ) oo, < [ Ra(Ty(0n) - Ra(Ty(en)) e
-/ () ARG s )
== [ Wl R )by ds

h,j

where we have also used the definitions of Ry and Jj, cf. (4) and (13), re-
spectively. Then, from (18) and the Cauchy—Schwarz inequality we obtain the
following bound:

IR )20,y < lloy 3 [onlllzecrr ) o ERUT en) bosall o -
(19)

The second term on the right-hand side of (19) can be bounded by invoking
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Lemma 5.2 as follows:

—1 —1
o S ARUT o a2y ) € D2 o L Ra(T; (00) 2o
KETh,]'

—ot Y <zg> IRA(T5(00) 2200

KETh,j

S Y IRU(Ti (o) 172 ey (20)

KETh,;

where we have used that (h,) < 2h,, for any k € T,. By inserting (20) into (19)
we obtain

1
IR o)l c2cy) S oy Tonlll e - (21)

Hence, by selecting z, = I,z in (17) and employing (21), Lemma 5.3, cf., also,
Remark 5.4, and Theorem 4.5, we obtain

1/2
h

lon — s B,y < Mo lloy 2 lonlll ey ) Izli2coy)

1 —
Stfolloionlllizerr ) (low = Bnsllzy + 1V2l2p,)-
(22)

Here, we note that z also solves
/ Vz-Vw dx:/ (vp — Tpj)w dx Vwef@
D;j D;j

from which, by choosing w = z, upon application of the Cauchy—Schwarz in-
equality and Poincaré’s inequality, cf. Remark 5.8, we get that ||Vz|r2(p,) S
[vn —Dh,jllL2(p;)- By inserting this bound into (22) we obtain (15). In order to

show (16) we first select w =7y, ; € ‘7] in (14); then, using the Cauchy—Schwarz
inequality we obtain:

0n.le (D)) S 1Gn.5(vn)llL>(D,)-
Then, from the definition of Gy ; given in Definition 5.7 we have:
1Gn.sWn)lli2p,) S IVRoRIZ2 (7, ) + IRU(T; (0n)Z2 (o) (23)
The bound (16) is then obtained by inserting (21) into (23). O

We are now ready to investigate the relationship between the spaces Vj, Vy,
and Vg introduced above. The following result concerns the approximation of a
function vy, € Vj, with a coarse function vy € Vi; this represents an extension
of the analogous result presented in [12, Lemma 5.1].

14



Lemma 5.10. For any vy, € V), there exists a coarse function vy € Vg such
that

lon = Rg vallzz(p) S #/a (IVnonllZaer, ) + Hoh/,21[[vh]]H%%]—‘éd))lh? (24)
1
lon = RS vatlm 7, ) < (IVhonlla ey + o/ [[Uh]]H2L2(]-'}€J))1/2’ (25)

forj=1,...,Ng, where Ty, ; and F}{)j are as defined in (12).

Proof. Let vy, € Vj, and define vy by vy |p, = (1/|p;| ij vpdx) + (g (Vn,5)) |,
j=1,...,Ng, where v}, ; is as defined in Definition 5.7 and IIy denotes the
global variant of the hp-approximant introduced in Lemma 5.3, cf. also Re-
mark 5.4, defined on the coarse space Vy. Then, by noting Remark 3.2, the
application of the triangle inequality gives

lon = R vrll 2o,y = llon = vall2,)
S llon =l L2,y + [0h — vallLe (o))
S llon =l 2 () + [10n; — Wa (On )| 2D,

with Ty, ; as defined in Theorem 5.9. Employing Lemma 5.3 together with As-
sumption 2.3, cf. Remark 5.4, gives

lon = R vallL2 ;) S llon = Onille2o;) + Hfa|0n il mp,)-

By applying Poincaré’s inequality to Uy ; € XN/j, see also Remark 5.8, and noting
the bounds given in Theorem 5.9, we immediately deduce inequality (24) by
observing that A < H and ¢ < p. In order to obtain (25) we proceed as follows:

lvn — R vl m (7)< 0wl (7o) + 1R val (73 )

= |vnlm (7 + vrlE (75 ) (26)

Thanks to the triangle inequality and observing that vy |p, € Py(D;) C H'(D;)
we have that
i lm (7 ;) S M (On,5) = Vgl o) + [0n,5] 0 (0,)

e N (27)
S M (On,g) = Ol () + [On,

Q) S [Ohjla (),

where we have used the bound stated in Remark 5.4 and Poincaré’s inequality, cf.
also Remark 5.8. Inserting (27) into (26) and noting Theorem 5.9 gives (25). O

Remark 5.11. By summing over all D; € Ty, j =1,..., Ng, the local bounds
of Lemma 5.10 give rise to the following global estimates:

lon — R vl 20y S #/allvnllni, lvn — R vl (7)) S lvnllnas

which are in agreement with the analogous results developed in [12].
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Before proceeding with the analysis of P,4 we also need the following result
regarding the properties of the subdomain decomposition introduced in Sec-
tion 3.

Lemma 5.12. Given v, € V}, there exists a unique decomposition, i.e., vy =
ZN” Rl v;, withv; € V; i =1,..., Ny, such that

Ny
Uhuvh ZA ’UZ,’UZ Z Ah(R;rviaR;rvj)a

1,j=1,i#7
and
Ny
z An(RT v, B v)| S VB VaonlZacry + 3 oy onl3eoa,-
i,7=1,1#] i=1

Proof. Given vy, € Vj, set v; := R;vp, 1 = 1,..., Ng; then, Ah(R:vi7R;rvj) =0
if 9Q; N9 = 0. For i,j =1,..., Ny, we have

Ny Ny
‘ Z Ai(RzTUi»R;Uj)‘ < Z |Ai(R] vi, R vj)| Vv; € Vi,v; €V
1,j=1,i#j i,j=1,i#j

Now let i # j be such that 9Q; N 9Q; # 0 and write ©; = R, v; and 9; = R} v;;
then,

A (i, 0;) =/Q[PV@"Rp([[??j]])JrPV@j'Rp([[@i]])]dX+/ oh,p[0:]-[0;]ds. (28)

Fh

By recalling the definition of R, given in (4), the first term on the right-hand
side of (28) can be written as

[ o Rl Dax =~ | ApVatid - [l

since p is piecewise constant and ¥; € R V; C Vj,. By observing that [o;]lr =0
for all F € F, such that FNQ; = (), and that {pV 40 }o|r = 0 when FNQ,; = 0,
we have

[ i Ry(nhax = - | N B T

< ||<7 21000172 00, no) t+ llon, p/ oVt Yolliz 00000, )
< ||JIL,p[[ij||L2(8Qj) + ||U;,p/2{{ﬂvhvi}}w||m(ani)- (29)

Here, the second term on the right-hand side of (29) can be bounded by apply-

16



ing Lemma 5.2 and noting that {p.) < 2p, and (h,) < 2h,, as follows:

o 8oV no Y ul3o0n < 3. Mo (on) VatillZaon)

KCQ;
||thz||L2 (9K) (30)
KC;
S Z H\/P:s-vhf)i)”%%n) = [IVoVhiillZ2 0,
KCQ;

Inserting (30) into (29) gives

/Q Vi - Ry([55)dx S 115 Vatil2eny + o2 [0 12e o0y (31)

Similarly, we have that

/Q oV Ro(l)dx S I1V5 Vit l3ega,) + o [oll3e00,  (32)

and
. . 19 . g
/f on,p[0:] - [0;]ds < IIU;L/,Z[[vi]]I\sz(am + IIUh/,ZUUj]]Ilsz(any (33)
h

Substituting (31), (32) and (33) into (28) we obtain

An(0i,95) S VP Vatill Tz, + VP Vidile e
1 . 1 -
+ o2 1513 200, + o 21551113200,
The result follows by summing over 4,5 = 1,..., Ny, ¢ # j, and exploiting (6).
u

For the forthcoming analysis we also require an extension of the trace-inverse
inequality introduced by Feng and Karakashian in [44]; cf. also Smears [58,
Lemma 5], to which we refer for the proof.

Lemma 5.13 (Trace inverse inequality). Let T, and Ty be a pair of nested
polytopic grids. We assume that Ty is obtained by agglomeration of elements
of Tr, and that both Ty and Tg satisfy Assumption 2.2. Moreover, we assume
that for each Q4 € Tu, @ = 1,..., Nu, there exists an xo; € §; such that
(x —x04) -n; 2 H for all x € 09Q;, where n; is the unit outward normal vector
to 9Q;. Then, for any vy, € Vi, writing Fn(Q;) := {F € Fp such that F C
Qi F ¢ 09;}, the following bound holds:

lonll72 00, S VARl lvall L2, + Yallonl| 72 )

+ Nl 3 Tonlll e (mu i lomll 2 -
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6 Condition number estimates

In this section we derive an upper bound on the condition number of P,; by
following the analysis presented in [62]; see also [54]. To this end, we show that
the following three assumptions are satisfied.

Assumption 6.1 (Local stability). There exists an « € (0,2) such that
Ah(RZT’Ui,RZT’UZ') < Oé.AZ‘(’Ui,Ui) Vv, eV, i=0,1,...,Ng.

We point out that in our setting Assumption 6.1 immediately follows with
a =1 from the definition of A;(-,-) given in Section 3, cf. [10].

Assumption 6.2 (Strengthened Cauchy—Schwarz inequality). There ezist con-
stants €;; € [0,1], for 1 < 1,5 < Nu, such that

\An(R] v, R vj)| < €5 An(R] vi, R i) 2 A (R] vy, R v;) 2

for all v; € Vi, v; € V;. Define ©(E) to be the spectral radius of (€)i; =
{€ij}ij=1, .. .Ng-

Assumption 6.2 immediately follows since each subdomain Q; € Tg, i =
1,..., Ny, can possess only a finite number of neighbours, cf. (6). In particular,
by observing that if 9Q2; N 0Q; = 0, then Ah(R;rvi, R;'—vj) = 0 for all v; € V;,
v; € Vj, we deduce that €; = 0 if 0Q; N 9Q; = 0, €;; = 1, otherwise. Then
©(€) is uniformly bounded by (Ns + 1), where Ng is the maximum number of
neighbours that each subdomain may possess, cf. (6). This result ensures that
a stable (in the sense of the energy norm) decomposition can be found for the
local spaces and the coarse one.

Assumption 6.3 (Stable decomposition). Each vy, € V, admits a decomposi-
tion of the form v, = Z?;WO Rlvi, v € Vi, i=1,...,Ng, and vg € Vo, such

that
Ny

ZAi(Uz‘aui) < CF A (un, un).

=0

Following [62, Theorem 2.7] the upper bound on the condition number of
P,4 is stated in the following theorem.

Theorem 6.4. Supposing that Assumption 6.1-Assumption 6.3 hold, the condi-
tion number K(P,q) of the additive Schwarz operator P,q is bounded as follows:

K (Paa) S Ca(O(E) + 1),
where a, £, and Cy are as defined in Assumptions 6.1, 6.2 and 6.3, respectively.

Next we prove that Assumption 6.3 holds.
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Theorem 6.5. Let vy, € Vy, and assume that the grid T;, satisfies Assump-
tions 2.2 and 2.3. We also assume that Ty is obtained by agglomeration of
elements of Tp, Ty is obtained by agglomeration of elements of Tu, and that
both Tu and Ty satisfy Assumptions 2.2 and 2.3. Then, Assumption 6.3 holds

- D120
e [j_{{%%%NH(pj T o)

where p; = Minxep, (p(x)) and p; = maxxep, (p(X))-

Proof. Given v, € Vj, we select vg = vy, where vy € Vg is defined as in the
proof of Lemma 5.10. Then, by employing Lemma 5.12, v;, — RJ vy can be

uniquely decomposed as vj, — RJ vy = Zfiﬂl R;r v;, where v; = R;(v, — Rg vp),
t=1,..., Ny, and

Nﬂ{[ NJH[
Ap(vp, — Rg vo, v — Ry vo) = ZAi(vi, v;) + Z An(R]vi, R vj). (34)
i=1 ij=1,i#j

Adding Ag(vo,vo) to both sides of (34) we obtain the following inequality:

Ny

’Z Ai(vi, v5)
i=0

< ‘Ah(vh — R§ vo, v — RJUO)’ + ‘»AO(UOaUO)’

Ny . . (35)
+ ‘ Z .Ah(R,L- Ui,Rj Uj)‘
i,j=1,i#j
=I1+11+111.

From the definition of Ag(:,-), cf. (7), we have that

II < |A;L(R0Tv0 — vp, ROTUO)\ + | An(vp, ROTUO)|

T T T (36)
< |AR(Ry vo — vn, Rg vo — vp)| + 2| An(Ry vo — vn, vi)| + | An(vh, vp)]-

Recalling the continuity of A, cf. Lemma 5.1, and applying the triangle in-
equality and Young’s inequality gives
|AR(Rg vo — va,vn)| S llvn — Rg volln,pllvnlln,e S llvw — Rg vollf, + [lvnll7 -

Then, by inserting the above bound into (36) and using the continuity and
coercivity of Ay, cf. Lemma 5.1, we deduce that

I+11 5 |lon = Ry wvolly, , + An(vh, vn). (37)

In particular, we observe that from the definition of || - ||,, we have

lon = Rg vl , = IVAVa(on = Bg vo)ll 32y + o [on = Bg volllza(z,-
(38)
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Writing Fy to denote the set of faces of Ty, and observing that Fy C Fj, since
T C Th, the second term on the right-hand side of (38) can be bounded as
follows:

1/2
h

1 1
o ,p[[vh—RoTUO]]H%%fh) = th/,zp[[vh - R(—)FUO]]”QL?(]-',L\]-‘H)"' ||Uh/,2,;[[”h - ROTUOHH%2(]-‘H)

= lloy [onl22 77 + o [on — RQ volll22 ()

N
1
<ol + 3 lloywn — Ry vo)ll32om,)

j=1
Nu
1
<lonll, + S lloy (wn — Rg vo)ll22(90, (39)
P
=1

where we have used that [R] vo] = 0 on each face F' € F, \ Fy and, in the last
step, the fact that Ty C Tx; cf. Remark 3.1. Hence, inserting (39) into (38)
and employing Lemma 5.1, inequality (37) becomes

Nu
1
T+IT S 1B Vaon =B v) 2+ D oy (vn—Bg v0) 32002, | An o, vn)]
i=1

From Lemma 5.12 we get

Ng
1
111 S IVp Vi(on = By vo)[3airy + D lloy2 (on — Ry vo) 3290, (40)
=1

Thereby, (35) can be bounded as follows

)i{:fli(vhvi)

S ‘Ah(%%)‘ + VP Vilvw — Ry vo) 7273,

Ny
/2 T 2 (41)
+ Z oy, (vn = Rg vo) 17290,
i=1
=IV+V+ VI
Thanks to Lemma 5.10 we have that
NH NH
V =Y IIVoVi(vn — Ry vo)ll72p,) S D 21| Vn(vn — Rg vo)ll72(m,)
j=1 j=1
Ny
< Zﬁj {thvhﬂiz(n,j) + |\Jh/,21[[”h]]||?:2(f,{j)]
j=1 ’ (42)
Ng
S S 7le, [IVB Vavnldar ) + o onlla i )]
j=1 7
S max (ﬁa‘/e,.) lonli, S _max (ﬁf/gj) An(vh, vn),
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where we have used the coercivity bound from Lemma 5.1 in the last inequality.
The bound on term VI can be deduced by using the inverse trace inequality
of Lemma 5.13. To this end, we first observe that

Ng
VIS St msieca oofulon — R vol3 on,. (13)

i=1

where we have also employed the definition of o3 , and the fact that (p.)|r <
2p,+ for any F C 9Q;, F C Or¥, for some k* € T, which implies that
(pe)lF < 2maxy,cq,y px for all I € Fj such that F' C 09Q;. Then, by ap-
plying Lemma 5.13 to each Q; € Ty, @ = 1,..., Ny, from (43) we obtain the
following bound:

Ny
VI S Zp2 max{,cq,} Pn/h[th(’l}h — RJUO)”LZ(Q,;)”UI'L — RJUOHLQ(Q”
=1
+ Y ||vn — R(—l)—vO||2L2(Qi)
1 /2
+ ( S oo - RoTUO]]||2L2(F)) lon — RoTUOHLZ(Qi)]
FG.Fh(Qi)

Since Ty C Tu, we denote by Z; :=={k : 1 < k < Ny, Q; € Tg and Qi C D;}
the set of indices that correspond to the subdomains inside D; € Ty, for all
j =1,...,Ng. Hence, Z; NZ, = O for any j # k, 1 < j,k < Ny, and
UM T; = {1,...,Nu}. Then,

Ny

VI S Z Z P’ max{xc;} Pﬁ/h[th(Uh — R(—JFUO)”L?(QI-)
j=14i€eI;

v — Ry voll 20

+ /e [lop, — R(—)rUOH%,?(Qi)
1

1 /2
(X oo — B wollFacey) * llon = B vollzeo,]

FE]‘—h(Qi)
S Z”Qﬁf/h[z IVa(vn = Rg vo) || L2 llon — Rg voll2 (e
j=1 i€,
+ Y Y on = Ry volZzq,
i€Z;

1 /2
(X lolilvn = B volldaey)  llvn = Bg voll o]
i€T; FEFn(Q)

We now proceed by bounding each term present in the bracket in (44); to this
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end, using the Cauchy—Schwarz inequality for sums, we get

Z [V h(vh—Rg vo)|| L2 lvn — Rg vollr2(an

i€,
1/
< (Y 19m(on = Ry w0} 32a) (3 llon = BRI woll3a,))

= i€T;

1/2

= [vn = Rg volwr (75, ) lon — Rg vollz2(p)-

Similarly, by noting that F5,(£2;) is the set of faces F' € Fj, strictly contained in
€2;, and therefore U;ez, F1 (%) C ]—'}{7]-, we deduce that

1/o /2
Z( Z HUh/J[[Uh—R(T”O]H@’(F)) ||Uh—RJU0||L2(Qi)

1€L; FEeFn()
: /2
< (X loy/ien = BRI vollBer@) - (2 lon = R voll3ea,y)

i€, i€Z;

1/2

1 12
< (X loilon = Ry vollae ) llon = By volloz(o,).

FeF{ ;

Noting that ;.7 [[on — RJUOH%%QJ = ||lop — RJUOH%Q(%) gives

Ng
VI< Zﬁj/h[wh — Ry volm iy llvn — B3 vollza(py) + it on — Rg voll3a(p,
j=1

1/o /2
+ (X loilon = BRI wolliaey ) llon — R volzaoy] - (45)
FeF}

The last term on the right-hand side of (45) can rewritten as

(3 lolilon = B woll3acr )

FeF} ;

1/2 .
lvn — R vollL2(p,)

1 1/2
= (X loilonlary) * llon = R volliaco,)
FeF]

1
= lloy/ 3 [onlll 2z llvn = B3 voll o, ;

here we observe that [Rjvo]|r = 0 on each F € ]-';ILJ-, since Ty, and Ty are
nested. Then, by employing the above estimate together with Lemma 5.10, we
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deduce that

H _, 2— 2
p’p;rH 1H !
VIS [ (5 + ) (IVaenlen, ) + o ibond I3 ) )]
H

= 7 q
H — 2 2 2
pj(p"H p 12

< VA el 2 2 46

N;Bj(q w o) (V6 a0 ndlacry ) (46)
p_ p2 H p2 H2

<, (T D)

Nj:{{lafiNH(p') — + 2 hi An(vn,vp),

where we have also made use of the coercivity bound of Lemma 5.1 in the last
inequality. Inserting the estimates (42) and (46) into (41) we obtain the desired
result. |

Remark 6.6. According to the statement of Theorem 6.5, given that Assump-
tions 6.1 and 6.2 hold, using Theorem 6.4 we deduce that
p_ p2 H p2 H2
< 5, B) (£ o,
K(Pog) < . sr?%’z%,,(gj 3 + Z hH (Ns+1) (47)

In particular, in the lowest order case, i.e., when p = ¢ = 1, we have K (P,q) <
H?/pm, which is in agreement with the corresponding bound derived in [41].
On the other hand if the size of the coarse subdomain and fine meshes are
fixed, we deduce that K,(P.q) < ?°/q. Moreover, we also observe that if the
diffusion coefficient p is constant on each subdomain D;, j = 1,..., Ny, then
the condition number is independent of the jump in p.

Remark 6.7. We remark that Assumption 5.5 is needed in order to obtain the
local estimates of Lemma 5.10, which allow to bound K (Paq) with maxi<j<w,, (7i/s,),
cf. (47). However, if the diffusion coefficient p is constant on €, we point out that

the analysis can be simplified by employing the global estimates of Remark 5.11
without making Assumption 5.5. We refer to [12] for further details.

7 Numerical results

In this section, we present a series of numerical experiments to demonstrate
the sharpness of the condition number bounds stated in Remarks 6.6 and 6.7.
Throughout this section we solve (2) by using the additive Schwarz Precon-
ditioned Conjugate Gradient (ASPCG) method; here, we report the number
of iterations needed to reduce the Euclidean norm of the relative residual vec-
tor below a tolerance of 1078, based on starting from the trivial initial guess.
Furthermore, we estimate the condition number K (P,;) by using the extreme-
eigenvalue-estimate based on the ASPCG iterations. For the sake of simplicity
of the presentation, we only consider the massively parallel case, i.e., when
Ta = Tn. Furthermore, here we select the penalty parameter C, = 10.
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Figure 2: Example 1. Nested polygonal grids 7; (thin) and Ty (thick) on an
L-shaped domain, when the elements of Ty are convex (left) and non-convex
(right).

7.1 Example 1

In this first example we investigate the dependence of the condition number of
P,4 on the diffusion coefficient p. Based on Remark 6.6, we expect the condition
number of the preconditioned system to be dependent on the choice of the coarse
grid Tg. More precisely, if Ty is chosen to be aligned with the discontinuities of
p, then K (P,;) should be independent of the jump in the coefficient p; otherwise
it will depend on the maximum ratio between the maximum and the minimum
value of p present inside the subdomains D; € Tg. To verify this behavior,
we consider two experiments based on fine/coarse grids T, /Tx, respectively,
where T is a Voronoi polygonal grid on the L-shaped domain € depicted in
Figure 2 with 16 polygonal elements and 7}, is obtained by successive refinement
of elements of 7. Here, we observe that the elements of Ty are convex and
satisfy Assumption 5.5, cf. Figure 2 (left). Moreover, we choose the polynomial
degrees to be either p = ¢ = 1 or p = ¢ = 2. In the first experiment we fix
plp; = po = 1 on the elements D; € Ty with odd index j and set p|lp, =
pe € {101,102,...,10%}, in each test case, on the polygonal subdomains with
even index j. The results shown in the first two lines of Table 1 confirm the
independence with respect to the jumps of p when those jumps are aligned with
the subdomains of 7g. In the second experiment we proceed similarly, but here
we take different values of p on odd and even polygonal elements x € 7,: in this
way T is not aligned with the discontinuities of p, and hence the ratio between
the maximum and the minimum value of p inside the polygonal subdomains
D; € Tu is given by p.. As expected from the theory, the results presented
in the last two lines of Table 1 show that the condition number of P,; grows
linearly with p.. Finally, we repeat the same set of experiments by first selecting
Tr as a Voronoi polygonal grid consisting of 2000 elements and, subsequently,
define the coarse grid Ty by successive agglomerations of elements of 7;,. The
agglomeration is undertaken based on employing Metis, cf. [52]. As shown
in Figure 2 (right), the elements of T are clearly non-convex in this example.
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Pe —

10 102 10° 10% 10° 108
Aligned p=1[] 2.31-102 2.33-107 2.34-10°7 2.34-10% 2.34-102 2.34-102
p=2 | 6.12-102 6.14-102> 6.14-10> 6.12-10> 6.11-102 6.10-102
Not Aligned p=1 [ 2.92-107 1.04-103 7.73-103 7.42-10% 7.39.-10° 7.38.10°
p=2 | 6.54-102 2.26-10% 1.71-10* 1.65-10° 1.64-10% 1.64-107

Table 1: Example 1. Condition number K (F,4) as a function of the maximum
jump in p when the polygonal elements of Ty are convex and Ty is aligned (top)
and not aligned (bottom) with the discontinuities of p.

Pe —
10 102 103 107 10° 108
Aligned p=11] 9.65-10% 1.15-10° 1.20-10°> 1.21-10° 1.21-10° 1.21-10°
p=2 | 247-10% 2.86-10% 3.18-10% 3.25-10% 3.26-10% 3.26-10°
Not Aligned p=1 |[ 8.02-10° 2.09-10° 1.68-10* 1.65-10° 1.64-10° 1.64-107
p=21| 236-10% 6.10-10% 4.74-10* 4.62-10° 4.61-10% 4.61-107

Table 2: Example 1. Condition number K(P,4) as a function of the maximum
jump in p when the polygonal elements of Ty are non-convex and Ty is aligned
(top) and not aligned (bottom) with the discontinuities of p.

Figure 3: Example 2. Example of a sequence of nested polygonal grids.

Although Assumption 5.5 is not satisfied in this case, the results of Table 2
illustrate analogous behavior to that observed in the previous setting when the
coarse elements were convex.

7.2 Example 2

In this example, we investigate the performance of the proposed ASPCG algo-
rithm on a set of Voronoi polygonal fine grids 7;,, where Q = (0,1)? and p = 1.
For each grid 7T}, we construct a sequence of nested polygonal grids Ty obtained
by successive levels of agglomeration, cf. [11]. For each fine Voronoi grid of size
h the agglomeration process has been performed in order to ensure that the
size of the coarser partitions is approximately H = 2h, 4h, ..., cf. Figure 3,
for example. In Tables 3 and 4 we report the condition number and the itera-
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Tn —
1T h =8h h=4h h=2h h=h
H =16h || 20.70 (45) 72.31 (86) 269.70 (163) 818.09 (289)
H=8h | - 21.89 (46)  73.42 (86) 261.36 (163)
H = 4h - - 20.91 (46) 83.77 (91)
H=2h - - - 23.08 (48)

Table 3: Example 2. Condition number (and iteration counts): nested polygonal
grids, with p = ¢ = 1. Here, h is the diameter of a grid with Nj = 4096 elements.

Tn —
1T h=8h h=4h h=2h h=nh
H =16k || 88.63 (80) 291.77 (145) 1137.55 (276)  3241.64 (513)
H=8h | - 102.96 (82)  278.15 (140)  949.21 (271)
H=4h || - - 90.30 (79) 343.19 (148)
H=2h | - - - 104.24 (82)

Table 4: Example 2. Condition number (and iteration counts): nested polygonal
grids with, p = ¢ = 3. Here, h is the diameter of a grid with N, = 4096 elements.

tion counts for the proposed ASPCG algorithm for p = ¢ =1 and p = ¢ = 3,
respectively. Here, we clearly observe that the condition number and the itera-
tion counts grow quadratically and linearly, respectively, as h tends to zero for
fixed H. Moreover, if the ratio of A and H is kept fixed, then we observe that
the condition number and iteration counts are approximately constant; cf. the
diagonals and subdiagonals of Tables 3 and 4. This behavior is in agreement
with the theoretical bound stated in Remark 6.6, where K (P,q) = O(H?/n2).

7.3 Example 3

We now consider the performance of the ASPCG algorithm on tetrahedral
meshes in three dimensions. To this end, we set 2 = (0,1)3 and p = 1; further-
more, the elements of the coarse mesh are general-shaped polyhedra obtained by
successive agglomeration, cf. the previous example. The results for p = ¢ =1
and p = ¢ = 3 are reported in Tables 5 and 6, respectively. Here, we have
also added a line with the condition number of the operator A, : Vj, x V, = V),
defined by (Apun,vn)r2(0) = An(un,vy) for all up, v, € Vi, and, in parentheses,
the iteration counts of the Conjugate Gradient method for solving (2) without
preconditioning. Analogous behaviour of the condition number and iteration
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N, —
| Ny 384 3072 24576 196608 1572864 12582912

48 107 (85) 411 (156) 1497 (294) 6216 (580) 25791 (1089) 94276 (2012)
384 - 136 (95) 499 (169) 1878 (311) 7407 (584) 28762 (1106)
3072 - - 146 (96) 480 (165) 1904 (306) 7861 (578)
24576 - - - 144 (94) 491 (164) 1973 (306)
196608 || - - - - 144 (94) 496 (164)
1572864 || - - - - - 145 (94)

K(Ap) H 734 (166) 2859 (289) 11407 (507) 45618 (933) 182199 (1649) 708509 (3012)

Table 5: Example 3. Condition number (and iteration counts): tetrahedral fine
meshes and agglomerated polyhedral coarse grids, with p = ¢ = 1.

Np —
J Ny 384 3072 24576 196608
48 607 (174) 2120 (309) 6760 (515) 26674 (924)
384 - 655 (179) 2334 (314) 7507 (536)
3072 - - 693 (182) 2295 (316)
24576 || - - - 697 (182)

K(Ap) H 12247 (679) 40675 (1056) 154934 (1722) 602050 (2991)

Table 6: Example 3. Condition number (and iteration counts): tetrahedral fine
meshes and agglomerated polyhedral coarse grids, with p = ¢ = 3.

counts to those presented in the previous example are observed. In particular,
we observe that the condition number is roughly constant on the diagonals and
subdiagonals of the two tables, while, along each row, i.e., when Ty is fixed, the
expected quadratic growth in K (P,4) is observed. Similar considerations are
also noted for the iteration counts.

7.4 Example 4

Given the definition of R], the proposed ASPCG algorithm naturally admits
the use of non-nested coarse spaces, i.e., when Vg ,(Z Vi,. In order to confirm
the condition number bound stated in Remark B.7 when Vg 51 Vi, we consider
a set of independently generated Voronoi polygonal tessellations of (0,1)? of
size h and H > h, respectively; in this way, 7; and Ty are non-nested, cf.
Figure 4. The results (for p = 1) shown in Tables 7 and 8 for p = ¢ = 1
and p = g = 3, respectively, illustrate analogous behavior to the results for the
nested case presented in the previous examples; this is in agreement with the

27



Figure 4: Example 4. Sequence of non-nested Voronoi polygonal grids employed.

Np —
I Ng 64 256 1024 4096 16384
16 23.29 (38) 92.13 (77) 387.61 (159) 1624.26 (324) 6370.86 (657)
64 - 25.91 (39) 106.42 (84)  411.02 (167)  1774.19 (342)
256 - - 26.73 (41) 100.89 (82) 425.97 (169)
1024 || - - - 31.81 (44) 118.61 (86)
4096 || - - - - 30.56 (43)

Table 7: Example 4.

Condition number (and iteration counts): non-nested
polygonal grids, with p = ¢ = 1.

Np —
J N 64 256 1024 4096 16384
16 148.36 (83)  429.84 (143) 1602.53 (275) 5405.40 (529) 21263.66 (1058)
64 - 142.42 (76)  405.44 (135)  1525.94 (263) 5170.13 (498)
256 - - 157.47 (80) 452.41 (137)  1469.08 (249)
1024 || - - - 147.97 (77) 402.98 (124)
4096 || - - - - 135.77 (70)

Table 8: Example 4. Condition number (and iteration counts): non-nested
polygonal grids, with p = ¢ = 3.

condition number bound stated in Remark B.7.

7.5 Example 5

In this final example we investigate the dependence of the condition number on
the polynomial degree p in both the nested and non-nested cases with p = 1. For
the nested case, we consider a total of four tests: two of them are characterized
by quadrilateral fine grids with N, = 256 and N, = 1024 elements, while
the two other tests are based on employing the polygonal fine grids depicted
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Figure 5: Example 5. Pairs of non-nested grids 75 (solid) and 7z (dashed),
respectively.

T RS - | =fill= Non-nested poly. N} = 262
=@= Non-nested poly. Nj = 516
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Figure 6: Example 5. Condition number K (P,q) as function of p.

in Figure 3, where the fine meshes have N, = 262 and N; = 516 polygonal
elements. For each test the coarse mesh Ty is obtained by agglomeration of T
in order to guarantee H ~ /4. Analogous fine meshes are also considered in
the non-nested setting; however, here the coarse mesh Ty is selected to be a
Voronoi grid generated independently of 7, cf. Figure 5. In Figure 6 we plot
the condition number K (P,4) on each set of grids as the polynomial degree p
is increased. Here, we observe that, in the nested setting, i.e., when Vg C V},,
for a fixed mesh size K (P,q) = O(p) as p increases; however, when Vi € Vj,
then K(P,q) = O(p?) as p increases. This behaviour is in agreement with the
condition number bounds stated in Remarks B.7 and 6.6, respectively.
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A Proof of Theorem 4.5

In this section we present the proof of Theorem 4.5. To this end, suppose
that @ C R™ is a bounded, open, convex domain with boundary 9. Given
f € L3(2), consider the homogeneous Neumann problem

—Au=f inQ, Vu-n=0 on 0. (48)

The weak formulation of (48) is: find v € H'(Q)/R := HY(Q) N L3(f), such
that

= u-Vodx =£(v) := vdx v !
a(u,v) .—/QV Vodx = {(v) /Qf d Vv e H (Q)/R,

with H'(Q)/R equipped with the norm |[v]|g1(q)/r := [[Vv||p2(q). From [48,
Theorem 3.2.1.3] it follows that u € H?({2); the proof of (10) now proceeds with
the following steps.

Step 1. [H'(2) bound] The existence of a unique weak solution to (48)
follows by the Lax—Milgram lemma applied to the bilinear form a(-, ), which is
bounded and coercive on H!(Q)/R, and noting that the linear functional £(-) is
bounded on H'(Q2)/R. Indeed,

E(v):/ﬂfvdx:/ﬂf[v—vg] dx < [l 2@ llv — vall2().

where vg 1= 1/|0 fQ vdx. By Poincaré’s inequality,
v = vallL2) < CQ)[V|[L2(0),

where C(€) is a positive constant. Recalling that Q is a bounded, open, convex
domain, it can be shown that C(Q) < !/x diam(Q2), cf. [55]. Setting v = u in the
weak formulation above, we then deduce that

1.,
[Vull7z(q) = Lu) < COQIIfll2@ I Vull L2 < ;dlam(Q)”fHLQ(Q)||Vu||L2(Q)-

Hence,
1.
IVullz2@) < —diam(@)]l fllz2 ()

Step 2. Suppose that Q C Q,,, where Q,,, m = 1,2,..., is a sequence of
bounded, open, convex C? domains, such that dist(£2, ,,) < 1/m. The existence
of such a sequence {Q,,}5°_; follows from Eggleston’s lemma, cf. [48, Lemma
3.2.1.1]. Hence, in particular 0 < diam(2,,,) — diam(€2) — 0 as m — oo.

Step 3. With Q,,,, m =1,2,..., as in Step 2, we extend f by 0 from  to
Q, for each m =1,2,..., and define

| flx) forxeQ,
Fm () := { 0 forxe,\Q
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Clearly, f,, € L3(Q,). We consider the following Neumann problem on §2,,:
—Aupy, = frn in Qyp, Vi -n, =0 on 09,,,

where n,, is the unit outward normal vector to 9€2,,. We have that the unique
weak solution wu,, € H(£,,)/R of the above Neumann problem satisfies the
following elliptic regularity result: wu,, € H?*(Qy), cf. [48, Theorem 3.2.1.3],
and

||Um||H2(Qm) < V6 (Hfm”L"’(Qm) =+ ”um”LQ(Qm))v m=12,...,
cf. [48, Theorem 3.1.2.3], with A = 1. Thereby, we deduce that
lwmllzz (@, < V6 (I1Fll2@) + lumll2@,),  m=1,2,.... (49)

Since Q C €,,, upon application of Poincaré’s inequality on the right-hand side
of (49), followed by recalling the H'(2) bound derived in Step 1, we get

IN

1 ..
lumll 2 @) < llumllm2 @) V6 (|1 fll2) + ;dlam(Qm)HVUmHm(Qm))

IN

1
V6 (Hf||L2(Q) + p[diam(Qm)]QHfm”L?(Qm))

V6 (14 (@, ) ey, = 1.2,(50)

Thanks to Step 2, lim,, o diam(Q,,) = diam(Q2). As (diam(,,))5°_; is a
convergent sequence in R it is automatically a bounded sequence, and therefore,
because of (50), there exists a positive constant Cp, independent of m, such that

||um||H2(Q) < ||um||H2(Qm) < CQ for all m = 1, 2, e (51)
Thus, (t,)_; is a bounded sequence in H?(£2). Hence, there exists an element
Uso € H%(Q) and a weakly convergent subsequence u,,, — s in H?(2). By
weak lower semicontinuity of the norm function || - || 2 (), we have that

s 20 < Tgn inf [t | (52)

Further, thanks to the compact Sobolev embedding H?()) € H'(Q2) guaranteed
by the Rellich-Kondrashov theorem, by extracting a further subsequence (not
indicated), we have that w,,, — us strongly in H'(Q). Now,

HvumkH%?(ka) = [IVam, |72 () + Vi, H%%Q,nk\ﬂ)- (53)
Focusing on the second term on the right-hand side of (53), by Holder’s in-

equality with conjugate exponents o = p/2 and o/ = 25 =p/(p—2),2<p<
2n/(n — 2) (where 2n/(n — 2) is the critical Sobolev index), and (51), we have
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that

p—2
IVumllzz@m0) < [Vtm,llze@,,, \0) [ \ Q7

< [Vt () 192m, \ 215

< O diom(Qun, ). m.) 1t 30, 19, \ 2
< C(n,p) llumg 2@, ) [ \Q|%

< C(n,p) Co[Qm, \Q'% 50 ask— oo (54)

Passing to the limit & — oo in (53) we therefore have that
,}LHOIO ”V“mkH%Q(ﬂmk) = klggo HVUmkHsz(Q) = ||Vuoo||2L2(n)v
where the last equality follows from the strong convergence w,,, — Us in H ().
Recalling from (50) that

1.
[t 22y < V6 (1 fll2() + —diam(Qmn, )| Vet ll22(@,,)) . (55)

passage to the limit k& — oo in inequality (55) using (52), (54), together with
limy;, — 0o diam(2,,) = diam(2), yields that

1.
oo | r2(2) < V6 (Il z2() + —diam ()| Vitos||2(c)- (56)
Step 4. [Identification of us] It remains to show that u., = u, the weak

solution of the original Neumann problem on 2. To this end, we consider the
weak formulation of the Neumann problem satisfied by t,:

/ Vum~Vvdx:/ fmvdx VvGHl(Qm)/]R.
Qi Qm
Thanks to the definition of f,,, this weak formulation is equivalent to
/ Vi, - Vodx = / fodx Vo€ H (Q,)/R,
Qn Q
and therefore
/Vum-Vvdx—i-/ Vum-VvdX:/fvdx Yo e HY(Q,)/R,
Q Qn\Q Q
whereby
/Vumk-VvdX—I—/ Vumk~Vvdx:/fvdx Yo e HY (Qm,)/R.
Q Qi \Q Q
Equivalently, because [, f(x)dx =0,

/Vumk~Vvdx+/ Vi, -Vvdx:/fvdx Vo€ H Q).
Q Qi \Q2 Q
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Consider a fixed bounded domain Q¢ C R" such that Q¢ 3 Q,, D Q for all
m=1,2,.... Then,

/Vumk-VvdX—i—/ Vumk-Vvdx:/fvdx Yo e H Qo).
Q Qi \Q Q

By noting (54), the strong convergence tu,,, — U in H'(Q) as k — oo, we
have that

/Vuoo-Vvdx:/fvdx Yo e HY(Qo),
Q Q

hence also
/Vuoo~Vvdx:/fvdx Yo e HY(Q),
Q Q

since any element of v € H!(€g) can be viewed as the extension of a v € H()
to the superset €. Therefore, again since [, f(z)dz = 0, also

/Vuoo-Vvdx:/fvdx Yo e HY(Q)/R.
Q Q

Thus we have shown that u., coincides with the unique weak solution u of the
homogeneous Neumann problem posed on (2. Returning with this information
to (56), we have that the weak solution of the homogeneous Neumann problem
on the bounded, open, convex (and therefore Lipschitz) domain 2 satisfies

1.
Jull 2y < V6 (I fllz2() + ;dlam(Q)HquU(Q))’

as required.

B Condition number estimates for non-nested
grids

In this Appendix we provide a bound on the condition number of the additive
Schwarz operator P, introduced in Section 3 when the fine and coarse grids Tj
and Tg, respectively, are non-nested. For the sake of simplicity, here we assume
that p = 1 on © and consider the massively parallel case, i.e., when Ty = Tp,.
For the purposes of the proceeding analysis, we also assume that §2 is convex;
moreover, we make the following additional assumption on 7j,.

Assumption B.1. (Coverability) For every polytopic element x € Ty, there
exists a set of my overlapping shape-reqular simplices K;, i = 1,...,my, such
that

dist(k, OK;) < dlam(Ka)/p2 - and  |K;] 2 |k],

foralli=1,...,my, see [30, Chapter 3].
Given that Assumption B.1 holds, we state the following inverse inequality,

cf. [11].
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Lemma B.2. Suppose that v, € Vy; then, the following bound holds:
IVorlZe ey S P 2 llvnlliey V& € T
Proof. We refer to [30] for the proof of this result. O

We first provide a counterpart of Lemma 5.10, which holds in the non-nested
case and allows us to prove the validity of Assumption 6.3 also for non-nested
spaces Vj, and Vg. The key aspect of our analysis is the construction of the
conforming approximant introduced in Theorem 5.9. In particular, we recall
the following result.

Theorem B.3. Let Gy, (vi,) := Vv +R1([vn]) be the discrete gradient operator
of vy, € Vi, defined as in Definition 5.7 and let v, € H}(Q) be such that

/Vﬁh-Vw dx:/gh(vh)-Vw dx Yw e H} (Q).
Q Q

Then, the following approximation and stability results hold:

~ h 1 ~
lon =Bl 2 S llonilonllzcey, [l S lonlas
Remark B.4. Theorem B.3 provides global bounds for vy, € V}, in the L?-norm.
This result is a particular case of Theorem 5.9, where local bounds on each coarse

element D; € Ty are provided. We refer to [12] for the proof of Theorem B.3.

On the basis of the previous result, Lemma 5.10 can be generalized to non-
nested spaces as follows.

Lemma B.5. For any v, € V}, there exists a coarse function vy € Vi such
that

H

lvn — Ry vl 2y < ;llvhHh,la (57)
>H

lon = B vrlha S 5 ol (58)

Proof. Let vy, € Vj, and let vg € Vg be defined as vy = Il vy, with v, as defined
in Theorem B.3 and where I is the hp-approximant introduced in Lemma 5.3.
Then, by employing the triangle inequality we have

lon—Rg va |l 2(e) S llvn=0nll L2yt 10 =110 2@yt 70, — Ry (g on) || 2 ()

where 11 : L?(Q) — V}, is the L?-projection operator onto Vj. From the
definition of RJ , we note that II%vy = ROT vy for all vy € V. Hence, exploit-
ing Lemma 5.3 together with Assumption 2.3, cf. Remark 5.4, gives

lon — Rg vallz20) S llon = Tnllzz) + 100 — %l 220 + IT°(0 — a0l £2(0)
<|lvn = Onllzz) + [[vn — Uptnllp2@) + 10n — Lavnl L2

S llon = Onllz2@) + e |0nll @) + #/a |Unll a1 ()3
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here we have used that [|[II%||p2(0) < [[v]|lp2(q) for all v € L*(Q) and [jv —
%] 2y < ||v—w||p2(q) for all w € L?(£2). By applying Poincaré’s inequality
to v, € H}(Q) and noting Theorem B.3, inequality (57) immediately follows by
observing that h < H and ¢ < p. In order to obtain (58) we proceed as follows:

1
lon = Ry varll? 1 = IVa(vn = B v 3y + o s on = Bg vallF2(z,- (59)

We bound the first term on the right-hand side of (59) by means of Lemma B.2
and (57) as follows:

IVn(vn = Rg vin)ll72cry = Y IVa(vn = Rg w72
nETh

4H2
S 2 lon — B vl agey < 2 ozl (60

The second term on the right-hand side of (59) can be bounded by recalling the
definition of ¢4,1, Lemma 5.2 and (57) as follows:

2
1 p
o/ "2 vy, — Ry ou]ll7z (s S T > llon = Rg a7 o

neTh 4 (61)
P H?
F*”’Uh*Ro UH||L2 Q) ~ < 2 Wz thth
Inserting (60) and (61) into (59) we obtain (58). O

With Lemma B.5 in hand, we can prove the following result.
Theorem B.6. Assumption 6.3 holds with

cz = (L)
# 2 h?

Proof. Let v, € Vj,. Proceeding as in the proof of Theorem 6.5, by selecting

vo = vy as in Lemma B.5, v, can be decomposed as v, = Z?ZO R;'—vi7 with

v; = Ri(vy, — Rgwy) € Vi, i=1,..., Np, so that

Np

‘Z Ai(vi, v;)
i=0

where we have used (35), (37) and (40) with the hypothesis Ty = T. The
result then immediately follows by noting (58) together with the coercivity of
Ap, cf. Lemma 5.1. O

< llon = Rg volli 1 + An(va, vn),

Remark B.7. Based on Theorem B.6, for non-nested coarse and fine spaces
Vi and V},, respectively, the condition number K(P,4) of the additive Schwarz
operator P,4 can be bounded as follows:

K(Paa) 5 (% )Ns 1),
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