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Abstract. Blood flow in major arteries gives rise to a complex fluid-structure interaction (FSI) problem. The mechanical behaviour of the tissues composing the vessel wall is highly nonlinear. However,
when the wall deformation is small it can be argued that the effect of the non-linearities to the flow
field is small and indeed several authors employ a linear constitutive law. In the aortic arch, however,
the deformations experienced by the vessel wall during the heart beat are substantial. In this work we
have implemented different non-linear constitutive relations for the vessel wall. We compare the flow
field and related quantities such as wall shear stress obtained on an anatomically realistic geometry
of aortic arch reconstructed from clinical images and using physiological data. Particular attention is
also devoted to the efficiency of the algorithms employed. The fluid-structure interaction problem is
solved with a fully coupled approach and using the exact Jacobians for each different structural model
to guarantee a second order convergence of the Newton method.
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1. Introduction
In the recent years we have witnessed a substantial increase of the application of mathematical
models and numerical simulations to the study of the vascular system in different physiological and
pathological situations, such as aneurysms, thrombosis, atherosclerosis, etc. It is well known that
arteries are compliant, and the deformation of the arterial wall may affect the dynamics of blood
Keywords and phrases: arterial wall modelling, patient-specific simulation, fluid-structure interaction, aortic arch
We acknowledge the Swiss Platform for High-Performance and High-Productivity Computing (HP2C), the Swiss
National Supercomputing Center (CSCS) for the XE6 supercomputer Rosa, Dr. Philippe Reymond and LHTC for the
aorta geometry and boundary data. The authors want also to thank Dr. Mariarita Deluca for her help throughout all
the work.
1
MOX - Dept. of Mathamatics F.Brioschi, Via Bonardi 9, 20133 Milano, Italy;
e-mail: g.mengaldo11@imperial.ac.uk, luca.formaggia@polimi.it
2
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flow and the computation of important derived quantities like wall shear stress, particularly in large
arteries. Even if the main effects of compliance on the blood flow may be accounted for using simple
linear structural models, the actual mechanical behaviour of arterial tissue is far from linear. It is
then expected that some important details may be lost if this non-linearity is neglected, especially in
major arteries like the aorta, where the vessel deformation during a heart beat is rather large.
This paper focuses on comparing different structural models for the vessel wall when modelling the
coupled fluid-structure interaction (FSI) problems that arise in haemodynamics. In particular, the
attention is placed on the simulation of the blood flow and arterial wall dynamics in the aortic arch.
When studying such a complex coupled system, the mathematical models for the blood (”the fluid”)
and the arterial wall (”the structure”) should capture the correct mechanical behaviour, which can
differ depending on the type of vessel under study [15, 23, 41]. In this work, blood is modelled as a
Newtonian fluid. This hypothesis is commonly accepted in literature for flow in main blood vessels
(e.g. [4, 6, 10, 11, 17, 19]) though it may be inaccurate in the small ones, or when the shear stress in the
fluid is below a critical threshold (e.g. in the venous system). In both cases blood starts to deviate from
the Newtonian properties. However, in this work we focus on the aortic arch, where the assumption
of Newtonian fluid is acceptable.
As concerns the arterial wall, it is known that it is composed of three main layers (tunica intima,
media and advetitia). The most important feature of the passive (non stimulated) mechanical behaviour of an artery is that the stress-strain relation during loading and unloading is highly nonlinear.
Therefore, when a vessel undergoes relatively large deformations it is expected that a reliable constitutive model for the vessel wall can be crucial for the accurate computation of some mechanical factors
which are considered important in triggering the onset of a cardiovascular disease (e.g. aneurysms
and atherosclerosis), or when investigating the effect of changes of the arterial tissue behaviour due
to factors like aging or hypertension.
In the last four decades, several models were proposed to describe the vessel wall dynamics using
different theoretical frameworks like finite elasticity or mixture theory. These models are reviewed in
detail in [16,32,36]. It is commonly agreed that in young healthy arteries, only the media and adventitia
layers are responsible for the mechanical response of the arterial wall. Their contribution to the overall
mechanical behaviour of the biological tissue occurs at different levels of strain [14, 42]. In a disease
situation the mechanical properties of the wall may differ significantly from those of healthy arteries
and, in some cases, the intima layer may become relevant [26]. In this work, four structural models
which are commonly used in literature to describe the arterial tissue have been used. Namely, linear
elasticity, St.Venant-Kirchhoff, Neo-Hookean and exponential models. They have been developed in
the framework of nonlinear finite elasticity [12]. From the mathematical point of view, these models
describe the biological tissue as a compressible (the first two) and nearly-incompressible (the second
two), isotropic and hyperelastic material. From experimental observations, the arterial tissue is known
to be incompressible or near-incompressible. In this work, the volume preserving constraint is enforced
in the finite element code (implemented in the finite element library LifeV [9]) using high Poisson
ratios for the first two models, and by decomposing the constitutive relation into a volumetric and
isochoric part for the second two. Particular care needs to be devoted to the choice of Poisson ratio and
bulk modulus when getting too close to incompressibility regime, because of the locking phenomenon.
In the following, only preconditioned materials are considered, that is materials where the typical
stress softening effect (which occurs during the first few load cycles) is no longer evident. Moreover, we
have neglected pre-stress. This is a limitation of the present study since arterial wall exhibit pre-stress,
but we feel that the comparison of the results obtained with the different models may give already
good indications even in this simplified situation.
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It is commonly accepted that haemodynamic induced stresses have an important role in the initiation
and progression of arterial pathologies. Several studies have been focused on their evaluation only
considering blood flow in idealized and anatomically realistic geometries [3,4,6,20,31,34]. We consider
here, instead, a geometry reconstructed from real patient data.
The coupled FSI system is an highly nonlinear problem not only because of the non-linearity in the
Navier-Stokes equations and possibly in the constitutive relation to describe the structure, but also
because of the geometric non-linearity induced by the relative large displacements. In this work this
is handled resorting to an arbitrary Lagrangian Eulerian (ALE) frame of reference. The advantage
with respect to the Eulerian description is that the coupling conditions can be satisfied exactly on the
fluid-structure interface. However, this approach requires to introduce an additional set of equations to
describe the deformation of the fluid domain. In this work the complete system of nonlinear algebraic
equations that arises from the discretization of the coupled problem is solved as a whole, using a
Newton scheme. In this case, the use of preconditioning techniques and domain decomposition methods
plays a key role in obtaining an efficient solution method, particularly in a parallel setting [1, 25].
We have considered the simulation of blood flow in a patient-specific aortic arch using physiological
inlet/outlet flow conditions [5,29], realistic material parameters, and the cited four different structural
models for the arterial tissue. The goal is to understand how the different mechanical models for
the vessel wall influence the distribution of hemodynamic indicators like wall shear stress (WSS) and
the displacement field in the structural domain. Different researches have already carried out similar
analyses [11, 18, 37–39]). Yet, to the best of our knowledge, no comparisons of the results obtained
using three different nonlinear structural models have been carried out so far. Moreover in the cited
literature no details are given about the linearization of the first Piola-Kirchhoff tensor. Indeed, when
the structure problem has to be linearized, the computations of the Jacobian of the stress tensor is
delicate and not straightforward. Considering this, we give here the complete definition of the first
Piola-Kirchhoff tensor and of its Jacobian for each of the constitutive laws we have considered.
This paper is divided in four sections. Sect. §2 deals with the mathematical modelling of continuum
bodies. It gives a brief introduction on the equations governing the motion of solid bodies and the
quantities involved in the problem. In particular, we describe the constitutive relations used in this
work and we give the mathematical formulation of the coupled fluid-structure interaction problem.
The third section describes the treatment of the nonlinearities of both the solid problem, when using
nonlinear constitutive laws, and the FSI problem. The computation of the Jacobian of the PiolaKichhoff tensor for each material model is detailed. The final part of the section is devoted to illustrate
the linearization of the FSI problem adopted for its numerical solution. In Sect. §4 we provide some
numerical results. First, the convergence rate of the Newton method applied to two test cases of
nonlinear structural and FSI problems are presented. We show that in both cases, the convergence
rate corresponds to the theoretical one, verifying the correct implementation of the structural laws.
After that, we consider a patient-specific FSI simulation in an aortic arch. The numerical results
obtained in this case are shown and critically analyzed. Particular attention has been dedicated to the
computation of haemodynamic indicators which are known to be related to the onset of cardiovascular
diseases. The final section summarizes the results and draws some conclusions. Besides, it identifies
important future directions that would enhance the current state of blood flow simulations.
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2. Mathematical Modelling
2.1. Arterial tissue modelling
Let B0 ⊂ R3 an open set with smooth boundary ∂B0 , defining a continuum body (the arterial
wall). We refer to B0 as the reference configuration of the vessel wall at the initial time t0 = 0. When
the body moves, at each time t > 0, it will occupy a new configuration B(t), namely the current
configuration. In the framework of continuum mechanics, the motion of the vessel wall in a temporal
interval of interest [0, T ], is described by a map χ : B0 × [0, T ] → R3 , where B0 is the closure of B0 .
This map transforms a material point X∈ B0 into a point x = χ(X, t) ∈ B(t) at any time t > 0.
The Lagrangian description of the kinematics quantities of the motion (e.g. displacement and velocity
b (X, t) = x(X, t) − X and the
fields) is obtained via the map χ. The displacement field is defined as η
∂
b(X, t) = η
b (X, t). The gradient of χ with respect to the material coordinates X is
velocity field is v
∂t
called the deformation gradient tensor F and it is useful for defining other tensors such as the right
Cauchy-Green and the Green-Lagrange tensors.
The Lagrangian form of the equation of motion to describe the structural dynamics problem is:
ρs

b
∂2η
= ρs b + Div(P)
∂t2

∀X ⊆ B0 × (0, T ],

(1)

where the divergence Div is taken with respect to the material coordinates X, ρs is the density of
the arterial tissue, b represents the volume forces and P is the first Piola-Kirchhoff tensor, which is
related to the Cauchy stress tensor σ by P = JσF−T , where J = det(F). When initial and boundary
conditions are added to Eq. (1) the mathematical problem associated to Eq. (1) is defined. In order
to make it solvable, a constitutive relation that describes the Cauchy stress tensor as a function of the
deformation gradient tensor F is needed. In this work, Cauchy elastic, homogeneous and hyperelastic
materials are taken into account. The incompressibility constraint which the biological tissue obeys
is enforced in the models via the first Lamé coefficient and the shear modulus in the linear elasticity
and in the St.Venant-Kirchhoff law, and by decomposing the constitutive relation into the sum of
an isochoric and volumetric terms in the Neo-Hookean and exponential models [27]. In the following
subsections, the computations to derive the first Piola-Kirchhoff tensor from the strain energy function
W are not shown. The interested reader may refer to [13, 21, 33] and references therein.
2.1.1. St. Venant-Kirchhoff constitutive law
St.Venant-Kirchhoff constitutive law is described by the following form of the strain energy function
W:
 λ
(2)
W E = (trE)2 + µE : E,
2

where E is the Green-Lagrange tensor and it is defined as E = 12 FT F − I , and λ and µ are the
first Lamé constant and the shear modulus respectively. Without loss ofgenerality, the strain energy
function can be expressed as a function of the invariants IC , IIC , IIIC of the right Cauchy-Green
tensor (C),




9λ 3µ
µ
3λ µ
λ µ
2
+
+
+
.
(3)
IC −
IC − IIC +
W=
8
4
4
2
2
8
4
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The first Piola-Kirchhoff tensor, as a function of the deformations, in the case of St. Venant-Kirchhoff
model reads:

λ
IC − 3 F + µF + µFC.
(4)
P=
2
If the displacement field is introduced in Eq. (4), the definition of P becomes:



b η + ∇b
b η T + λ ∇b
b η : ∇b
bη +
b )I + µ ∇b
P(b
η ) = λ(Div η
2




b η : ∇b
b η ∇b
b η + µ ∇b
b η T ∇b
b η + λ ∇b
bη +
b ∇b
+λ Div η
2

b η ∇b
b η ∇b
b η T + µ∇b
b η ∇b
b η T ∇b
b η.
+µ∇b

Linear elasticity can be deduced from Eq. (5) by considering only the linear terms, obtaining


b η + ∇b
b ηT .
b )I + µ ∇b
P(b
η ) = λ(Div η

(5)

(6)

It is worth to remind that the St. Venant-Kirchhoff strain energy function Eq. (2) may not be
recommended in case of large compressive strains which might occur in regions of arterial branching.
In fact, it does not satisfy the policonvexity condition (which is a sufficient condition on W for the well
posedness of the structural problem) for such states of deformation (see [2]). Despite this limitation,
the St.Venant-Kirchhoff model is commonly used in the literature to describe the arterial wall.
2.1.2. Neo-Hookean constitutive law
In the case of Neo-Hookean law we use the multiplicative decomposition of F,
b F̄,
F=F

(7)

b is the volumetric part and F̄ is the isochoric term (see [27]). This results in splitting the
where F
strain energy function as follows:
W=


 κ
µ
IC̄ − 3 +
J − 1)2 + (lnJ)2 ,
2
4

(8)

where µ is the shear modulus and κ is the bulk modulus. The higher the bulk modulus the more
incompressible the material behaves. The first term in Eq. (10) is the isochoric contribution and the
second represents the volumetric term of W. The tensor P is:




1
κ
1
−T
− 23
J − 1 + lnJ F−T .
(9)
+J
F − IC̄ F
P = µJ
3
2
J
For this class of materials, the policonvexity condition is satisfied for all the states of deformation.
Hence, the mathematical structural dynamics problem generated by Eq. (1) is well posed.
2.1.3. Exponential constitutive law
Again in this case, the definition (7) is used, and the exponential strain energy function W reads:
 κ

α  γ(IC̄ −3)
−1 +
e
J − 1)2 + (lnJ)2 ,
(10)
W=
2γ
4
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where α and γ are material parameters and κ is, as in Sect. §2.1.2, the bulk modulus. The tensor P
reads:





κ
1
1
γ IC̄ −3
−T
− 32
+J
(11)
J − 1 + lnJ F−T .
e
F − IC̄ F
P = αJ
3
2
J
As before, the first term in Eq. (11) is the isochoric part of the constitutive laws and the second term
enforces the volume preserving constraint. As for the Neo-Hookean law, the policonvexity condition
is satisfied for all the states of deformation leading to the well posedness of the mathematical problem
related to Eq. (1).
2.2. Fluid-Structure Interaction modelling
The domain under consideration is composed by a fluid and a compliant vessel wall (see Fig. 1).
In Fig. 1, F0 , B0 and Γ0 are the fluid, structure and interface reference configurations respectively.

Figure 1. FSI domain. On the left, the reference configuration. On the right, the
current configuration.
Their corresponding current configurations are indicated by F(t), B(t) and Γt .
The mathematical model for the coupled system is described by the Navier-Stokes equations for
the fluid and by the elasticity equation for the structure, Eq. (1), with the different definitions of P
(Eqs. (5), (6), (9), (11)) described above. The fluid flow is assumed to be laminar Newtonian and
incompressible. The governing equations for the fluid problem are formulated in the ALE frame of
reference which makes them suitable for fluid-structure problems with frequent mesh adjustments. As
said in Sect. §2, this choice yields to a further equation for the fluid domain displacement. Different
techniques are available to describe the movement of the fluid domain F0 (see [35]); in this paper, the
harmonic extension of the interface displacement is chosen. Given the displacement of the interface
Γ0 , η f |Γ0 , the displacement field of the fluid domain is described by the differential problem:

 −∆η f = 0
Then, the ALE map A is defined as:
A

:



η f = η f | Γ0

F0 → F(t) :

in F0
(12)
on Γ0 .

X 7→ A(X) = X + η f (X),

(13)

where, now X is a material point in the fluid domain. The velocity of the fluid domain ug is provided
by
∂η f
∂A
=
,
(14)
ug =
∂t X
∂t X
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and the ALE form of the Navier-Stokes equations is then given as

∂uf

 ρf
+ (ρf (uf − ug ) · ∇)uf − div(σf ) = 0 in F(t) × [0, T ]
∂t X


div(uf ) = 0
in F(t) × [0, T ],

7

(15)

where ρf is the density of the fluid, ∇(·) and div(·) are the gradient and divergence operators in the
spatial coordinates in the current configuration of the fluid domain F(t), and σf = −pI + µf (∇uf +
∇uTf ) is the stress tensor for the Newtonian fluid model and µf is the fluid viscosity. The solid model
is described by Eq. (1) and closed when the tensor P is defined by a constitutive relation.
To couple the two subsystems three conditions are imposed on the interface between the fluid and
the structure. The first is the continuity of the stresses,
Pn0 = Jσf F−T n0

on Γ0 ,

(16)

where n0 is the outward normal vector to the fluid (or to the solid) domain and F is the deformation
gradient of the solid domain and J is its determinant. The second is the continuity of the velocities,
uf ◦ A =

db
η
dt

on Γ0 ,

(17)

and the third is geometric adherence, already introduced in Eq. (12),
b
ηf = η

on Γ0 .

(18)

Other boundary conditions have to been imposed on the fluid and solid domain. In particular, inflow/outflow boundary conditions are imposed at the artificial boundaries of the fluid domain, homogeneous Dirichlet boundary conditions on the right and left extremities of the structure, and a stress
free condition on the external surface of the vessel wall. The initial conditions for the coupled problem
will be specified later on.

3. Treatment of the nonlinearities
3.1. Numerical approach to the coupled problem
As pointed out in the previous section, the FSI problem is highly nonlinear. The nonlinearities
are due both to the mechanical models for the fluid and structure and to the ALE formulation of
the Navier-Stokes equations. When the FSI differential problem is discretized in space and time,
a nonlinear algebraic system has to be solved at each time step. In particular, the FSI problem is
discretized in space using the Finite Element Method (FEM) and using Backward Difference Formulas
(BDF) in time. The derivation of the continuous and discrete weak formulations is not addressed here
for sake of brevity (see [25]). Hereafter, the notation used in [1] is adopted to write Eqs. (1)-(15)(12) in a compact form; the equations have to be understood in the sense of distributions. The fluid
problem with interface condition (17) will be represented by the operator F, i.e.:
b , η f ) = 0,
F(uf , η

(19)

where the arguments of the operator are the fluid velocity, and structural and fluid domain displacement respectively.

8
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The solid problem with the coupling conditions Eq. (16) will be indicated by
b ) = 0,
S(uf , η

(20)

G(b
η , η f ) = 0.

(21)

and the geometric problem with the geometric adherence condition (Eq. (18)) reads

The FSI system can be synthetically represented as follows:

b , η f ) = 0,
F(uf , η



b)
S(uf , η
= 0,



G(b
η, ηf )
= 0.

(22)

As pointed out in [1, 25], different techniques to treat the three nonlinearities of the FSI problem are
available. According to the chosen time discretization of the nonlinear terms in Eqs. (1)-(15)-(12),
different algebraic systems (linear or nonlinear) can be obtained. In the present work, the so-called
fully implicit discretization is adopted. According to this technique, all the terms of the equations are
considered implicitly, givin rise to a highly nonlinear system, whose linearization is obtained using a
Newton method. In the next subsections the linearization of the constitutive laws presented in Sect.
§2 and that of the whole FSI nonlinear system are shown. From now on, only the discretized problems
are considered, and the discrete unknowns of the problems are indicated using the same notations as
above but omitting their dependence on the grid size (h) and time step (∆t).

3.2. Linearization of the structural problem
When the structure problem is discretized in space and time, assuming the structural displacement
field is known at a certain time t = tn , the general form of the nonlinear algebraic system reads:

bn, w
b n, a
bn ,
η n+1 ) = G fn+1 , η
ξMb
η n+1 + K S (b

(23)

η n+1 ) is the stiffness
where ξ is related to the time marching procedure, M is the mass matrix, K S (b
term related to the first Piola-Kirchhoff tensor, and G is a function of the forcing terms, structural
displacement, velocity and acceleration fields at the previous time. Let us define the operator L :
RNh → RNh :

bn, w
b n, a
bn ,
b n+1 7→ L(b
η n+1 ) − G fn+1 , η
(24)
η
η n+1 ) = ξMb
η n+1 + K S (b

where Nh is the dimension of the unknown vectors according to the space discretization. The application of the Newton method implies the computation of the Jacobian matrix of L. Considering that
the mass matrix is constant and the function G does not depend on the current solution, only the
computation of the Jacobian of the stiffness term is needed. We give hereafter the expressions for the
Jacobian matrices for the 3 models considered. Details on the derivation can be found in [21]. In the
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case of the St. Venant-Kirchhoff model, the Fréchet derivative of the tensor P (Eq. (5)) reads:


b η ) + ∇(b
b η )T )+
η ) = λ(Div δb
η )I + µ(∇(δb
Dηb KS (b
b η : ∇(δb
b η ) + λ(divb
b η )+
+λ∇b
η )∇(δb

b η ) : ∇b
b η )∇b
b η+
b η ) + λ (∇(δb
+λ(div(δb
η )∇b
2
λ b
b η ))∇b
b η + λ (∇b
b η : ∇(b
b η ))∇(δb
b η )+
η : ∇(δb
+ (∇b
2
2
b η )T ∇(δb
b η ) + µ(∇(δb
b η ))T (∇b
b η )+
+µ(∇b

(25)

b η )T ∇(δb
b η ) + µ∇(δb
b η )∇b
b η+
+µ(∇b

b η (∇(δb
b η ))T + µ∇(δb
b η )(∇b
b η )T +
+µ∇b

b η )(∇b
b η )T ∇b
b η + µ∇b
b η (∇(δb
b η ))T ∇b
b η+
+µ∇(δb
b η (∇b
b η )T ∇(δb
b η ).
+µ∇b

For the linear elastic model, the first Piola-Kirchhoff tensor is a linear tensorial function of the displacement field and, for this reason, its Jacobian is equal to the tensor itself (Eq. (6)).
The Neo-Hookean and Exponential models do not allow an explicit derivation of the Jacobian of first
Piola- Kirchhoff tensor in terms of the displacement due to their dependence on F−T . In these cases
b . The Jacobian
the expression of the Jacobian depends directly on F which depends, on its turn, on η
matrix of the Neo-Hookean model (Eq. (9)) is:

2
2
Dηb KS (F(b
η )) = − µJ−2/3 (F−T : δF)F + µI1 (C)(F−T : δF)F−T +
3
9
2 2/3
µ
−T
− µJ (F : δF)F + µJ−2/3 δF + I1 (C)F−T δFT F−T +
3
3
κ 
1  −T
−T
+ J 2J − 1 +
(F : δF)F +
2
J
κ
− (J2 − J + lnJ)F−T δFT F−T .
2

(26)

where the first four terms come from the isochoric part of Eq. (9) and the last two from the volumetric
contribution. The linearization of the first Piola-Kirchhoff tensor of the Exponential model (Eq. (11))

10
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is:
2
η )) = − αeγ(I1 (C)−3) J−2/3 (1 + γI1 (C))(F−T : δF)F+
Dηb KS (F(b
3
2
+ αeγ(I1 (C)−3) I1 (C)(1 + γI1 (C))(F−T : δF)F−T +
9
2 γ(I1 (C)−3) −2/3
J
(1 + γI1 (C))(F : δF)F−T +
− αe
3
+2αeγ(I1 (C)−3) J−4/3 (F : δF)F+
+αeγ(I1 (C)−3) J−2/3 δF+

(27)

2
+ αeγ(I1 (C)−3) I1 (C)F−T : δFT F−T +
3
1  −T
κ 
(F : δF)F−T +
+ J 2J − 1 +
2
J
κ
− (J2 − J + lnJ)F−T δFT F−T .
2
where the first six terms represent the linearization of the isochoric part of Eq. (11). It is also possible
to use an inexact Jacobian, saving part of the CPU-time required to compute the complete Jacobian.
However, as it is well known, this approach can cause a reduction of the convergence rate of the
Newton method.
Since the efficient solution of the nonlinearities is a key-point to save computational time and to
obtain a second-order convergence rates of the Newton method in large structural problems (and for
the physiological FSI simulations), particular attention has been devoted to the correct implementation
of the Jacobian matrices defined above. In Sect. 4, validation test cases are run and the convergence
rates of the Newton method in the case of pure structural dynamic problems are analyzed.
3.3. Linearization of the FSI problem
As shown in [25], when system (22) is discretized both in space and time and Newton iterations are
performed, the tangent system has a block matrix, which contains on the diagonal the matrices of the
single subproblems and in the off-diagonal postions the coupling terms. At each Newton iteration k
b k , and η kf , find δukf , δb
the following correction step is obtained: given ukf , η
η k , and δη kf such that:





JFku

JFkηb

JFkη

f

0

JSkηb

JSkη

f

0

JGkηb

JGkη

f

f




δuk 
b, ηf )
R (u , η





 F f



b, ηf )
RS (uf , η
=−
ηk
  δb








RH (b
η, ηf )
δη k









,

(28)

where the block JIkj is the Jacobian of the operator I with respect to the vector unknown j evaluated at
the iteration k. The quantities RF , RS and RH are the residuals of the fluid, structural and geometric
problem respectively. When neglegting or approximating by finite differences the derivatives of the
fluid and solid operators with respect to η f , the convergence of the Newton method can be very poor
or even fail [22]. Hence, in this work we compute the exact Jacobian of the whole FSI problem, as it
guarantees a second-order convergence.
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St. Venant-Kirchhoff Neo-Hookean Exponential
Newton r0
Newton r1
Newton r2
Newton r3
Convergence order d
Newton tolerance
GMRES tolerance
Table 1. Convergence properties
solver and related tolerences

8.32e+2
8.32e+2
8.32e+2
1.87e+1
1.82e+1
1.82e+1
1.60e-4
5.66e-5
7.31e-5
2.20e-11
3.07
3.32
3.25
8.35e-5
8.35e-5
8.35e-5
1e-12
1e-12
1e-12
of the Newton method for the nonlinear structural

4. Numerical Results
4.1. Newton convergence test
In order to check the correct implementation of the constitutive laws for the vessel wall (Eqs. (4)(9)-(11)) and their Jacobians (Eqs. (25)-(26)-(27)) in LifeV , two different types of test cases have
been carried out.
The first one is a pure structural dynamic test on a cube, while the second is an FSI test on a
straight tube as in Fig. 1. Both types of problems are solved using the Newton method and the
resulting algebraic linearized system is solved by the GMRES method. The stopping tolerance for the
Newton method is defined as δnonlin = δabs + δrel ∗ r0 , where r0 is the infinity norm of the first residual
vector of the Newton method and δabs and δrel are the absolute and relative tolerances respectively.
The order of convergence of the Newton method is defined as
d=

log( rr21 )
log( rr10 )

(29)

where r0 , r1 , r2 are the infinity norms of three consecutive residuals.
In the first test, an homogeneous Dirichlet boundary condition is imposed on one of the six faces of
the geometry while a constant traction (equal to 10 mmHg) is applied on the opposite face to the
Dirichlet side. On the remaining four faces, homogeneous Neumann conditions are applied. In Table
1, the convergence results obtained in the case of pure traction problem are shown. As expected, the
order of convergence is never below the second order. In fact, from the theoretical point of view, the
Newton method guarantees at least a second order convergence when the exact Jacobian is used in
the computations.
In the case of the FSI test on a straight tube, the only non zero boundary condition has been
imposed on the fluid domain. Referring to Fig. 1, a constant pressure equal to 10 mmHg has been
applied at the inlet of the fluid domain while a homogeneous Neumann condition has been used at
the outlet. Concerning the structure, the right and left extremities have been clamped and free stress
have been applied on the outer wall. In Table 2 the decay of the infinity norm of the residual and the
convergence rate of the Newton method of the FSI system are shown. Again, as expected, the Newton
convergence rate is never below second order, since the exact Jacobian of the FSI problem has been
used in the Newton method.
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St. Venant-Kirchhoff Neo-Hookean Exponential
Newton r0
2.32e+3
2.32e+3
Newton r1
7.30e+1
2.89e+1
Newton r2
7.11e-3
3.60e-3
Convergence order d
2.67
2.05
Newton tolerance
2.30e-1
2.30e-1
GMRES tolerance
1e-12
1e-12
Table 2. Convergence properties of the Newton method for the FSI test

E [dyn/cm2 ]

ν[-]

2.32e+3
2.89e+1
3.61e-3
2.06
2.30e-1
1e-12
and related tolerances

µ [dyn/cm2 ] κ [dyn/cm2 ] α [dyn/cm2 ] γ [-]

4 · 106
0.45
1.38 · 106
1.33 · 107
1.38 · 106
1.00
Table 3. Structural parameters for aortic arch simulations

4.2. Patient-specific FSI simulation in an aortic arch
This section presents the numerical simulation of blood flow in the thoracic aorta. Different haemodynamic indicators, e.g. Wall Shear Stress (WSS), are compared using the different structural models
considered above. Empirical evidence shows that the WSS distribution is responsible for the formation
of pathologies such as the atherosclerosis [10], which is a severe and common disease and can lead to
infarction and strokes. Knowing the pattern and the values for the WSS as output from a simulation
can help the medical doctors in identifying critical regions and choosing a treatment.
The wall displacement and the consequent deformation of the arterial lumen is another useful
information for physicians. In fact unphysiological deformations and eccentricity changes in the lumen
can be indicators for pathologies and provide important information in the context of endovascular
repairs [40]. Furthermore large differences in the displacements may modify as well the fluid dynamic
and wall stresses.
The simulations have been run in parallel on 128 processors on the Cray XE6 supercomputer Rosa
at the Swiss national supercomputing center CSCS. The physical parameters used for the simulation,
resumed in Table 3, have been taken from literature, and correspond to a young healthy person. The
fluid geometry is obtained with a manual segmentation from 3T-MRI data, while the structure has
been extruded from the fluid-structure interface proportionally to the local radius. All these steps are
detailed in [28] and numerical simulations obtained using this geometry and a linear elastic material
are detailed in [5, 25, 29].
Both the fluid and solid problem have been discretized in time by a first order BDF method,
with a time-step of δt = 10−3 s. The equations have been discretized in space using P1–P1 interior
penalty stabilized finite elements for the fluid problem, P1 for the structure and geometry problems.
The linear system has been solved using GMRES, with tolerance (relative with respect to the first
residual) δlin = 10−6 . The relative tolerance for the Newton iterations is δnonlin = 10−3 . The average
number of iterations is approximately 2 − 3 for all the models. The global Jacobian system solved
at each Newton iteration consists of 5 · 105 degrees of freedom. The boundary conditions imposed
at the fluid inlet-outlets are the flow rates obtained from a validated 1-D simulation on the same
arterial tree [30]. For the structure a homogeneous Robin boundary condition has been imposed
on the external wall simulating the presence of a surrounding tissue [5] with coefficient α between
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2 · 104 dyn/cm3 (aorta) and 6 · 104 dyn/cm3 (elsewhere). The boundary conditions for the structure
outlets are of Neumann homogeneous type. At the structure outlets, homogeneous Neumann boundary
conditions have been applied. This choice has been recently assessed in [24], where it has been shown
not to produce significant numerical artifacts. The inlet boundary, in proximity of the aortic valve,
is clamped. Below we compare the velocity and WSS fields (Figs. 4, 6, 7, 8), the radial displacement
of the fluid interface (Fig. 2) obtained with the different models for the vessel wall and the wall
displacement pattern (Fig. 3). In particular, Fig. 4 shows that, in the case of the exponential model,
the velocity magnitude reaches higher values after the aortic arch and in the descending aorta. This
corresponds to higher values of the WSS than the ones obtained with the linear elastic model in those
regions of the domain (Figs. 7, 8). Fig. 2 highlights the differences in the radial displacement along the
fluid-solid interface at the top of the aortic arch while Fig. 3 shows the wall displacement pattern. The
three nonlinear models predict nearly the same radial displacement while the linear elastic law leads
to higher values. This could imply an overestimation of the wall stresses and, consequently, to wrong
predictions of the wall biological behaviour. In Fig. 8 the differences in the WSS distribution with
respect to the one obtained using the linear elastic model are shown for each of the nonlinear laws. For
the St. Venant-Kirchhoff material, the differences are mainly located in the left common carotid artery
and on top of the aortic arch while in the rest of the domain they are negligible. In the case of the
Neo-Hookean model, the differences on the WSS distribution are localized in the same region as for
the St. Venant-Kirchhoff model while with the exponential model the WSS field shows non negligible
differences in the descending thoracic aorta. Concerning the flow patterns at the peak systole, they
are shown in Fig. 4. The predicted velocities are higher than those measured experimentally but the
flow pattern (showed in Fig. 5) agrees with the experimental findings [7, 8]. Indeed, at the late systole
phase of the cardiac cycle, the helical secondary flow, which has been observed experimentally, is
present. Fig. 6 shows the differences in the velocity magnitude at different heights of the fluid domain.
As Fig. 8 confirms, the largest differences are obtained with the exponential model for the vessel wall.

Figure 2. Representation of a section of the aortic arch at systole for the four different models.

14

TITLE WILL BE SET BY THE PUBLISHER

(a) Linear elastic

(b) St. Venant-Kirchhoff

(c) Neo-Hookean

(d) Exponential

Figure 3. Displacement pattern at the top of the aortic arch at t = 0.2 sec.

(a) Linear elastic

(b) St.
Kirchhoff

Venant-

(c) Neo-Hookean

(d) Exponential

Figure 4. Velocity magnitude at different heights of the thoracic aorta at t = 0.2 sec.

5. Conclusions and perspectives
In this paper we have presented numerical fluid-structure simulations on a physisological geometry
of aortic arch. In particular, we have focused our attention on four different constitutive laws for the
arterial wall. In literature, hyperelastic isotropic constitutive laws frequently describe the mechanical
properties of the vessel wall. In this paper, the arterial tissue has been modelled using the linear
elastic, St. Venant-Kirchhoff, Neo-Hookean and exponential laws. As pointed out before, the coupled
FSI problem is highly nonlinear due to the nonlinearity of both the structural and fluid problem.
For this reason, no matter which technique is used to solve the FSI problem, their linearization is
mandatory at each time step of the simulation. In the third section of the paper we have dedicated
our attention to the linearization of the first Piola-Kichhoff tensor in the equation of motion to describe
the vessel wall dynamics. We have detailed the expression of the Jacobian of the Piola-Kichhoff tensor
for each nonlinear material model. As we have experimented, using the exact Jacobian is important in
FSI simulations to reduce the computational time. The four structural models have been used in the
context of physiological fluid-structure simulation on a aortic arch in order to understand the effects
of the structural modeling on the solution.
As expected, when the arterial tissue is described by a nonlinear model, it behaves as a more rigid
material than when it is modelled by the linear elastic case. This study show how some indicators
such as WSS can be affected by the choice of the mechanical model for the wall. Even if those changes
are not dramatic, they suggest that care must be taken in the choice of the structural model if an
accurate indication is required.
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(a) Peak Systole

(b) Late systole

Figure 5. Stream lines in the fluid domain at peak systole (t = 0.2 sec) and late
systole (t = 0.3 sec)

(a) St. Venant-Kirchhoff

(b) Neo-Hookean

(c) Exponential

Figure 6. Differences in the velocity field magnitude at different heights of the thoracic
aorta at systole (t = 0.2 sec).
The mathematical description of the biological evolution of the tissues (e.g. growth and remodelling)
is an open field of research. It is known that the arterial tissue responds to haemodynamics stimula
it receives (e.g. in the context of endovascular repairs) and for this reason, it is important to evaluate
how different haemodynamics indicators, e.g. the WSS distribution and velocity field change when the
structural law changes.
Clearly this work is still preliminary. We need to assess the effect of anisotropy and pre-stress of
the arterial tissue, topics that will be investigated in future works.
An important issue in these simulations is also the availability of reliable geometric data. Yet,
the rapid evolution of medical imaging devices let us believe that accurate geometry reconstructions
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(a) Linear elastic

(b) St. Venant-Kirchhoff

(c) Neo-Hookean

(d) Exponential

Figure 7. WSS for the four models at systole (t = 0.2 sec).
will be commonly available in the near future, as well as accurate data about flow rate. This makes
the importance of investigating reliable methods for the simulation of blood flow in patient specific
geometries even more paramount.
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