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Abstract

We design and analyze an adaptive hp-finite element method (hp-AFEM) in dimen-
sions n = 1,2. The algorithm consists of iterating two routines: hp-NEARBEST finds
a near-best hp-approximation of the current discrete solution and data to a desired accu-
racy, and REDUCE improves the discrete solution to a finer but comparable accuracy.
The former hinges on a recent algorithm by Binev for adaptive hp-approximation, and
acts as a coarsening step. We prove convergence and instance optimality.

1 Introduction

The discovery that elliptic problems with localized singularities, such as corner singu-
larities, can be approximated with exponential accuracy propelled the study and use of
hp-FEMs, starting with the seminal work of Babuska. The a priori error analysis origi-
nated in the late 70’s with the earliest attempts to study the adaptive approximation of
a univariate function, having a finite number of singularities and otherwise smooth, by
means of piecewise polynomials of variable degree [17, 22]. These results influenced Gui
and Babuska in their pioneering study of the convergence rate of the hp-approximation to
a one dimensional model elliptic problem in [26] and in their subsequent work [27], which
proves convergence of an adaptive hp-algorithm with a predicted rate. However, due to
the assumptions on the admissible error estimators, which appear to be overly restrictive,
the results in [27] cannot be considered completely satisfactory. Starting from the late
80’s the study of a posteriori error estimators and the design of adaptive hp-algorithms
has been the subject of an intense research. We refer to the book [39], and the survey
paper [15], as well as the references therein for more details.

However, despite the interest in hp-FEMs, the study of adaptivity is much less de-
veloped than for the h-version of the FEM, for which a rather complete theory has been



developed in the last decade [23, 36, 6, 16, 44]; we refer to the survey [37]. Regarding the
hp-FEM, we mention [41, 24, 10, 3] which prove convergence without rates. The purpose
of this paper is to bridge this gap: we present a new hp-AFEM, which hinges on a recent
algorithm by Binev for adaptive hp-approximation [4, 5], and prove several properties
including instance optimality in dimensions n = 1,2. The theory is complete for n = 1
but there are a couple of pending issues for n = 2, which we discuss below.

The success of hp-AFEM'’s hinges on having solutions and data with suitable sparsity
structure, as well as practical algorithms that discover such a structure via computation.
This is why existing hp-AFEM software typically probes the current discrete solution
to learn about the local smoothness of the exact solution, but can only search around
the current level of resolution. We refer, in particular, to the algorithms presented in
[33, 1, 31, 32, 34] for strategies based on analyticity checks or local regularity estimation
(see also [41, 24]), to the algorithms in [20, 19, 18, 21] and [38] for strategies based on
the use of suitable discrete reference solutions, and to the algorithm in [35] for a strategy
based on comparing estimated and predicted errors.

1.1 Challenges of hp-Approximation

To shed light on the difficulties to design hp-AFEM, we start with the much simpler
problem of hp-approximation for n = 1. Let Q := (0,1) and K be a dyadic interval
obtained from Ky = Q. Let p be the polynomial degree associated with K at a certain
stage of the adaptive algorithm, and denote D = (K, p). Given v € L*(Q) and p > 0, let

ep(v) = min_[v =[x and Qp(v) = argmin [[v — ¢l L2(x), (1.1)
PPy (K) 0eP,(K)

the latter function being extended with zero outside K. The following algorithm gen-
erates a sequence of hp-decompositions (Dy)7°,, and corresponding piecewise polynomial
approximations vy = vp,. With vy := Qg 0(v), for £ > 0 and any D = (K,p) € Dy,

e compute e pi1(v — vg) as well as exr (v — vg) and e (v — vg) for K/ and K”
being the two children of K;

o ifer pi1(v—uvp) < ek p(v—ue)+exn (v —vp), then replace D by D:=(K,p+1)
in Dyyq and set
Vpy1 = vp + Qf,(v - 1)[);

e otherwise, replace D by D’ := (K',p) and D" := (K", p) in D41 and set
Vpy1 = Vg + QD/(U — ’Ug) + QD//(U - Ug).

Although this algorithm is deliberately very rudimentary so as to simplify the discussion, it
mimics existing schemes that query whether it is more advantageous to refine the element
K or increase the polynomial degree p by a fixed amount, say 1. We wonder whether
such an algorithm may lead to near-optimal hp-partitions. In order to elaborate on this
question, we now present two extreme examples that illustrate the role of sparsity for the
design of hp-AFEM.

Example 1: Lacunary Function. For a given integer L > 0, let v be a polynomial of
degree p := 2 — 1, such that, on each dyadic interval K of generation 0 < ¢ < L, v is
L?-orthogonal to the linear polynomials with vanishing mean. Since we need to impose 2¢
orthogonality relations for each level £, we get altogether 1 +2 +22 4 ... 420" =20l _1
constraints. We thus realize that a nontrivial polynomial of degree p does exist because
it has 2F parameters. We also see that the algorithm above bisects all dyadic elements
K starting from Ky until reaching the level L, and that v, for all 0 < ¢ < L is the



piecewise constant function that takes the mean-value of v on each element in D,. Even
if the algorithm stops refining at level L and chooses from then on to raise the polynomial
degree by 1 in each of the p elements, then at least p new degrees of freedom have to
be added in each interval to represent v exactly. This leads to a total of p? degrees of
freedom activated to capture a polynomial of degree p, thereby proving that this process is
non-optimal. We conclude that to be near-optimal, hp-AFEM must be able to backtrack
and review decisions made earlier. This process, from now on called coarsening, is missing
in most algorithms for hp-adaptivity except, for example, that of Demkowicz, Oden and
Rachowicz [20], for which there are no optimality results. The preceding function is
extremely sparse for hp-approximation, in fact a single polynomial, but its structure is
hard to discover in practice because of the sparsity gap.

Example 2: Non-degenerate Function. We now consider the canonical function
v(z) = 2% with o < 1 on Q = (0,1), studied by DeVore and Scherer [22] and by Gui and
Babuska [26], which does not exhibit a sparsity gap. In fact, the following non-degeneracy
property is valid: there exist constants C, Cs such that for all intervals K and polynomial
degrees p

Cy < M <.
ex,p(v)

The exponential rate of convergence derived a priori in [27], as well as the linear increase
of polynomial degrees starting from the origin, are based on this crucial property. Similar
results have been derived later for n = 2 by Babuska and Guo [28, 29] and for n = 3
by Schotzau, Schwab and Wihler [42, 43]; see [39] for a thorough discussion of the cases
n = 1,2. It is thus conceivable, as observed in practice, that decisions made by hp-
AFEM'’s with a building block such as that above do not produce unnecessary degrees of
freedom for problems such as Example 2. The lack of a coarsening step in most existing hp-
software could thus be attributed to the very special geometric features of point and edge
singularities, this being a special rather than a universal property to design an optimal
hp-AFEM.

1.2 Owur contributions

Since we wish to account for a large class of functions (solutions and data), perhaps ex-
hibiting degeneracies such as in Example 1, our hp-AFEM includes a coarsening routine,
which we envisage to be unavoidable for obtaining optimality. Our hp-AFEM hinges on
two routines, hp-NEARBEST and REDUCE, and the former in turn relies on the adap-
tive hp-approximation routine by Binev [4, 5]. To describe them, let u = u(f,\) € Hg(£2)
be the solution to a second order elliptic PDE on a domain 2 € R",n = 1,2, with data
(f,\), where f denotes forcing term(s) and A parameters such as coefficients.

Given a reduction factor ¢ € (0,1), a conforming hp-partition D, (discontinuous)
hp-FEM approximations (fp,Ap) to (f,A) over D, the routine REDUCE produces a
conforming hp-refinement D such that the |-|g1-error in the (continuous) hp-fem Galerkin
approximation on D to the exact solution u(fp, Ap) is less than p times the same Galerkin
error relative to the partition D. This routine will be implemented as an AFEM routine
that applies under a no-data-oscillation assumption.

The routine hp-NEARBEST deals with nonconforming meshes and subordinate dis-
continuous functions. Given a tolerance € > 0, a generic function v € H'(f2), and data
(f,A), hp-NEARBEST produces a nonconforming hp-partition D and suitable projec-
tions (fp, Ap) of the data onto discontinuous hp-FEM spaces over D. The output is such
that the square root of a specific error functional is less than €. This error functional
is defined as the sum of the squared broken |- |g:i-error in the best (discontinuous) hp-
approximation over D to v and 6! times the squared hp-data oscillation osc% (f,\) over



D, for a sufficiently small penalty parameter § > 0. In turn, osc3 (f, \) measures the er-
rors f — fp and A — Ap on the partition D in such squared local norms, that the following
bound, expressing the continuous dependence on data of the underlying linear problem,
holds:

|u —u(fp, Ap)| a1 () S osco(f, ). (1.2)

The procedure hp-NEARBEST is based on Binev’s algorithm and is instance optimal
for this functional.

Our algorithm hp-AFEM consists of a repetition of calls of hp-NEARBEST and
REDUCE with decreasing error tolerances. The calls of hp-NEARBEST, with v being
the current approximation to the solution u, are made to guarantee instance optimality
of the coarsened approximations. Coarsening, however, increases the error by a constant
factor. This must be compensated by a judicious choice of the reduction factor g of
REDUCE so that the concatenation of the two routines produces a converging sequence.
To realize this idea we must account for the following additional issues.

Making meshes hp-conforming: After a call of hp-NEARBEST, the generally non-
conforming hp-partition D has to be refined to a conforming one C(D) so that it can serve
as input for REDUCE. This is obviously an issue for dimension n = 2 but not for n = 1,
in which case one can take €(D) = D. One may wonder whether the cardinality of €(D)
can be bounded uniformly by that of D for n = 2. To see that the answer is negative
in general consider the following pathological situation: a large triangle of D with high
polynomial degree is surrounded by small triangles with polynomial degree 1. This is the
reason why, without further assumptions on the structure of the solution u, we cannot
guarantee for n = 2 an optimal balance between the accuracy of the hp-approximations
and the cardinality of the hp-partitions at stages intermediate to consecutive calls of
hp-NEARBEST. Resorting to a discontinuous hp-AFEM would cure this gap at the
expense of creating other difficulties.

Making functions continuous: In order to quantify the reduction factor ¢ of RE-
DUCE we must be able to compare the (broken) H*(2)-errors of the best continuous and
discontinuous hp-FEM approximations over C(D). We show that the former is bounded
by the latter with a multiplicative constant which depends logarithmically on the maximal
polynomial degree for n = 2. This extends upon a recent result of Veeser for the h-version
of the FEM [45]. Such constant does not depend on the polynomial degree for n = 1. This
construction is needed for the analysis of hp-AFEM only but not its implementation.

Dealing with a perturbed problem: When, preceding to a call of hp-NEARBEST,
the current (continuous) hp-approximation to u has a tolerance ¢, hp-NEARBEST will
be called with a tolerance = € in order to guarantee optimality of the coarsened discon-
tinuous hp-approximation. In addition, hp-NEARBEST produces new approximations
(fp,Ap) to the data to be used in the subsequent call of REDUCE. The prescribed
tolerance ensures, in view of the definition of the error functional, that oscp (f,\) < Vde.
Hence, concatenating with (1.2), we are guaranteed that [u—u(fp, Ap)|g1 (o) S Ve. The
routine REDUCE approximates the solution u(fp,Ap), and so cannot be expected to
produce an approximation to u that is more accurate than u(fp, Ap). Therefore, in order
to obtain convergence of the overall iteration, the condition |u — u(fp, Ap)|g1 () < &e is
needed for some parameter £ € [0, 1), which is achieved by selecting the penalty parameter
0 to be sufficiently small.

The routine REDUCE will be implemented as an AFEM consisting of the usual
loop over SOLVE, ESTIMATE, MARK, and REFINE. For n = 1, we construct
an estimator that is reliable and discretely efficient, uniformly in p. Consequently, the
number of iterations to achieve some fixed error reduction ¢ is independent on the maximal
polynomial degree.



For n = 2, we employ the residual-based a posteriori error estimator analyzed by Me-
lenk and Wohlmuth [35], which turns out to be p-sensitive. We show that in order to
achieve a fixed error reduction, it suffices to grow the number of iterations more than
quadratically with respect to the maximal polynomial degree. This sub-optimal result is
yet another reason for optimality degradation at stages intermediate between two consec-
utive calls of hp-NEARBEST. Nevertheless, our result improves upon a recent one by
Bank, Parsania and Sauter [3], which requires the number of iterations to be proportional
to the fifth power of the maximal polynomial degree.

Throughout this work, we assume that the arising linear systems are solved exactly.
To control the computational cost, optimal iterative solvers, uniformly in the polynomial
degree would be required. We refer to [9] for an example.

This work is organized as follows. We present hp-AFEM within an abstract setting in
Sect. 2 and prove that it converges, and that the sequence of outputs of hp-NEARBEST
is instance optimal. We give a brief description of Binev’s algorithm in Sect. 3. In Sect.
4, we apply the abstract setting to the general 1-dimensional elliptic problem. Finally, in
Sect. 5 we apply the abstract theory to the Poisson equation in two dimensions.

The following notation will be used thoughout the paper. By v < 6 we will mean that
~ can be bounded by a multiple of §, independently of parameters which v and § may
depend on. Likewise, v 2 0 is defined as § < v, and y <~ d as v < d and v 2 0.

2 An abstract framework

We now present the hp-AFEM in two steps. We first deal with an ideal algorithm
and later introduce a practical scheme including REDUCE. We also discuss a possible
realization of REDUCE.

2.1 Definitions and assumptions

On a domain 2 C R™, we consider a, possibly, parametric PDE
A)\u = f (2.1)

Here the forcing f and the parameter )\ (representing, e.g., the coefficients of the operator)
are taken from some spaces F' and A of functions on , such that there exists a unique
solution u = u(f, \) living in a space V' of functions on Q2. We assume, for simplicity, that
V and F are Hilbert spaces over R.

We assume that we are given an essentially disjoint initial partition of Q into finitely
many (closed) subdomains (the ‘element domains’). We assume that for each element
domain K that we encounter, there exists a unique way in which it can be split into element
domains K’ and K", the ‘children’ of K, such that K = K’UK" and |[K'NK"”| =0. The
set R of all these element domains is therefore naturally organized as an infinite binary
‘master tree’, having as its roots the element domains of the initial partition of Q. A finite
subset of R is called a subtree of the master tree when it contains all roots and for each
element domain in the subset both its parent and its sibling are in the subset. The leaves
of a subtree form an essentially disjoint partition of Q. The set of all such ‘h-partitions’
will be denoted as K. For X, X € K, we call X a refinement of X, and denoted as X < X,
when any K € X is either in K or has an ancestor in X.

Our aim is to compute ‘hp-finite element’ approximations to u, i.e., piecewise polyno-
mial approximations, with variable degrees, w.r.t. partitions from K. In order to do so, it
will be needed first to replace the data (f, A) by approximations from finite dimensional
spaces. For that goal as well, we will employ spaces of piecewise polynomials, with variable
degrees, w.r.t. partitions from K, as will be described next.



For all K € R, let Vi, Fk, Ak be (infinite dimensional) spaces of functions on K, such
that for any X € K, it holds that, possibly up to isomorphisms,

Ve [[ vk, F=1]] Fx, AC J] AxCA

KeX KeX KeX

Here A is a subset of A, which contains all the parameters that will be allowed in our
adaptive algorithm hp-AFEM, and, for simplicity, has a Hilbert topology. For all (K, d) €
AXN (hereafter N stands for the set of all positive natural numbers) and Z € {V, F, A}, we
assume finite dimensional spaces Zx ¢ C Zk of functions on K such that Zx ¢ C Zk g1,
ZK,d C ZK/,d X ZK”,d, and Z N UKGK,dEN HKGK ZK,d is dense in Z.

In applications, Vi 4 will be a space of polynomials of dimension ~ d. For instance,
when K is an n-simplex, Vi 4 may be chosen as P,(K), where the associated polyno-
mial degree p = p(d) can be defined as the largest value in N such that dimP,_;(K) =
(";f Il) < d. This definition normalizes the starting value p(1) = 1 for all n € N. Ouly
for n =1, it holds that p(d) = d for all n € N.

Analogously, the spaces Fi 4 and Ag 4 will be selected as (Cartesian products of)
spaces of polynomials as well, of degrees equal to p plus some constant in Z.

In the following, D € & x N will denote an hp-element: it is a pair (Kp,dp) consisting
of an element domain Kp € &, and an integer dp € N. We will write Zp = Zk, 4p-

For all D € R x N, we assume a projector Q@p : V X F x A — Vp X Fp X Ap,
and a local error functional ep = ep(v, f,A) > 0, that, for (v, f,\) € V X F x A, gives a
measure for the (squared) distance between (v|k,, f|kx,, A k) and its local approximation
(vp, fp, Ap) := Qp(v, f, A). We assume that this error functional is non-increasing under
both ‘h-refinements’ and ‘p-enrichments’, in the sense that

ep’ +epr < ep when Kp:,, Kpr are the children of Kp, and dp: = dp» = dp; (2.2)
epr §eD when KD/:KD and dD/ ZdD ’

A collection D = {D = (Kp,dp)} of hp-elements is called an hp-partition provided
K(D) := {Kp : D € D} € K. The collection of all hp-partitions is denoted as D. For
D € D, we set the hp-approximation spaces

ZD = H ZD; (Z € {Vv FvA})v
DeD

and define
#D =Y dp.

DeD

In our applications, the quantity #D is proportional to the dimension of Zp, and
ep(v, fp, Ap) is the sum of the squared best approximation error of v|g, from Vp in
| |1 (k) and 671 times the square of the local data oscillation.

For D € D, we set the global error functional

ED(’Uafa)‘) = Z eD(vafa A)a

DeD
which is a measure for the (squared) distance between (v, f, A) and its projection

(H Up, H fD, H )\D> €Vp x Fp x Ap. (2.3)

DeD DeD DeD

For D, De D, we call D arefinement of D, and write D < @, when both K(D) < fK(@),
and dp > dp, for any D € D, D € D with Kp being either equal to K5 or an ancestor



of K7. With this notation, (2.2) is equivalent to
E (v, f,A) <En(v, f,\) YD >D. (2.4)

We will apply a finite element solver that generally operates on a subset D¢ of the set of
hp-partitions D, typically involving a restriction to those D € D for which the ‘h-partition’
K (D) is ‘conforming’. We assume that there exists a mapping € : D — D¢ such that

eD)>D VDeD. (2.5)

We emphasize that even for D € D¢, generally the space Vo is not a subspace of V.
Conforming subspaces, used e.g. in Galerkin approximations, are defined as

Vg = Vp V. (2.6)

With regard to (2.3), we introduce the notation

fo=1] fo.  Ao:=]] *o,

DeD DeD

but reserve the symbol vp to denote later a suitable near-best approximation to v € V
from V5.

2.2 A basic hp-adaptive finite element method

Our aim is for given (f,\) € F x A and € > 0, to find D with an essentially minimal #D
such that Ep (u(f, A), f,\) < e. We will achieve this by alternately improving either the
efficiency or the accuracy of the approximation. To that end, we begin by considering a
basic algorithm, which highlights the essential ingredients of a hp-adaptive procedure. We
make use of the two routines described below. The first routine is available and will be
discussed in Sect. 3. Since we are not concerned with complexity now, existence of the
second routine is a simple consequence of the density of the union of the Ap-approximation
spaces in V.

e [D, fn,Ap] ;= hp- NEARBEST (¢, v, f, \)

The routine hp-NEARBEST takes as input € > 0, and (v, f,A\) € V X F' x A,
and outputs D € D as well as (fp, Ap) such that Ep (v, f,\)2 < ¢ and, for some
constants 0 < b <1 < B, #D < B#D for any D € D with Eg (v, f, )\)% < be.

i [®a 17‘] = PDE(Ea Da va >\’D)

The routine PDE takes as input € > 0, D € D¢, and data (fp,Ap) € Fip x Ap. Tt
outputs D € D¢ with D <D and u € V such that |[u(fp, A\p) — v <e.

The input argument v of hp-NEARBEST will be the current approximation to u(f, \).
In an ‘h-adaptive’ setting, usually the application of such a routine is referred to as
‘coarsening’. Since the data (fp,A\p) € Fp x Ap of PDE is discrete, it will be said to
satisfy a no-data-oscillation assumption w.r.t. D.

We make the following abstract assumptions concerning the relation between the error
functional, the norm on V', the mapping (f,\) — u(f,)), and the constant b of hp-
NEARBEST. We assume the existence of constants Cy,Cs > 0 with

CCy < b, (27)



such that
Hu(f7/\)_u(f®7)“D)||V SCI llelf‘\/ED('LU7f7>\)% VDED? V(f,)\) EFXA? (28)

sup | En(w, £,A)? —Ep(v, LA < Colw—vlly  VDeD,Vo,weV. (29)
(L ANEFXA

The condition (2.9) means that Ep(w, f,\)? is Lipschitz w.r.t. its first argument. In
our applications, we will verify this condition with Cy = 1. The condition (2.8) will be a
consequence of the continuous dependence (1.2) of the solution on the data, and the fact
that the error functional will contain the square of a data oscillation oscp(f, A). Since
this term is penalized by a factor !, we will be able to ensure (2.8) with C; ~ /6 which
yields (2.7) by taking ¢ sufficiently small.

Our basic hp-adaptive finite element routine reads as follows.

hp-_AFEl\/I(’l]o7 1, )\,60)
% Input: (ﬂo, f )\) eV X F x A, gg >0 with ||u(f,)\) — ﬂo”v < ¢€p.
% Parameters: p,w > 0 such that C1Cy < b(1 — p), w € (%, 16%“), we (0,1).
fort=1,2,...do
[Di, fp,, Ap,] :=hp-NEARBEST(we; 1, ;—1, f, \)
[Di7 ’U’i] = PDE(MEifla G(Dl)a [, )‘DL)
E; = (/.L + C’lw)si_l
end do

Note that bw — Cy > 0, and that &; = (u + Ciw)’eq, where pu + Ciw < 1.

Theorem 2.1. Assuming (2.7)-(2.9), for the sequences (4;), (D;) produced in hp-AFEM,
writing u = u(f, \), it holds that

|u —ul|v <& Vi>0, Ep, (u, ,\)? < (w+Co)gimy Vi>1, (2.10)

and

#D; < B#D for any D € D with Ep(u, f, )\)% < (bw — Cy)ei—1. (2.11)

Proof. The bound |Ju — Gg|lv < &g is valid by assumption. For ¢ > 1, the tolerances used
for hp-NEARBEST and PDE, together with (2.8), show that

||U - alHV < ||u(fDn)‘DL) - ’U/ZHV + HU - u(f‘Dia)"Di)
< pgi1 + C1 B, (@1, £, \)? < (u+ Crw)ei1 = &;.

v (2.12)

The first statement follows for all ¢ > 0. Using this and (2.9) implies the second assertion
Eop, (u, f,\)? < Ep, (@1, f;\)? +Collu— @iy < (w+Co)ei V> 1.

Let D € D with Ep (u, f,A\)2 < (bw — C3)ei—1. Then, again by (2.9), Ep(ti_1, f,A)2 <
bwe;_1 and so #D; < B#D because of the optimality property of hp-NEARBEST. 0O

The main result of Theorem 2.1 can be summarized by saying that hp-AFEM is
instance optimal for reducing Ep (u(f, A), f,A) over D € D. Recall that in our applica-
tions, Ex (u(f, A), f, A) will be the sum of the squared best approximation error in u from
the nonconforming space Vp = [] pep Vp in the broken H Lnorm and a squared data
oscillation term penalized with a factor 1.

Additionally, Theorem 2.1 shows linear convergence to u of the sequence (@;) of

conforming approximations, in particular @; € V§ where D¢ > D; > €(D;). Since



gi = (u+ Ciw)’ep, the infinite loop in hp-AFEM can be stopped to meet any desired
tolerance.

The preceding algorithm hp-AFEM has the minimal structure for convergence and
optimality. Since the routine PDE neither exploits the current iterate nor work already
done, we present a practical hp-AFEM in Sect. 2.3 which replaces PDE by REDUCE.

Finally in this subsection, we comment on the implications of the instance optimality
result concerning class optimality. For N € N, let Dy := argmin{Eqp(u, f, )\)%: D e
D, #D < N} and let the best approximation error be

oN = E@N(u7f7)\)%.

Remark 2.1 (algebraic decay). If oy decays algebraically with N, namely supy N¥oy <
oo, then for the sequence (D;) produced in hp-AFEM, one infers that Ep, (u, f, )\)%
decays algebraically with #D; with the optimal rate: sup,(#D;)* Ep, (u, f, Nz < oco. In
other words, instance optimality implies algebraic class optimality.

Remark 2.2 (exponential decay). For hp-approximation, it is more relevant to consider
an exponential decay of o, i.e., supy e™ " on < oo for some 1,7 > 0. This is precisely
the situation considered in [11, 12, 13] for adaptive Fourier or Legendre methods.

Let us asssume, for convenience, that oy = C’#e*"N " for some constant Cyu and
ignore in subsequent calculations that N has to be an integer. In view of Theorem 2.1,
let N and €;_1 be so related that oy = (bw — Ca)e;—1 Since apparently #D; < BN and
Eop, (u, f,\)2 < (w+ Cy)ei_1, we deduce

o 0\ Culw+ Co)
(#D;) - 2 < # 2
sup (e Eop, (u, f, A) ) S TG

with n := B™"n.

On the other hand, we will see in Corollary 3.1 that the routine hp-NEARBEST
satisfies its optimality conditions for any B > 1, at the expense of b = b(B) | 0 when
B | 1. Moreover, as we have seen, in our applications we will be able to satisfy (2.7)—
(2.9) for any b > 0 by taking the penalization parameter ¢ small enough. Therefore, we
conclude that if o decays exponentially, characterised by parameters (n,7), then so do
the errors produced by hp-AFEM for parameters (7], 7), where 7 = B~"n can be chosen
arbitrarily close to 7 (at the expense of increasing the supremum value). This situation is
much better than that encountered in [11, 12, 13].

2.3 The practical hp-adaptive finite element method

To render hp-AFEM more practical we replace the routine PDE by REDUCE, which
exploits the work already carried out within hp-AFEM and reads
e [D,u] := REDUCE(g, D, fp, \p)

The routine REDUCE takes as input a partition D € D¢, data (fp, Ap) € Fp xAqp,
and a desired error reduction factor g € (0, 1], and produces a conforming partition

D =D(D, ) € D° with D > D and a function @ € V such that

lu(fp, Ap) —ullv < o f |[u(fp,A) vl (2.13)
veVyp

Inside the practical hp-AFEM, the routine REDUCE will be called with as input
partition the result of mapping € : D — D€ applied to the output partition of the preceding



call of hp-NEARBEST. In order to bound the right-hand side of (2.13), we make the
following assumption:

inf Jv—wlly <Csp inf Ep(v,f,\)7 VDeD, YweV. (2.14)

weVew) (fLANEFXA

In our applications, the infimum on the right-hand side reads as the squared error in the
broken H!-norm of the best approximation to v from Vp = [] pep V- The left-hand
side reads as the squared error in H}(f2) of the best approximation to v from VGC(D) =
H ()N ]I pen Vb- The constant Cs, p should ideally be independent of D. We will see in
Sect. 4 that this is the case for our application in dimension n = 1. However, for n = 2 we
will show in Sect. 5 that C's p depends logarithmically on the largest polynomial degree;
this extends a result by A. Veeser [45].

Our practical hp-adaptive finite element routine reads as follows:

hp-_AFEl\/I(’HQ7 1 /\,80)
% Input: (ﬂo, f )\) eV xF xA, e >0 with ||U(f,)\) — ﬂo”v < &p.
% Parameters: p,w > 0 such that C1Cy < b(1 — p), w € (%, 151“), we (0,1).
fori=1,2,... do
[@i» fo,, /\@1] Z:hp-NEARBEST((A}Ei,h wi—1, f, )\)
[D;, @] := REDUCE(m, C(Ds), fo,, Ap,)
E; 1= (,LL + Clw)si,1
end do

Corollary 2.1 (convergence and instance optimality). Assuming (2.7)-(2.9) and (2.14),
the sequences (u;), (D;) produced in the practical hp-AFEM above satisfy properties
(2.10) and (2.11) in Theorem 2.1.

Proof. In view of the second part of the proof of Theorem 2.1, it is sufficient to prove that
||lw — @]y < e;. We argue by induction. If ||u — @;||ly < &;—1, which is valid for i = 1,
then, after the ith call of hp-NEARBEST, (2.14) and (2.8) imply that

inf L AD,) —
Tl dn) — vl

< |lu— u;_ + inf i1 —vllv + l|lu—u AD,
< i—1llv el -1 —vllv + || (fpi, Ap,)llv (2.15)

<éei—1+Csp, Ep, (i—1, f,\) + C1 Ep, (-1, f, A)
< (1 + (C3,‘Di + 01)0.))61'_1.

Consequently, after the subsequent call of REDUCE, it holds that ||u(fp,, Ap,) —@i|lv <
pei—1 according to (2.13). This result combined with (2.12) shows that ||u —@;|y <e;. O

Remark 2.3 (complexity of hp-AFEM). Let us consider the case that the constants
C3 1, defined in (2.14), are insensitive to D, namely,

Cs :=sup C3p < o0. (2.16)
Deb

This entails that the reduction factor g; = m of REDUCE satisfies inf; g; >

0. Additionally, suppose that, given a fixed ¢ € (0, 1], REDUCE realizes (2.13) with

#D(D, o)
Dsggc 2D < 00. (2.17)

10



If, furthermore,

#C(D)
Cy =
LT e #D

then the sequences (D;); and (D;); produced in hp-AFEM are so that #D; < #D,. In
view of the optimal control over #D;, given by Theorem 2.1 and Corollary 2.1, we would
have optimal control over the dimension of any hp-finite element space created within
hp-AFEM. This ideal situation only happens in the one-dimensional case.

< o0, (2.18)

2.4 A possible realization of REDUCE

Let Ay € L(V,V’) for all A € A and define the associated continuous bilinear form
a)(v,w) = (Ayv,w) for any v,w € V, where (-,-) denotes the duality pairing between
V and V'. We assume that A, is symmetric, which is equivalent to the symmetry of
the form ay. We furtherly assume that each a) is continuous and coercive on V', with
continuity and coercivity constants o > a, > 0 independent of A € A. It is convenient
to introduce in V the energy norm ||v||x = y/ax(v, v) associated with the form ay, which
satisfies \/ax||v]|v < |Jvllx < Va*|jv|ly for all v € V. Let F C V.
Given D € D and data (f,\) € F x A, the (Galerkin) solution up (f,\) € V§ of

ax(up(f,A),v) = (f,v) Vv eVq (2.19)

is the best approximation to u(f,A) from V§ in || - |]x. In view of a posteriori error
estimation, we will consider Galerkin solutions from Vi only for data in Fp x Ap, i.e.,
for data without data oscillation w.r.t. D.

For D € D¢, D € D, let us introduce local a posteriori error indicators

DD : Vi x Fp x Ap — [0,00),

which give rise to the global estimator

1/2
Ep(v,f@,)\p) = <Z UZD’D(’U,f@,)\D)> . (2.20)

DeD

Given data (fp, Ap) without data oscillation w.r.t. D, Ep(v, fp, Ap) will be used with
v = up(fp,Ap) as an estimator for the squared error in this Galerkin approximation
to u(fp,Ap). It should not be confused with Ep(v, f,A), the latter being the sum of
local error functionals ep(v, f, A), that estimates the squared error in a projection on
Vp X Fp X Ap Of(U,f,)\)EVXFXA.

Given any M C D, it will be useful to associate the estimator restricted to M

1/2
En(M,v, fp,Ap) == (Z Ti%,D(U,fD,)\D)> :

DeM

We assume that Ep satisfies the following assumptions:
e Reliability: For D € D¢, and (fp, An) € Fp X Ap, there holds

[u(fp, An) = un (fo, An)|lv < En(un(fD,AD), fD,AD). (2.21)

e Discrete efficiency: For D € D¢ (fp,Ap) € Fp X Ap, and for any M C D, there
exists a D(M) € D° with D(M) > D and #D(M) < #D, such that

[up e (fp, Ap) = un(fo, Ap)llv Z €M, un (fp, Ap), fp, AD). (2:22)

11



Then a valid procedure REDUCE is defined as follows.

[@, urb] = REDUCE(Q, D, f(D, /\,D)

% Input: ¢ € (0,1], D € D¢, (fp,Ap) € Fp x Ap.

% Output: D € D¢ with D > D, and the Galerkin solution ug = up (fp, Ap).

% Parameters: 6 € (0,1] fixed.

Compute M := M (p) € N sufficiently large, cf. Proposition 2.1.

Dy := D; SOLVE: compute up,(fp, Ap)

for i=1 to M do
ESTIMATE: compute {772D$Di71(u@i_1(f@, Ap), fo,A\p): DeD,;_1}
MARK: select M;_; C D;_1 with

E%i_l(Mi717uDi—l(ffD) )"D)a f’Dv )‘D) > 982{1)i_1(u9i_1(f®7 )"D)a f’.Da )"D)

REFINE: D, := D(M;_;)
SOLVE: compute up,(fp, Ap)
end

D = D]\/[; Up = u@]w(va)\D)

Proposition 2.1. Assuming (2.21) and (2.22), the number M = M (o) of iterations that
are required so that [D,uy(fp, Ap)] = REDUCE(p, D, fp, Ap) satisfies

lu(fp, Ap) —up(fo, Ap)llv < ¢ inf |[u(fp,Ap) —vllv
veVyp

is at most proportional to log o™, and #D < #D, both independent of D € D, and
(fo,Ap) € Fp X Ap. So both (2.13) and (2.17) are realized.

Proof. Since fp and Ap are fixed, for simplicity we drop them from our notations. Ap-
plying (2.22) with D = D,;_; and D; = D(M;_1), the definition of MARK, and (2.21)
we get
lup, —up, I} 2 E%i,l(M¢—17uDi,17fﬂJ,>\D)
> 082‘Di,1 (uDi—l ) f'D7 AD)

Z ellu —UD;_4 ||\2/

This and the uniform equivalence of || - ||y and || - ||x, =: || - || give the saturation property
lup, = up,_,I* = Cebllu —up,_, |I? (2.23)
for some positive constant C,. Then, using Pythagoras’ identity

2= Ju—up,, I* ~ Jup, —up,_, % (2.24)

lw = v,
we obtain the contraction property

< Kllu —up,_, | (2.25)

v — o,

for k = 1 — C.0 < 1. We conclude that

lu—up,, v <

M . a* o
= — f — <4 — f — .
e it - ol < R it = ol

12



Enforcing ,/%:HM < p yields M = O(logo™!). In addition, since #D; < #D;_; for
1 <i < M according to (2.22), the proof is complete. a

Remark 2.4. The partition D(M) can be built by an ‘h-refinement’ or a ‘p-enrichment’,
or both, of the elements D € M, if necessary followed by a ‘completion step’ by an
application of the mapping € in order to land in D¢. The estimate #D(M) < #D shows no
benefit in taking € < 1, i.e., in taking a local, ‘adaptive’ refinement. In our algorithm hp-
AFEM, the adaptive selection of suitable hp partitions takes place in hp-NEARBEST.
Nevertheless, in a quantitative sense it can be beneficial to incorporate adaptivity in
REDUCE as well, by selecting, for a § < 1, a (near) minimal set M C D;_; in MARK.

Remark 2.5. The discrete efficiency of the estimator implies its “continuous” efficiency.
Indeed, taking M = D in (2.22) and denoting D = D(D), and temporarily dropping fp
and Ap from our notations, we have

Ep(up)? S aullup —upll}y < flup —unli = lu —upll3 — llu — upll} < llu — upl}

inf lu—ol2 <a* inf |u—ov|2.
nfJu = ol <a” inf fu— ol

Consequently, recalling (2.21), a stopping criterium for REDUCE could be defined as
follows

Ep, (up,(fo, \p), fo, Ap) < Colp(un(fp,An), fn, D),

where C'is a constant in terms of the “hidden constants” in (2.21) and (2.22), and «, and

*

a.

Assumptions (2.21)-(2.22) about reliability and discrete efficiency can be substituted
by the following three assumptions concerning the estimator. This will be used for our
application in two dimensions in Sect. 5.

¢ Reliability and efficiency: For D € D¢, there exists Rp,rp > 0, such that for
(f0,Ap) € Fp x Ap, and | - [ln, = | - | one has

rp €5 (un (fp,Ap), fp,Ap) < Ju(fp, Ap) — un(fn, Ap)|?

) (2.26)

< Rp &5 (upn(fp, Ap), fo, Ap);

e Stability: For D € D¢, and all (fp,An) € Fp X Ap, v,w € V. one has
Vro|€p (v, fo,Ap) — Ep(w, fo,Ap)| < v —w]. (2.27)

e Estimator reduction upon refinement: There exists a constant v < 1, such
that for any M C D € D¢, there exists a D(M) € D¢ with D(M) > D, #D(M) < #D,
such that with 8§ := {D € D(M) : 3D € M with Kp C Kp},

€500 (S un (fo, Ap), fo, Ap) < v EL(M, un(fp, Ap), fn, Ap) (2.35)
€50 (D) \ 8, up (f, Ap), fo, Ap) < EL(D\ M, up(fp, Ap), fo,Ap),
for any (fp,Ap) € Fp X Ap.

With 6 from REDUCE and « from (2.28), we set 7 := (1 — ) + 6. For D < D € D,
and (fp,Ap) € Fp X Ap, we define the squared total error to be

€% (ug (f0,A), fp, Ap) = [[u(fp, Ap)—ug (fo, M) IP+(1=v7)rs €5 (s (fo, Ap), fp, Ap).
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Proposition 2.2. Assume (2.26), (2.27), and (2.28), and, inside REDUCE, take D(M)
as defined in (2.28). Let D € D°, and (fp,Ap) € Fp x Ap. Then consecutive iterands
produced in REDUCE(p, D, fp, Ap) satisfy

1— (l_ﬁ)2 D,

2
2 Ry, , eDi—l(uDifl(fD7)\D>7fD7)\®).

(’32’Di(u®i(f97 )\'D)7f'Da)‘D) < [

Furthermore, for D € D¢ and (fp,Ap) € Fp X Ap,

lu(fp, Ap) — up (fp, Ap)II> < €5 (up (fo,Ap), fp,Ap) < 2|lu(fp,AD) — un(fn, AD)|*.

Therefore, if sup Rp < oo and Dinﬂg rp > 0, then the statement of Proposition 2.1 is
Debe Debe

again valid.

Proof. Since both fp and Ap are fixed, we again drop them from our notations. Applying
MARK and (2.28) yields

82’Di(u'Di—1) < f_)/SQDi_l(u'Dq‘,—l)' (229)

By virtue of (2.27), Young’s inequality, and (2.29), we have that for any ¢ > 0,

€D, (up,) < (1+¢) &5, (up,_,) + (1 + ¢ rptllun, —up, ., |I?

<L+ Q7€ (up, ) + (L4 ¢ Hrplun, —up, |12

By multiplying this inequality by %, substituting { = fy_% — 1, and adding to

Pythagoras’ identity (2.24), we obtain

|||U—UfDi”|2+(1—\/’j}/)’l"§Di E?Dl (Diqui) < |||U’_UD1Z—1 |‘|2+ﬁ(1_ﬁ)r91 8’2Di,1(D’L'—17uDi—1)'

We resort to (2.26) to bound the right-hand side as follows in terms of an arbitrary
g el01]

Ry,
2 i— — — 2
Bllu—wn, I + (= A =+ VA) (L= VAo, &b, (Dics,un,)
We now observe that the following function of 8 attains its minimum at S,
Rop,_,

mgX{@((l*ﬂ) T®i+ﬁ)}zﬂ*:11Rﬁ

ﬁ i1
1-v7) L+ o
— =\ 2
The proof of the first statement follows from lgf - > (lff) R;D" . The second
S NN ol

statement is a direct consequence of (2.26), and the final statement follows directly from
the first two.
a

3 The module hp-NEARBEST

In this section we describe briefly the algorithm and theory recently developed by P. Binev
for hp-adaptive tree approximation [5], which constitutes the building block behind the
module hp-NEARBEST.

14



3.1 h-Adaptive Tree Approximation

We first review the algorithm designed and studied by Binev and DeVore [7] for h-adaptive
tree approximation. Since, in this subsection, the local approximation spaces do not
depend on d, temporarily we identify an element D with the element domain Kp, and D
with the h-partition KX(D), the latter being an element of K.

Recall that for any K € K, the set of all K € X together with their ancestors form a
tree T, being a subtree of the master tree K. Conversely, given such a subtree T, the set
L(T) of its leaves is a partition in K.

For the moment, we will assume that the master tree K has only one root. In the next
subsection, in Remark 3.1, we will deal with the case that it has possibly multiple roots.

For any K € R, let ex > 0 be some local h-error functional. That means that it
satisfies the key property (2.2), that in this h-element setting reduces to subadditivity:

ex’ +egrn < ex

where K’ and K" denote the children of K. The corresponding global h-error functional
reads
Ex =Y ex VKeK
KeX
The notion of a best h-partition w.r.t. this error functional is now apparent: for N € N,
let

= inf Eg.
oN #iIJ?SN x

This quantity gives the smallest error achievable with h-partitions K with cardinality
#X < N. In spite of the inf being a min, because the minimization is over a finite set,
computing a tree that realizes the min has exponential complexity.

A fundamental, but rather surprising, result of Binev and DeVore shows that a near-
best h-adaptive tree is computable with linear complexity. A key ingredient is a modified
local h-error functional €k defined as follows for all K € R:

e ¢i := ek if K is the root;

. é = i + e;l(* where K* is the parent of K and ey # 0; otherwise éx = 0.

This harmonic mean has the following essential properties: if ex < eg«, then €x ~ eg,
whereas if ey = eg+, then € =~ %eK. This means that éx penalizes the lack of success
in reducing the error from K* to K up to a factor %, provided ex = e+, and always
< <L

The practical method consists of applying a greedy algorithm based on {€x } kexc: given
an h-partition Ky, with #Xxy = N, construct Ky41 by bisecting an element domain
K € X with largest éx. It is worth stressing that if lack of error reduction persists, then
the modified error functional € diminishes exponentially and forces the greedy algorithm
to start refining somewhere else.

For ex being the squared L2-error in the best polynomial approximation on K of
a function v, this may happen when v has local but strong singularity. The simple,
but astute idea to operate on the modified error functionals is responsible alone for the
following key result.

Theorem 3.1 (instance optimality of h-trees [7]). Let the master tree R have one sin-
gle root. The sequence of h-partitions (KXn)nen given by the greedy algorithm based on
(éx)Kex provides near-best h-adaptive tree approzimations in the sense that

Ex, < ¥n < N.

N—-n+1 on
The complezity for obtaining Ky is O(N).
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We can interpret Theorem 3.1 as follows: given N let n = [£] be the ceiling of N/2,
whence N —n+1> N/2 and

3.2 hp-Adaptive Tree Approximation

In this subsection, we return to hp-approximations. An element D is a pair (K,d) =
(Kp,dp), with K being the element domain, and d an integer. The local error functional
ep > 0 is required to satisfy (2.2), i.e., ex’ g +exr q < ex,q when K', K" are the children
of K, and ex ¢ < ex,q when d’ > d. The corresponding global hp-error functional reads
as
Ep=>» ep YDeD.
DeD
For N € N, we set
oN = M %1§f N Eop
where #D =5 dp.

In our applications, dp is proportional to the dimension of the polynomial approxi-
mation space that is applied on Kp so that #D is proportional to the dimension of the
global hp-finite element space. More precisely, given d, we take p = p(d) as the largest
integer for which

-1
dimP,_; (K) = (n +p ) <d (3.2)
p—1
and corresponding to D = (K, d), we choose P,4)(K) as approximation space. Conse-
quently, for n > 1, ex 4+1 = ex,q whenever p(d + 1) = p(d).

We describe an algorithm, designed by Binev [4, 5], that finds a near-best hp-partition.
It builds two trees: a ghost h-tree T, similar to that in Sect. 3.1 but with degree dependent
error and modified error functionals, and a subordinate hp-trec P. The second tree is
obtained by trimming the first one and increasing d as described in the sequel.

Let X € K, and let T denote its corresponding tree. For any K € T, we denote by
T(K) the subtree of T emanating from K, and let d(K,T) be the number of leaves of T(K),
ie.

d(K,T) = #£(T(K)). (3.3)

The tree-dependent local hp-error functionals ek (T) are defined recursively starting
from the leaves and proceeding upwards as follows:

o ex(T):=ex 1 provided K € L(T),

e ex(T) := min{er/ (T) + e (T), ek q(k,7)} otherwise,
where K’, K" € T are the children of K. This local functional carries the information
whether it is preferable to enrich the space (increase d) or refine the element (decrease

h) to reduce the current error in K. The subordinate hp-tree P is obtained from T by
eliminating the subtree T(K) of a node K € T whenever

ex(T) = ex a(k,7)-

This procedure is depicted in Figure 3.2.

The hp-tree P gives rise to an hp-partition D, namely the collection of hp-elements
D = (K,d) with K a leaf of P and d = d(K,T). We have that #D = #X, and D
minimizes Eg over all D € D with K(D) < K and dp < d(Kp,T) for all D € D, whence

#D < #K.
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Figure 1: Ghost h-tree T (left) with 10 leaves (#£(7T) = 10). The label of each node K is d(K,T).
Subordinate hp-tree P (right) resulting from T upon trimming 3 subtrees and raising the values of d
of the interior nodes of T, now leaves of P, from 1 to 2,3, and 2 respectively.

This describes the trimming of the h-tree T, but not how to increase the total cardi-
nality of T. To grow T, P. Binev uses a modified local hp-error functional and a greedy
algorithm that selects the leaf of T that would lead to the largest reduction of the hp-
error in P. We refer to [5] for the construction of the full algorithm for hp-adaptive
approximation.

Theorem 3.2 (instance optimality of hp-tree [4, 5]). Let the master tree & have one single
root. For all N € N, the algorithm sketched above constructs an hp-tree Py subordinate
to a ghost h-tree T such that the resulting hp-partition Dy has cardinality #Dny = N
and global hp-error functional

2N Vn < N.

Eny < ————0,
PNEN 1’ =

In addition, the cost of the algorithm for obtaining D N is bounded by O( ZKGTN d(K, ‘.TN)),
and varies from O(N log N) for well balanced trees to O(N?) for highly unbalanced trees.

Binev’s algorithm gives a routine hp-NEARBEST that satisfies the assumptions
made in Subsect. 2.2 for any B> 1and b= /3(1 — £):

Corollary 3.1. Let B > 1. Given e > 0, let D € D be the first partition in the sequence
1 ~ ~ 1
produced by Binev’s algorithm for which E3 < e. Then #D < Bmin{#D: D € D, E% <

21— 5)eh

Proof. Let D = Dy, i.e., D is the Nth partition in the sequence, and #D = N. For N =1

. 1
the statement is true, so let N > 1. Suppose there exists a D € D with EZ < 1/%(1 — %) €

and N > B#D. Then, with n := #D, we have Ep,_, < #:nlj_lan < #—73—1 E; <

1\,2_(]1\]7_113_1%(1 — %)52. From #—:}—)&-1%(1 — %) < 1, being a conslequence of N > Bn and
B > 1, we get a contradiction with D being the first one with E2 <e. a
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Remark 3.1. In order to deal with the case that the master tree R has R > 1 roots, the
following approach can be followed.

We unify the R roots pairwise creating new element domains, each one being the union
of two roots. When R > 2, this process has to be repeated until only one element domain
remains, which will the new, single root. Obuviously, this applies only when R is a power
of 2. In the other case, we have to introduce at most [logy R| — 1 (empty) virtual element
domains (and, formally, infinite binary trees of virtual element domains rooted at them).
We denote the extended, single rooted master tree by A

Nezt, we extend the definition of ex q4 as follows. At first we give a meaning to ex o for
each element domain K € K. Typically, for d € N, ex 4 has the meaning of the squared
error in the approximation of a quantity from a space of dimension d. Then a natural
definition of e o is that of the squared error in the zero approximation.

Considering now the elements in ?i\ﬁ, i.e., the newly created element domains, we
distinguish between virtual and non-virtual element domains. For each virtual element
domain, we set ek q := 0 for any d € NU{0}. Finally, for each newly created non-virtual
element domain K, being the union of K’ and K" (one of them possibly being a virtual
element domain), for d € NU{0} recursively we define

eK.d: eK’,d’ +6K”,d”-

)

= min
{d’,d” eNU{0}: d’'+d" <d}

Note that in the minimum at the right hand side d’ or d” can or has to be zero. In that
case, exr g + exr qv has the interpretation of the squared error in an approxzimation on
K that is zero on K' or K". R

It is easily checked that the error functional ek 4 for (K, d) € R x N satisfies (2.2), and
Theorem 3.2 and Corollary 3.1 apply.

We close the discussion of the module hp-NEARBEST with the observation that
in dimensions n > 1, Binev’s algorithm produces hp-partitions that are generally non-
conforming. Since conformity is required by the module REDUCE, a post-processing
step which makes the output partition conforming is required. The implementation of
such a procedure in dimension 2, and the analysis of its complexity, will be discussed in
Sect. 5.1.

4 A self-adjoint elliptic problem in 1D

In this section we apply the abstract framework introduced in Sect. 2 to a one-dimensional
self-adjoint elliptic problem.

4.1 The continuous problem and its hp discretization

Let Q := (0,1). Given f1, fo € L*(Q) and v, 0 € L>(1Q) satisfying
0<v, <v<v*<oo and 0<o<o* < (4.1)
for some constants v, " and ¢*, we consider the following model elliptic problem

—(wu)Y +ou=fi+f; inQ,

u(0) =u(l) =0, (4.2)

which can be written as in (2.1) setting A = (v,0), f = f1 + f5 € H-1(Q) and

Ayu = —(vu) +ou € L(HF(Q), H1(Q)).
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Equivalently, u € H}(Q2) =: V, equipped with the norm | - |1 (q), satisfies
G‘)\(uv U) - <f7 U> Vv € H(%(Q)v (43)

where the bilinear form ay : Hi(Q) x H3(2) — R and the linear form f : H}(Q) — R are
defined as

ax(u,v) = /(uu’v' +ouwv)dx , (f,v) = /(flv — fou')dx .
Q Q
In view of the approximation of the operator Ay we introduce the metric space
A={A=(,5) e L Q) x L>®(Q): . <v<v*, —5.<5<5"}

where v,, 7*,5.,5" are positive constants defined as follows. Suppose that the pair (7,5)
approximates (v,c) with error

_ Vs _
o=l < 0 o=l < % (1.4)
then it is easily seen that
_ V*<,< *+V* —% _ V*<,< *+V* —x
U= — < v <v 4+ = =%, —0, i =—— <5< — =:5".
5 SVS 5 o 5 SOSo+ 5 =0
Furthermore, using the Poincaré inequality [[v]|72q) < %M%{l(ﬂ) we have
1 .1
(7. = 220 @ < ax(0.0) < (7 + 20 ooy

for all v € HL(Q), X € A. We conclude that setting a, := 7, — %6* = %1/* and of =
Ut +36% =v* 4 $0* + v, it holds

Vauvlgi) < vllx £ Var|vlgia) Yo € Hy(2), YA€ A (4.5)

with [Ju[|3 := a5(v,v). The space A will be a subset of A containing the coefficients X of
the problem (2.1); it will be defined later on.

Concerning the definition of the space F' containing the right-hand side, we write
f=(f1,f2) € L*(Q) x L3(Q) =: F (note that different couples in F' may give rise to the
same f € H1(Q)).

We now discuss the hp-discretization of (4.2). To this end, we specify that the binary
master tree R is obtained from an initial partition, called the ‘root partition’, by applying
successive dyadic subdivisions to all its elements. Later, cf. Property 4.1, it will be needed
to assume that this initial partition is sufficiently fine. Furthermore, with reference to the
abstract notation of Section 2, given any (K, d) € £xN we have p(d) = d. In consideration
of this simple relation, throughout this section we will use the notation (K, p) instead of
(K,d), i.e., the second parameter of the couple will identify a polynomial degree on the
element K. We set

Vip = Pp(K), Frp=Pp1(K) x Pp(K),
Agp={A=(7,6) €Ppi1(K) xPpi1(K): . <0<D* —5.<5<05"}.

Thus

Vi ={veH)Q): vk, €Py,(Kp) VD € D}
will be the discretization space associated with the hp-partition D. Furthermore, we have
Fp C F and Ap C A, with F and A defined above. The difference in polynomial degrees
between the various components of the approximation spaces for data is motivated by
the need of balancing the different terms entering in the local error estimators, see (4.18)
below.

At this point, we have all the ingredients that determine a Galerkin approximation as
in (2.19).
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4.2 Computable a posteriori error estimator

Given data (fp,Ap) € Fp X Ap, let up(fp,An) € V5 be the solution of the Galerkin
problem (2.19) with such data. To it, we associate the residual r = r(up, fp,Ap) €
H=1(Q), defined by

<r7 U> = <f@,’U> — Qxp (UD(fD7 /\(D)ﬂ}) Vv € H(%(Q) ’ (46)

and satisfying (r,vp) = 0 for all vp € V.§. The dual norm of the residual is a natural a
posteriori error estimator, since one has

1 1
rz-1@) < [u(fo, Ap) —un(fo, Ap)|lxp <
s Il < I, Ao) — (o Aol < =
in one dimension, such norm can be expressed in terms of independent contributions
coming from the elements K p of the partition D, which are easily and exactly computable
if, e.g., the residual is locally polynomial. To see this, let us introduce the subspace of
H}(Q) of the piecewise linear functions on D, i.e.,

17l =10 5 (4.7)

VE ={ve Hy(Q) | vk, € P1(Kp) VD e D}C VS

and let us first notice that H}(Q2) admits the orthogonal decomposition (with respect to
the inner product associated with the norm |-|g1(q))

Hy(Q) =VH @ P Hs(Kp),
DeD

where functions in Hg(Kp) are assumed to be extended by 0 outside the interval Kp;
indeed, for any v € V, we have the orthogonal splitting

v =y, + g VKp >
DeD

where vy, € V& is the piecewise linear interpolant of v on D and vk, = (v —vL) |k, €
H{(Kp). Recalling that (r,v;) = 0 for all v, € V5, it is easily seen that the following
expression holds:

7110y = Z 750 -1 (k) » (4.8)
DeD

where 7, denotes the restriction of r to H}(Kp).
The computability of the terms on the right-hand side is assured by the following
representation: for any D € D, one has

||TKDH3I*1(KD) = |ZKD‘2H1(KD)’
where 25, € H}(Kp) satisfies
(Z}(D3U,)L2(KD) = <TKD,’U> Yv € H&(KD) (49)

Writing up = up(fp, Ap) and Kp = (a,b), and noting that, since f2 o is a polynomial
in KD,

<TKD7U> = / (fl,D + fé,‘D + (UDu/j))/ — O"DUD)U dl‘ = (rKD7v)L2(KD)7 (410)
K

D

it is easily seen that the solution zgx, has the following analytic expression

ZKD(x) = K G(m,y)TKD(y)dy, (411)
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(a=z)(b=y)
— <
where G(z,y) := e ¥ =Y is the Green’s function of our local problem (4.9).
nba) 45,
—a
Thus, the squared norm ||rg, ||§{_1( Kp) Of the local residual can be explicitly computed,
since 7k, is a polynomial.
Summarizing, defining for any D € D the local error estimator

n%,D(uQ(fD7/\'D)af‘D7)\’D) = ‘zKD@Il(KD) (4.12)
and defining the global error estimator as in (2.20), we have by (4.7)
1
——=Ep(un(fp, Ap), fp, A) < [[u(fD, AD) — un(fD, AD)[IAs

Var (4.13)

<\/LED(UD(fD7)\D),f®,>\D),

Qe

which in particular implies the reliability assumption (2.21).

4.3 The module REFINE

Hereafter, we present a realization of the module REFINE, that guarantees the discrete
efficiency property (2.22), hence the contraction property of REDUCE. For every D €
M C D the module raises the local polynomial degree to some higher value, whereas for
D € D\M the local polynomial degree remains unchanged. No h-refinement is performed.

To be precise, consider an element D = (Kp,pp) € M. Suppose that the local
polynomial degree of the data is related to some pp, in the sense that

finlkp, €Psp—1(Kp), foolkp, € Psp(Kp), volkp, 0plkp € Pppt1(Kp).

Recall that up = up(fp,An) satisfies up|x, € Pp,(Kp). Then it is easily seen that

the residual r = r(up, fp, Ap) is such that its restriction rg, to Kp is a polynomial of

degree pp + pp + 1, while the function 2z, defined in (4.9) is a polynomial of degree
Pp :=Pp+pp+3. (4.14)

Therefore, the module REFINE builds D = D(M) € D¢ = D with D(M) > D as follows:

(KDJjD) for DeM

D ={D} with D=
D for D € D\ M.

In order to prove (2.22), consider a marked element D € M. Setting PJ_(Kp) :=
Ps, (Kp) N Hg(Kp) and recalling that zx,, € P (Kp) we have

_ _ (ZIKD’w/)LZ(KD) _ <TKD7w>

nD,D(quvaAD) - |ZKD|H1(KD) - Sup | ‘ - Sup | | N
wePy (Kp) |WIH(Kp) wePy (Kp) IWIH (Kp)

(4.15)

On the other hand, the Galerkin solution ug = uq(fp,Ap) is such that its resid-
ual 7 = r(up, fp, Ap) satisfies (Fx,,w) = 0 for all w € P (Kp). Thus, denoting
by ax, k(- -) the restriction of the form ay, (-,) to H'(Kp) x H'(Kp), and setting
|||’U|||§\D,KD = 0xp,Kp (’1)7’0), we get

TK _fK aw
np,»(Up, fp,Ap) = sup \Tkp ~ TKp: W)
wery, (Kp)  |[wlHi(xp)

_ sup  PoKp(Up —up,w)

<vVarfup —upllag,xp -
wePy, (Kp) lwla (k)
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Squaring and summing-up over all D € M, we obtain

EL(M,up, fp, Ap) < o flup —us |3, , (4.16)
which immediately implies (2.22).

Remark 4.1. The choice of the error estimator and the refinement strategy indicated
above guarantees that the reliability assumption (2.21) and the efficiency assumption (2.22)
are fulfilled, hence the conclusions of Proposition 2.1 hold true. Actually, one can be more
precise, since using (4.13) and (4.16) and following the steps of the proof of Proposition
2.1, we get that the sequence of Galerkin approximations built by a call of REDUCE
satisfies the contraction property (2.25) with contraction factor k = /1 — 2£0

a* "

4.4 Convergence and optimality properties of hp-AFEM

In this section we discuss the convergence and optimality properties of our adaptive al-

gorithm hp-AFEM in the present one-dimensional setting. To this end, we first specify

the abstract functional framework introduced in Sect. 2. We already set V := H{ (2) and

F:=L?(Q2) x L*(). Concerning the space A containing the coefficients of the operator,

we assume stronger regularity than just L>°(Q) in order to guarantee that the piecewise

polynomial approximations of the coefficients still define a coercive variational problem.
To be precise, from now on we assume that A = (v, 0) belongs to the space

A={A=o0)c HQ)x H'(Q): v.<v<v*, 0<o<0"}. (4.17)

Here, in view of (2.2), we choose to work with a smoothness space of Sobolev type with
summability index 2, so that squared best approximation errors are non-increasing under
h-refinements. We notice that it would be sufficient to require the coefficients to be
piecewise H' on the initial partition. We decide to work under stronger assumptions just
for the sake of simplicity.

We now define the projectors @k, introduced in Sect. 2.1. To this end, let H(}(,p €
L(L*(K),P,(K)) be the L*-orthogonal projection and H}ﬂp € L(HY(K),P,(K)) be the
H'-type orthogonal projection defined as follows: if v € H'(K) with K = [a, b] then

x

(g ,v) (z) :=c —|—/ (%, 10" (t) dt

a

where the constant ¢ is such that [, Ty v de = [ v dz.
Then we define Qk , € L(VXEF XA, Pp(K) X (Pp_1(K)XPp(K)) X (Ppt1(K) xPpi1(K))
by setting

QK,p(’Uv f7 A) = (H}{,pv\K7 H(I)ﬂp—l.f”Kv H(I)(,pr\Kv H}(,P'FIV‘K? H}{,p-}-laﬁ()-
At last, we define the local error functionals ex ,. We set
eK,p(Ua f7 )\) = |(I - H}(,p)U|K|2H1(K) + 571080%{,1}(.]0’ A) (418)

where § > 0 is a positive penalization parameter to be chosen later and

h
OSC%{,p(.ﬂ A) = ||];(I - H?{,pﬂ)fl\K”QLz(K) +[[(T— H?{,p)f2|K||2L2(K) (4.19)

+ |(I- H}(,p+1)V\K|%[1(K) +|(I- H}(,p+1)UIK‘%Il(K)
where h = |K|. Note that the choice of polynomial degrees is such that for smooth data

the four addends above scale in the same way with respect to the parameters h and p.
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Furthermore, the data oscillation that appears in (4.18) is of higher order with respect to
the projection error for the function v.

It is straightforward to check the validity of (2.2). We recall that given a partition
D € D, we denote by fo = (f1,», f2,p) and Ap = (vp,0on) the piecewise polynomial
function obtained by projecting f and A, respectively, element by element as indicated
above. Note that while fp € Fip C F', Ap need not belong to A. Given a partition D € D,

we will set
osch (f, \) == Z osch (f, ),
DeD

where osc, (f, A) = osck, ,, (f, A).
The following result provides a uniform bound on the approximation error of the
coefficients of the operator, assuring that Ap € A.

Property 4.1. Let D be the root partition with polynomial degree equal to one on each

element domain. Assume that K(D) is sufficiently fine for the given data X\ € A, in the

sense that for each K € K(D) it holds
1 Vs 1 Vs
(=g vk [ ) < 9 |(I— g 1)oxlmx) < o
Then for any D € D we have (4.4), i.e.,

V. V.
v —vpllLe(@) < 5*, o —op|lLe(@) < 5*

Consequently, \p € Ap C A.

Proof. For any D = (Kp,pp), let K e fK(@) the element of the root partition containing
Kp. Then, we have

Vi
‘(Iin}(p,pD—&-l)V\KDh‘Il(KD) < |(17H}271)V|K‘H1([§') < ?

On the other hand, set ¢ = (I =TI . )v|K,; recalling that ¢ has zero mean-value
in Kp, it vanishes at some point zg € Kp since it is a continuous function. Writing

P(x) = Y(xo) + f;o Y’ (t)dt for any x € Kp yields

()] < & — o210l 2(xp) < KD 10l (1)
whence the result immediately follows after observing |Kp| < 1. a

We now focus on the abstract assumptions (2.7)-(2.9).

Proposition 4.1. In the present setting, assumptions (2.8)-(2.9) hold true. Furthermore,
if 6 is chosen sufficiently small, then (2.7) is fulfilled.

Proof. We start by verifying condition (2.9). For any v,w € HZ() and for any D € D
and any D € D, it holds that

1 .
(T =g pp) WK lHY (KDY = goE]P’pH;f(KD) Wik, — @la (kD)

IA

goeleiEEKD) vk, — Pl (kp) + (v — W) kp | H1 (K D)

= |I- H}(D,pD)U\KD|H1(KD) + (v - w)lKD‘Hl(KD).
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Two applications of a triangle inequality show that

‘ED(Uafa)‘)% 7ED(w>fa)‘)%

< (Z <<|(I—H}3)UKD|21(KD) _|_§*1osC2D(f,/\))
DeD

1
2

1 2\ 2
- (|(I_H1D)U|KD|§{1(KD)+5710802D(fa)‘)> ) )

1
5\ 2
< <§ : (’(I_H%))UU(D’HI(KD) - {(I_H}))WKD‘Hl(KD)) ) < ||7} _'UJHV,

DeD

i.e., (2.9) holds true with constant Cy = 1.

Let us now verify assumption (2.8). Note that u(fp, Ap) is well defined since Ap € A.
Setting for simplicity v = u(f,A) and @ = u(fp, Ap), it is straightforward to check that
u — u satisfies for any v € V

arw=a,0) = (= o0} - |

(v —vp)d'v' dox — / (0 —op)uv dx (4.20)
Q

Q

whence, using the Poincaré inequality [|v||z2(q) < 272 v 1 (), and selecting v = u — 4,
we obtain

alu—algio < i = fuolla-r@ + I1f2 = foollzz@

1 _
(I = vpllon + 5 o = ool ) alingay. (420

We now bound the quantity on the right hand side of (4.21) in terms of osc% (f,\). To
this end, starting with the first term, we have for any v € H}(Q)

(fi = fip, V)2 = Z (A=T0%, pp-1)f11KD V) E2(K D)
DeD
= Z ((I - H%D,ppfl)fl‘KD7 (I - H%D,ppfl)leD)L2(KD)
DeD
< Z H(I - H?{D,prl)fllKD ||L2(KD)H(I - H?{D,ppfl)/leD)HLz(KD)
DeD

(4.22)

By the classical hp-error estimate for the orthogonal L?-projection upon P,, (Kp) (see,
e.g., [39, Corollary 3.12] ) we have ||(I — H(IJ(D,pD—l)UIKD)”L?(KD) < C%|U|H1(KD) for
some constant C' > 0. Thus, we get

1

2

. hp
If1 = finlla-1@ <C (Z \Ip;(l - H?(D,pp—l)fHKD”QL?(KD)) : (4.23)

DeD

Concerning the second term on the right hand side of (4.21), we simply write it as

If2 = fapllz2 ) = (Z (IH(}(D,pD)fszlisz)) : (4.24)

DeD
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Coming to the third and fourth terms, we first observe that

_ 1 _1
|| g1 () < o (2 2 fr,oll2 ) + ||f2,DHL2(Q)>
¢ (4.25)

IN

1/ 1
o (2l + Rlee) = C0).

since f;p, ¢ = 1,2 is locally an L2-projection of f;. On the other hand, using the same
argument as in the proof of Property 4.1 we get

||V—VDHL°°(Q) maXH(I_HKD pD+1)V|KD||L°°(KD)

DeD
< gg% |KD|E |(T— HKD,pD+1)V\KD |H1(KD)
2
< <Z |(T— H}(D,pD-i-l)VIKDl%{l(KD)) : (4.26)
DeD

A similar result holds for [0 — op||L=~(q). Substituting (4.23)-(4.26) into (4.21) and
recalling (4.19) we get

U — Ul (o) < (2C(f —|—C+1) (Z osch (f, A ) : (4.27)

DeD

Thus, setting C := ai (%C(f) +C+ 1) and recalling (4.18), we conclude that

(£, \) — u(f, Ap)| i (qy < Co2 (Z ep(w, f, A)) =C862Ep(w, f,\)?  (4.28)

DeD

for any w € H(€). This proves that (2.8) is fulfilled with C; = C'§2. Finally, choosing
any d such that Cy < b we fulfill (2.7). o

We conclude that choosing ¢ sufficiently small we may apply Theorem 2.1. This
leads to the conclusion that for solving (4.2), where f = (f1, f2) € L?(Q) x L*(Q2), and
A= (v,0) € A defined in (4.17), and with a root partition D that is sufficiently fine such
that it satisfies Property 4.1, hp-AFEM is an instance optimal reducer, in the sense of
Theorem 2.1, of the error functional

E’D(u(f’)‘)va)‘) = Z

DeD

o PPD(K | (fa )lKD _Lplill(KD)—i_(s_lOSCzD(fv)‘)v
over all D € D, where osc’ (f, \) is defined in (4.19).

Finally, we consider assumption (2.14). At first, we note that in one dimension all
partitions are trivially conforming, i.e., D¢ = . Next, we observe that the following
result holds.

Lemma 4.1. For any D € D and any v € H}(Q) there holds

1nf vV —w inf v — |? . 4.29
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Proof. For D € D, let qp € Py, (Kp) be such that [v — gp|g1 (k) = infoep, (k) lv —
©|m1(xp)- Define g € La(Q) by g|lk, = ¢} for all D € D, and wp € H*(Q) by wp(z) =
Jy 9(s)ds. From Jx, @b = [k, v's we infer that wp(0) = wp(1) = 0, and so wp € V§.
Moreover, [v —wp[jn1(q) = 2 pen [V = 40|71 (k) O

Observing that

. 2 _ 1 2
@GP;EEKD) |U - ¢|H1(KD) - |(I - HKD,pD)U|KD|H1(KD) < eD(U7 fv )‘)

for any f € F, A € A, we obtain the following result.
Proposition 4.2. For all D € D and all v € H}(SY), one has

inf - < inf E A)?
wpeV o —wnlme < ol Bo( £ A%,

i.e., for C:=1I assumption (2.14) is fulfilled with C3.» = 1.

As a consequence, (2.16) and (2.18) are fulfilled with C5 = Cy = 1. Since hp-AFEM
calls the routine REDUCE with the fixed value ¢ = m, and by Proposition

2.1 the number of iterations in REDUCE is bounded by O(log 9~ !), we are guaranteed
that the number of iterations performed by REDUCE at any call from hp-AFEM is
uniformly bounded. On the other hand, recalling (4.14), for each iteration in REDUCE
the polynomial degree in each marked element is increased by a constant value depending
only on the local polynomial degree in the input partition. Thus, even in the worst-case
scenario that at each iteration all elements are marked for enrichment, we conclude that
the output partition of REDUCE has a cardinality which is bounded by a fixed multiple
of the one of the input partition, which is optimal as it is produced by hp-NEARBEST.

Another obvious, but relevant application of Lemma 4.1 is that hp-AFEM is an
instance optimal reducer over D € D of the error functional written in the more common
form

inf Ju(f,\) — wa|%,1(Q) + 6 tosch (f, N).

wp EVE

5 The Poisson problem in two dimensions

On a polygonal domain € C R?, we consider the Poisson problem

—Au=f inQ,
u=0 on 08,

in standard variational form. We consider right-hand sides f € L?(2), and so take V =
H}(Q), F = L*(Q2), and A = 0. We equip H}(Q) with | - [g1(q), and H~!(Q) with the
corresponding dual norm.

Let Ko be an initial conforming triangulation of Q, and let in each triangle in Ky one
of its vertices be selected as its newest vertex, in such a way that if an internal edge of
the triangulation is opposite to the newest vertex of the triangle on one side of the edge,
then it is also opposite to the newest vertex of the triangle on the other side. As shown
in [6, Lemma 2.1], such an assignment of the newest vertices can always be made.

Now let K be the collection of all triangulations that can be constructed from X
by newest vertex bisection, i.e., a repetition of bisections of triangles by connecting their
newest vertex by the midpoint of the opposite edge. With each bisection, two new triangles
are generated, being ‘children’ of the triangle that was just bisected, with their newest
vertices being defined as the midpoint of the edge that has been cut. The set of all triangles
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that can be produced in this way is naturally organized as a binary master tree &, having
as roots the triangles from Ky. The triangles from K are uniformly shape regular. The
collection K of triangulations of €2 is equal to the sets of leaves of all possible subtrees of
R.

For K € &, we set Vi = H'(K) and Fx = L*(K), and for d € N, we set

VK,d = Pp(d) (K), FK,d = Pp(d)—l(K)7 (51)

with, as in Sect. 2.1, p = p(d) being the largest value in N such that dimP,_;(K) =

(22311) < d. For example, for d =1,...,10, we have p=1,1,2,2,2,3,3, 3, 3, 4.

Remark 5.1. Alternatively, one can select sequences of strictly nested spaces (Vi, d)d,
(Fr.a)a with the condition that for the values of d of the form (2‘;1’ 1) for some p =
p(d) € N, definitions in (5.1) hold.

For D = (KD,dD) € KX x N, we write Vp = VKD,de Fp = FKD,dD and pp = p(dD).
Note that with the current definition of Vp, this space is uniquely determined by specifying
Kp and pp. For some constant 6 > 0 that will be determined later, we set the local error
functional

K\
L f) = (5_1| i ,
o, f) = eplw) + D% fo€Pop- 1(KD)”f Iollizic)
where
ep(w) == inf w — wp|i . (5.2)
) {wp€Py, (Kp): fKD wD:fKDw | H'(Kp)
We define

Qp(w, f) == (wp, fp) (5.3)

as the pair of functions for which the infima are attained.

Having specified the master tree K, the local approximation spaces Vp and Fp, the
error functional ep(w, f), and the projection Qp(w, f) = (wp, fp), we have determined,
according to Sect. 2.1, the collection of hp-partitions D, the approximation spaces Vo and
Fp for D € D, the global error functional

p(w, f) =Y ep(w)+ 05 osch (f), (5.4)
DeD
where |K|
osc2 in ,
ol DEX:D pD fDEJP‘pD 1(KD 7= fD||L2(KD)

as well as the projection fp := [[pcp fD-
We proceed with verifying assumptions (2.7), (2.8) and (2.9).
Proposition 5.1. There holds

sup | Ep (w, )7 —En (v, f)2| < lw—v]y  ¥DeD, Yo,weV,
fEF

i.e., (2.9) is valid with Co = 1.

Proof. For v,w € V, it holds that ep(w)? < ep(v)z + |v — w| g1 (K ), Which yields the
proof using the same arguments as in the proof of Proposition 4.1. a
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Proposition 5.2. There holds

u(f) = u(fo)lm@) S Vo eibrlllf(ﬂ) Ep(w, f)? VD eD, VfeL*(Q),

i.e., (2.8) is valid with Cy = /3, and, when § is chosen to be sufficiently small, so is (2.7).

Proof. Since f +— u(f) € L(H~1(Q), H}(Q)) is an isomorphism, it is enough to estimate
Ilf = follz-1(q). To this end, we note that for K being a triangle and p € N, it holds that
14

lw — vl L2k < diam(K)

sup inf <
0fwe H (K) vEP(K) || (k) p+1

)

only dependent on a lower bound for the smallest angle in K. Consequently, we have that

infyepy, (f = fo,w —v) 20
If = folla-1) = sup S ©)

weHL(Q) w1 (o) (55)
5.5

1
|Kp|2
— w
< s >pen o IIf = follr2(xp) IHI(KD>S s ().
weHE () wlm (@)

5.1 Conforming h-partitions, and conforming hp finite element
spaces

For the design of a routine REDUCE, in particular, for a posteriori error estimation, it
is preferable to work with h-partitions that are conforming. Let

K¢ :={X € K: X is conforming}.

As shown in [6, Lemma 2.5], for X € K, its smallest refinement K¢ € K¢ satisfies #X¢ <
#X.
With the subclass
D¢ :={D e D: K(D) € K},

we define € : D — D€ by setting C(D) = D, where D is defined as the partition in D¢ with
minimal #D for which D > D. That is, X(D) = K(D)°, and pp =pp for D€ D, D € D
with KQ C Kp.

Unfortunately, suppep #ig) = 00, i.e., (2.18) is not valid. Indeed, as an example,
consider K to consist of two triangles K; and Ks. Let D € D be such that K; € X(D),
with corresponding polynomial degree p(d), and that in (D), K5 has been replaced by
2V triangles of generation NN, each with polynomial degree 1. Then #D ~ d + 2V. Since
K(C(D)) = K(D)¢ contains in any case ~ 2V/2 triangles inside K, so with polynomial
degrees p(d), we conclude that #€(D) > 2V 4 2N/2d. By taking say d ~ 2V, we conclude
the above claim.

The fact that (2.18) does not hold implies that, unlike for an h-method, we will not
have a proper control on the dimension of the finite element spaces that are created inside
REDUCE.

From (2.6), recall the definition V5 = Vip N H{(Q) for D € D, and from (5.2)-(5.3),
recall the definition of ep(w) and wp for D € D and w € H*(Kp). The main task in this
section will be the proof of the following result.
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Theorem 5.1. Setting, for D € D, ||pp||c := maxpep pp , for D € D° it holds that

inf fw — Vi) S (1 +1logpolle)® Y ep(w) Vw € Hy ().
vV DeD

Since, for D € D, obviously ZDee(D) ep(w) < > pepep(w), Theorem 5.1 implies
(2.14) with
3
Csp = (14 1loglpplle)?.

For an underlying h-partition that is conforming, Theorem 5.1 says that the error in
H'-norm of the best conforming hp-approximation of a w € Hg (), is at most slightly
larger than the error in the broken H'-norm of the best nonconforming hp-approximation.

The proof of this remarkable result will be based on Veeser’s proof in [45] of the
corresponding result in the ‘h’-setting. In [45], the result is shown by taking v to be
the Scott-Zhang ([40]) quasi-interpolant of w. This Scott-Zhang quasi-interpolation is
constructed in terms of the nodal basis, and the proof relies on an inverse inequality
applied to these basis functions, which inequality involves a multiplicative factor that is
known to degrade seriously, i.e. not logarithmically, with increasing polynomial degree.

In our proof the role of the nodal basis on a triangle will be played by the union of
the three linear nodal basis functions associated to the vertices, the polynomials on each
edge that vanish at the endpoints, that will be boundedly extended to polynomials on
the interior of the triangle, and, finally, the polynomials on the triangle that vanish at its
boundary. We will construct a Ilp € L(H}(Q), V) such that, with

PD,D = ppr YD € D, (5.6)

max
{D’ED:KD/ ﬂKD7é®}
it holds that

|(w = pw)|kp | F1 (5,) < (1+logpp,p)° > ep/(w) VDeD, (57)
{D'eD:K NKp£D}

which obviously implies the statement of the theorem. Since the right-hand side of (5.7)
vanishes for w € V5, because it even vanishes for w € Vp, the mapping Ilp is a projector.

Proof. (Theorem 5.1) Let D € D°. In order to show (5.7), it is sufficient to show

|(Mpw)|kp —wp i1 (k) < (1+logpp,p)° Z ep(w) VD eD,we Hy(Q).
{D'eD:Kp NKp#0}
(5.8)
Let N(D) and &(D) denote the collection of vertices (or nodes), and (closed) edges of
K(D). To construct ILp, for e € E(D) we set

Pe,p :=min{pp : D € D, e CIOKp}, pep :=max{pp:D €D, eC IKp}. (5.9)
With the mesh skeleton 0K (D) := UpepdKp, we set

Vop = {v € C(0K(D)) : v|e € P, , () Ve € E(D)},
Vap = {v € C(8K(D)) : v|c € Py, ,, (e) Ve € E(D)}.

We construct ITop € L([[.ce(m) Hz(e), Vyp), and an auxiliary g € L(Ileeen) Hz(e), Vap),
such that

(Hapv)lan =0 for all v = (ve)eece(p) € H H%(e) with v, = 0 for e C 9Q. (5.10)
ec&(D)
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For any triangle K with edges e, e, e3, there exists an extension Ex € £(H? (K), H'(K))
that, for any p € N, maps C'(0K)N H?:1 P,(e;) into P, (K) (see e.g. [2, Sect.7]). Defining
HD by
(pw)|kp = Exp ((Mopwlox(p))loxp) + wp — Exp(wplokp), (5.11)
in view of the definition of Vyp and (5.10), we have Ilp € L(H} (), V).
To construct Iyp, Igp, for each v € N(D) we select some
ey, € E(D) with v € e, and e, C IQ when v € I. (5.12)

For v € N(D), by ¢, we denote the nodal hat function, i.e., ¢, is continuous piecewise
linear w.r.t. X(D) and ¢, (0) = 6,5 Yv,0 € N(D). For e € E(D), let

Q. : H?(e) — H?(e) be the H? (e)-orthogonal projector onto P5, . (e),

Qo,e: H
Qo : H? (e) = H%(e) be the H? (¢)-orthogonal projector onto Pp. » (e) N Hj(e).

[N

)
(e) — H%(e) be the H? (e)-orthogonal projector onto P, ., (e) N Hy (e),
)

Denoting the endpoints of an e € (D) by v4,e, 12, we now define Ilpp and IIsp by
. 1
setting, for v = (ve)eee(p) € [leee(n) H?(€),

2 2
(HaDv”e = Z(Qeui,cveui’e )(Vi,e)qsu,-,,e ‘e + QO,e (Ue - Z(Qeui,cveui’e )(Vz',e)%q,,e ‘e) )
=1 =1
2 2
(ﬁaDU”e = Z(Qeyi’eve%e )(Vi,e)¢uiye e T QO,e (ve - Z(Qe’/i,eve’/i,e )(Vi,e)¢ui,e e);

i=1 i=1
for any e € &(D). It is clear that IIgp maps into Vyp, and, thanks to (5.12), that it
satisfies (5.10). Similarly, [Iyp maps into Vap
These definitions show that, for D € D, (IIpw)|rk,, depends only on w|u(k,,:preDd, K K p£0}-
Therefore, in order to prove (5.8), a homogeneity argument shows that we may assume
that Kp is a uniformly shape regular triangle with

IKp| = 1.

Since the extension Ef, € L(Hz2(0Kp), H'(Kp)) can be chosen to be uniformly bounded
over all such Kp, in view of (5.11) in order to arrive at (5.8), and so at the statement of
the theorem, what remains to be proven is that

2
H? (0K p)

< (1 +logpp,p)? > ep/(w) YD e D, we HY(Q).
{D'ED:KD/QKD?&@}

|(Mopwl|ax(py)lorxp, — wploxp |l
(5.13)

In [2, Thms. 6.2 and 6.5], it was shown that on an interval I of length ~ 1, it holds

that
1
(1+10gp)2|\z||H%(I Vz e Pp(I), (5.14)

(1+logp)llz]l

el )

AN A

2|l Vz € P,(I) N HY(I). (5.15)

HE(D H3 (D)
These estimates will be used hereafter.
Lemma 5.1. For v € N(D)NOKp, e, e € E(D) with ene’ = v, we have

[(Qewle — Qerwle)(V)]? S > (1 +logpplep(w)  Yw € HY ().
{D’eD: Kp/>v}
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Figure 2: Notations relative to the proof of Lemma 5.1

e)(V) =

Proof. Consider the notations as in Figure 2. Using that for 1 <i <mn, (Qe,wp,
(Qe;_,wp,|e;,_,)(v), we have

(Qenw|en - Qeow‘eo)(y) =

n—1

(Qen(w = wicp e + D Qe wic,,, —w+w = wiey e, + Qe (Wi, —)ley ) (¥),
=1

and so, using (5.14) and the trace inequality,

N

|(Qe,w

_ o B 1 1
en Qeow\%)(uﬂ N Z [(1 + Ingel-q)z + (1 + Ingei)Q]eDi(w) .
=1

a

We continue with the proof of Theorem 5.1. As a first application of this lemma,
we show that it suffices to prove (5.13) with IIpp reading as Ilgp. To this end, for
e € &(D)NIKp, let D' € D such that e C dKp and pe » = pp,. Then

2

(Momwlosoy)le = (Monwlasccmy)le = (Qo.e = Qo,e) (wle = D (@, Wle, ) Wi). |
i=1
2
= (QO,e - QO,e)(w|e - wD"e - Z(Qewyew‘euhe - wD’|e)(Vi,e)¢ui’e e)-
i=1
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From (5.15), the trace theorem and the property [/¢,, .|| < 1, we infer that

1
H3(e) ~
[(Monw|asc(p)le—(Monwlage()lell 1

Hgy (e)
2

< (1 +10gpen) (ep (@) + 3 1(@e,, wle,, = wrrle) i)l

e

i=1
(5.16)
Writing - - - -
Qeyi_’ew‘e,,iwe - wD’|e = Qeyi’ew|eyi76 - Qew|e + Qe(w|e - wD/|e)a
and applying (5.14) as well as the trace theorem, shows that
|(Qeui1ew‘eyi,e —wprle)(Vie)|
(5.17)

Nl

S |(Qeuiycw|euiyﬁ - Qew|e)(’/i,e)‘ +(1+ IOg(ﬁe,D))%eD/(w) .
By combining (5.16) and (5.17), and applying Lemma 5.1 to the first term on the right-
hand side of (5.17), we conclude that

2

H (0K p)

< (1+logppp)® Z ep/(w) VD e D, we HY(Q).
{D’'eD:KNKp#0}

[ (Map —MMop )wlag(p)) o, |l
(5.18)

As a consequence, what remains to show is (5.13) with ITyp reading as Ilyp, that is,
to show that

2

[(Mapwlosc(py)lor, — wplak, ”H%(aKD)

< (1+logpp.n)? 3 ep(w) VDeD, wem(Q). 19

{D'eD:KpNKp#D}

Let us first consider the situation that e, C dKp for all v € N(D) N 0Kp. Then
((I = Oop)wplax(p))lox, = 0 (this is generally not true for Ilyp ), and so

(Mo w|asx(m))lox —wplokollyy ox,) = I(Mon (w — wp)loxp)loxo 3 - (5.20)

oK p 2 (8K p)

To bound the right-hand side, let us write v = (w—wp)|gk,. For edges e, es of 0K p,
and v := e; Neq, an application of (5.14) shows that

. _ 1
||(Qeyveu)(l/)¢y||H%(8KD)) 5 (1 + logp€V7D) 2 H’Ueu HH%(E,,). (5'21)
For an edge e C OKp, applications of (5.15) and (5.14) show that
— 2 —
1Qoe (vl = D@y, Vles, VWei)r o)l 5
: ’ ' Hh (e)
=1
2 (5.22)
< (1+1085e,0) Qo (vle = Y- (Qes, Vler, ) veidbeile) 3, '
i=1
< _ _ 1
~ (]‘ + 1ng€,9)) (HU|C||H%(6) + }2?‘%(1 + logpeye’i,D) 2 ||v|€”e,i ||H%(e’/e,z‘)) :

Combination of (5.20), (5.21), and (5.22), together with an application of the trace theo-
rem, show that, in the situation of e, C Kp for all v € N(D)NIKp,

I(Mapwloxy)lox, —wplox, |7 4 < (1+logpp,p)’ep(w) Yw e H'(Kp),
(0KDp)
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which implies (5.19).

Consider now the situation that for one (or similarly more) v € N(D) N 0Kp, e, ¢
OKp. We estimate the difference, in H %(81( p)-norm, with the situation that e, is equal
to some edge € C 0K p. Applications of (5.15) and Lemma 5.1 show that

I Y 0= Qua((Qeule, = Qewl))enl) 3 e,

{ec&(D)NOKp:edv}

S+ > (1+log pe,p)) [(Qe, wle, — Qewle)(v)]

{ec&(D)NOKp:edv}

< (1+long7D)% Z eDf(w)%,
{D’'eD:KpNKp#0}

which completes the proof of (5.19), and thus of the theorem. a

5.2 The routine REDUCE

For D € D¢, with wp we will denote the best approximation to w from V.5 = Vo N H} (Q)
w.r.t. |- |gi(o). For w = u(f), being the solution of the Poisson problem with right-hand
side f, up(f) turns out to be the Galerkin approximation to u(f) from V.

In this section, we will apply results from [35] on residual based a posteriori error
estimators in the hp context. These results were derived under the condition that the
polynomial degrees pp and p, for D, D’ € D € D° with Kp N Kp: # () differ not more
than an arbitrary, but constant factor. Fixing such a factor, let D¢ denote the subset
of those D € D¢ that satisfy this condition. Obviously, for each D € D¢, there exists a
D e D¢ with K(D) = K(D) and D > D. Unfortunately, even for the smallest possible of
such D, let us write it as D(D), the ratio #D(D)/#D cannot be bounded uniformly in
D e D-.

In view of the replacement of D¢ by @C, the mapping € : D — D° constructed in the
previous subsection has to be replaced by € := D — D¢ : D — D(C(D)). From now on, we
will denote D¢ as D¢, and € as C. Since obviously D can be constructed such that 123
[P |0, with these new definitions (2.14) is still valid with Cs.p ~ (1 + log(|[polec))?,
and, as before, unfortunately supqpcp #C(D)/#D = oco.

We note that in the present application, for D € D¢, fp € Fyp, and a desired reduction
factor ¢ € (0,1], REDUCE(p, D, fp) has to produce a D < D € D¢ such that |u(fp) —
ugp (fo)|lH () < olu(fp) —up(fp)|H1 (). As explained in Section 2.3, the i-th iteration
of hp-AFEM performs a call of REDUCE(m, C(D;), fo,). The scalars u
and w are parameters as set in hp-AFEM. They depend on the constant b from hp-
NEARBEST, cf. Sect.2.2, the constant Cs, here being equal to 1, cf. Proposition 5.1,
and the constant C;, here being =~ V/§, see Proposition 5.2. The scalar § is a parameter
in the definition of the error functional E, see (5.4), that is chosen such that C1Cy < b,

cf. (2.7). The only possible dependence of the required reduction factor m on

D, is via the value of C5 p,. As we have seen, C3 p, ~ (1 + log ||pp, |oc)?, meaning that
when the maximum polynomial degree in D; tends to infinity, this reduction factor tends
to zero, but only very slowly.

The construction of REDUCE will follow the general template given in Sect. 2.4.
We will verify the assumptions (2.26), (2.27), and (2.28). For (w, f) € H(Q) x L?(f),
D € D¢ and D € D, we set the residual based (squared) a posteriori error indicator

|Kpl le]
o )= BRI+ dultaey + 2 v i,
D

I

{e€&(D):ecOKpNQ}
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where pe p is from (5.9), and define

1/2
Ep(w, fp) = <Z U%,@(Wfﬂ) :

DeD

The following theorem stems from [35, Theorem 3.6]. Inspection of the proof given
therein shows that the local lower bound provided by the (squared) a posteriori error
indicator applies to any w € V.5 and so not only to the Galerkin solution.

Theorem 5.2 (‘reliability and efficiency’). There exists a constant R > 0 such that for
D eDe andfjj € Fp,

[u(f) = un (fp) 310y < RED(un(fn), fn). (5.23)

For any € > 0, and all D € D, there exists an rp. ~ ||pp|2~2¢, such that for all
fo € Fp, and w € V§,

o €5 (w, f) < [u(f) = wlH o). (5.24)

Corollary 5.1 (‘stability’). With ro ¢ as in Theorem 5.2, for all D € D¢, fp € Fp, and
v,w € V5, it holds that

VTDe|€n (v, fp) — En(w, fo)| < v — w|H1 (). (5.25)

Proof. A repeated application of the triangle inequality, first in £ sequence spaces and
then in L? function spaces, shows that

|€p (v, fp) — Ep(w, fp)]

=

L o
< | X AW = w) e, + > 5 IV —w) nclfz
pep PD {ece(D)ecoKpn} PeP

_1
<rpilv—wlpia),

where the last inequality follows from an application of (5.24) with “fp” reading as 0,
and “w” reading as v — w. O

What is left is to establish the ‘estimator reduction by refinement’, i.e. (2.28). Given
M C D € D, we define D(M) € D¢ as follows: The h-partition K(D(M)) is the smallest
in K¢ in which each Kp for D € M has been replaced by its four grandchildren in K; and
for D € D(M), it holds that pp = pp where D’ € D is such that Kp: be either equal to
Kp, or its ancestor in K(D).

Proposition 5.3 (‘estimator reduction by refinement’). For M C D € D¢, and D(M) €
D¢ defined above, it holds that #D(M) < #D. For any fp € Fp, the estimator reduction
property (2.28) is valid for v = 3.

Proof. This follows easily from the fact that each Kp (D € M) is subdivided into four
subtriangles that have equal area, that each e € (M) is cut into two equal parts, and
that the jump of the normal derivative of w € Vi over a newly created edge, i.e., an edge
interior to a Kp for D € D, is zero. a

Given D € D¢ and f € Fp, let D = Dy < Dy < --- C D° be the sequence of
hp-partitions produced by REDUCE(p, D, fp). We have established (5.23), (5.24), and
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(5.25), for any fixed £ > 0, as well as Proposition 5.3. Observing that |[pp o) llee = [PDloos
an application of Proposition 2.2 now shows that in each iteration the quantity

[u(fp) = un,(fo)lin (@) + (1 = VA)rD.e €, (un,, fo),

where ¥ = (1 — 0) + /2, is reduced by at least a factor 1 — %%7 and that this
quantity is equivalent to [u(fp) — up,(fo)[fn () In view of ro. = |lpp[Z72°, we

conclude that in order to reduce the initial error |u(fp) — up(fp)|H1 () by a factor o by
an application of REDUCE, the number of iterations that are required is

M = log(1/0)llpp 135

Remark 5.2. This result is not satisfactory because the number of iterations grows more
than quadratically with the maximal polynomial degree. Yet, it improves upon the result
stated in [3], where the number of iterations scales with the fifth power of the mazimal
polynomial degree.
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