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Abstract
The stationary Navier-Stokes equations for a non-Newtonian incompress-
ible fluid are coupled with the stationary heat equation and subject to
Dirichlet type boundary conditions. The viscosity is supposed to depend
on the temperature and the stress depends on the strain through a suit-
able power law depending on p € (1,2) (shear thinning case). For this
problem we establish the existence of a weak solution as well as we prove
some regularity results both for the Navier-Stokes and the Stokes cases.
Then, the latter case with the Carreau power law is approximated through
a FEM scheme and some error estimates are obtained. Such estimates are

then validated through some two-dimensional numerical experiments.
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1 Introduction

In the last decades, the theoretical and numerical analysis of non-Newtonian flu-
ids has seen a renew of interest, stimulated by the wide spectrum of applied prob-
lems, ranging from biological applications to industrial processes. In particular,
concerning the latter, we point out that many processes deal with materials ex-
hibiting non-Newtonian behaviors. For instance, food processing, polymer man-

ufacturing, tribology, injection molding of foams, rubber extrusion. Moreover,
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most of them are carried out under non-isothermal conditions. Motivated by
these important applications, in the present paper we focus on a class of non-
isothermal non-Newtonian fluid models (see, for instance, [3} [, 25| [32], 37 B5] [13]
and references therein). We recall that the description of a non-Newtonian fluid
behavior is based on a power-law ansatz. We refer the reader to [12] and [4§]
for a general continuum mechanical background and to [7, 18], [44} (54 56} [57] for
a detailed discussion of several models for non-Newtonian fluids. In particular,
for a large class of non-Newtonian fluids, the dominant departure from a New-
tonian behavior is that, in a simple shear flow, the viscosity and the shear rate
are not proportional. These are the so-called fluids with shear-dependent vis-
cosity. Here we are interested in the theoretical and numerical analysis of steady
flows of such fluids accounting for the presence of a non-negligible temperature
field. In particular, we consider the case where the viscosity depends on the
temperature. Very similar models, in the Newtonian case, have been analyzed,
e.g., in [6]. A slightly more complex model has been derived and investigated in
[24] (see also the references therein). In that case, the authors consider a non-
stationary model for incompressible homogeneous Newtonian fluids in a fixed
bounded three-dimensional domain.

Let us now describe the problem we want to analyze. We consider an in-
compressible fluid which occupies a bounded domain Q ¢ R%, d = 2,3, with a
sufficiently smooth boundary. We denote by u : @ — R? its velocity field and
by © : Q — R its temperature. We suppose that (u, ©) satisfies the following

equations
—div[y(©)7(z,e(u))]+ (u-V)u+Vr=f inQ (1.1)
divu=0 in Q (1.2)
—-kAO+u-VO =g in (1.3)

endowed with the boundary conditions
u=0, 6=940 on ON. (1.4)

Here v > 0 is the viscosity coefficient, 7 denotes the stress tensor which is a
suitable function of the strain rate tensor e(u) defined by ¢;;(u) := %(%uj +
Oz, u;). Moreover, 7 is the fluid pressure, f is a given body force, £ > 0 is the
heat diffusion coefficient, g is a known heat source, and 6 is a given boundary
temperature.

Concerning the constitutive law which defines 7, we observe that most real

non-Newtonian fluids that can be modeled by a constitutive law such that

(2, B)] < (1 +[B])'~",  zeQ



with B € R¥*? symmetric tensor and 7, positive constant, are shear thinning
fluids, namely, the shear exponent p, is “small”, i.e., p € (1,2) (cf. [55] for a
discussion of such models and further references). This is the case we consider
in the present contribution.

The mathematical analysis of the Navier-Stokes problem for non-Newtonian
fluids started with the work of Ladyzhenskaya (see,e.g., [48]). After the fun-
damental works of the “Prague school” led by Necas et. al. (see [53] [62] and
the references therein), the problem has been intensively studied and various
existence and regularity properties have been proved in the last years. The lit-
erature on this subject is rather vast. Thus we only mention some of the main
contributions which are mostly related to the stationary case. In the isothermal
case, there are several results on the existence of weak solutions ([34]), interior
regularity ([2]) and regularity up-to-the boundary for the Dirichlet problem (see,
e.g., [14l 15, 17, 28] 59 [62] and references therein). Moreover, we refer to [45)
for some C''“-regularity results. However, there are not so many contribution
on the non-isothermal case. In [58], the author obtains the existence of a dis-
tributional solution to a steady-state system of equations for incompressible,
possibly non-Newtonian of the p-power type, viscous flow coupled with the heat
equation in a smooth bounded domain of R?, d = 2,3. Notice that in this model
the fluid viscosity is considered to be independent of the temperature. In [g],
the authors analyze a system of equations describing the stationary flow of a
quasi-Newtonian fluid, with temperature dependent viscosity and with a viscous
heating. Existence of at least one appropriate weak solution is proved. In [27]
the existence of weak solutions to the coupled system of stationary equations
for a class of general non-Newtonian fluids with energy transfer is established.

Moreover, in the aforementioned work [24], the authors establish the large-
data and long-time existence of a suitable class of weak solutions to the cor-
responding problem regarding unsteady flows of incompressible homogeneous
Newtonian fluids. In [0, Sec.2] the authors prove the existence and (condi-
tional) uniqueness of weak solutions, together with some regularity results, to
problem — in the case of Newtonian fluids, which is a simplification of
the model treated in [24]. In particular, it describes the stationary flow of a
viscous incompressible Newtonian fluid, in the case where the viscosity of the
fluid depends on the temperature. The mathematical analysis of a very similar
problem in the case of a non-Newtonian fluid, with the exponent p depending
on the temperature, can be found in [5]. There, in particular, the existence of
a weak solution is obtained, taking p constant, for p € (3d/(d + 2),2]. Also, a

conditional uniqueness for close solutions is shown.



On the numerical side, some pioneering results on steady isothermal non-
Newtonian incompressible Stokes fluids, were given in [0} 10, 111, 40, 60]. More re-
cently, in [16] and [43], optimal error estimates for shear thinning non-Newtonian
fluids have been addressed, whereas in [61] a finite element method based on
a four-field formulation of the nonlinear Stokes equations has been considered.
Moreover, without aiming at completeness, we refer to the book [41] and the
references therein, and to [29] [36], 46} [47] as recent relevant contributions on the
numerical discretization of generalized Stokes problems. We also point out that
the approximation of steady isothermal non-Newtonian incompressible Stokes
fluid problems on polytopal meshes have been addressed in [19]. Concerning
non-isothermal Newtonian fluid problems, we refer to [6], where spectral ele-
ments have been employed, and to [30] which considers the finite element ap-
proximation of the heat equation coupled with Stokes equations under threshold
type boundary condition. It is worth mentioning that a very recent contribution
is devoted to the numerical approximation of the steady state problem for an
isothermal incompressible heat-conducting fluid with implicit non-Newtonian
rheology (see [33]). There, it is proven that the sequence of numerical approx-
imations converge to a weak solution to the original problem. Also, a block
preconditioner is introduced to efficiently solve the resulting system of nonlin-

ear equations.

The goal of this paper is twofold: theoretical and numerical. Regarding
the former, we establish first the existence of a solution of — under
rather general assumptions on the stress-strain relationship in the shear thinning
case. Then we obtain some regularity results. In particular, we extend the
regularity results of [45] for the 2D Stokes problem, and the ones of [I4] for
the 3D Navier-Stokes problem, to the non-isothermal case. Concerning the
numerical approximation of —, we consider the Stokes approximation
and we choose the Carreau law as constitutive stress-strain law. This choice
is motivated by relevant applications in the context of mixing and extrusion
processes of polymeric materials. In this kind of problems, the inertia terms
in the Navier-Stokes equations can often be neglected, due to the high effective
viscosity leading to Reynolds numbers lower than unity (see, e. g., [25] B}, [42]).
On account of the existence and regularity results obtained for the continuous
problem, we perform an a prior: error analysis of a FEM approximation scheme
of the problem and then we verify the convergence results by means of some
numerical experiments.

The outline of the paper is the following. In Section [2] we introduce the

main assumptions and the functional framework. Section [3] contains the notion



of weak solution together with the main analytical results of the paper. Then,
in Section [d] we study an approximating problem whose results are exploited in
the proof of some analytical results and in the numerical analysis part. Section
is devoted to the proofs of the theoretical results. The numerical aspects can
be found in Section [6] namely, the analysis of the discrete problem along with

a priori estimates for the error as well as some numerical experiments.

2 Notation and functional setting

Our basic assumptions are the following:

(H1) v € W5(R) and there exists v; > 0 such that

v < v(s), Vs € R;

(H2) 7:Q x R4 5 RIX j5 5 Carathéodory function;

sym sym

(H3) there exist 71,7 > 0 such that, for all B € R2*? and almost any z € Q,

sym

T(xaB) ‘B> 7—1(|]3|p - 1)7
7(z,B)| < 72(1+ [B])P7,

where p € (1,2) (shear thinning case);

(H4) for all B, By € R2X? such that B; # By and almost any « € 2, we have

sym

(strict monotonicity)
(T(.’L’, Bl) — T(l‘, Bg)) : (Bl — Bz) > 0.

dxd

Here - and | - | denote the scalar product and the Euclidean norm in Rg75

(or
in RY), respectively.

We then set H := L*(Q2), V := H(Q), Vp := H}(Q), and

Vi={veCr(f) :divv=0 in Q},

—L"(Q2)—norm
T I
div " v )
—L"(Q)—gradient norm
T Pp—
Vi, =V :

where r € [1, 00).

We denote by || - || and (-, -) the norm and the scalar product on both H or
H. In particular, we set |[v||y, := |[|[Vv|. If X is a (real) Banach space then X’
will denote its dual and (-, -) will stand for the duality pairing between X’ and



X. Moreover, we consider the Stokes operator A = —PA, where P is the Leray
orthogonal projector onto L3, .

Concerning the data, the basic hypotheses are
(H5) f € W1 (Q);
(H6) g€ V'
(H7) 0 € H'/?(89).
Here p’ denotes the conjugate index of p.

Denoting by ©g € V the Dirichlet lift of 8, namely the (weak) solution to
the Dirichlet problem

—KA(“)() =0 in
Q=10 on 02

and setting ¥ = © — Og, we can rewrite (|1.1)-(1.4) as follows

—div(v(9 + Og)7(e(u)) + (u-V)u+ Vr=£f  inQ (
divu=0 in Q (
—kAY+u-Vi=g—u-VO in Q (
u=0, v=0 on 0N2. (

We now introduce the definition of weak solution, namely,

Definition 2.1. A pair (u,9) € V1, x Vy is a weak solution to (1.1))-(1.4) if

/ v(¥ + O¢)7i5(x, e(u))e;; (v)de — / U Og, vidr = (f,v) Vve Vi .
Q Q
(2.5)

/nw-vm/ujﬁaxj(z): <g,¢>+/ujeoaxj¢ Vo e Vo nWhi(Q).
Q Q Q
(2.6)

Remark 2.1. Notice that the definition is well posed, since, when d =3, ¢ €
VoﬂWl’?’(Q) ensures that the convective term in 18 finite, by the embeddings
V., = LY(Q), for some ¢ > 2, and Vy — L5(Q). On the contrary, in the case
d = 2 it is enough to consider ¢ € Vy, by the embeddings V%, — L¥(Q), for
some q > 2, and Vo <= L"(Q) for any r € [2,00).



3 Main theoretical results

We present here our main theoretical results. The existence of a weak solution

is given by

Theorem 3.1. Let assumptions (H1)-(H7) hold. If p € (2d/(d + 2),2) then

there exists a weak solution in the sense of Definition [2.]

Remark 3.1. The pressure © (up to a constant) can be recovered from (2.5)) by
means of a suitable version of De Rham’s Theorem (see, e.g., [20, Cor.4.1.1]).
More precisely, we can find a unique ™ € ) (Q) with zero mean such that

u;u; 0y vidr = (£, v) +/ mdiv vdz
Q

/Q V(9 + B0 )7 (2, £(0))ess (V) dar — /

Q

for all v € C°(0)°.

Remark 3.2. Notice that Theorem[3.1] is still valid if we neglect the convective

term (u- V)u, i.e., if we consider the Stokes problem,

We can then establish some regularity properties of a weak solution provided

that the stress-strain relationship has the form
7(z,B) =7(B) = (1 +|B|)*°B (3.1)

and the data are more regular. Actually, we will also consider the so-called

Carreau law (see Section [6)
7(2,B) = 7(B) = (1 + [B")"= B. (3.2)

For an extensive analysis of power-law fluids, the reader is referred, for instance,
to [62, Example 1.73]. We need to distinguish the original Navier-Stokes problem
from the Stokes case, namely, when the convective term (u- V)u is neglected.

In the case d = 3, we suppose

0= 5 > 0, (3.3)
and assume
feL”(Q), gelP7PQ), 6w w53 (oQ) (3.4)
or, possibly, the stronger ones
geWL(Q), 9 e W3 s 3(9Q). (3.5)

Then we can prove the following



Theorem 3.2. Let d = 3 and let assumptions (H1)-(H2), (31), (3.3), and
(13.4) hold. If p € (po,2), with pg = 20/11, then there exists a weak solution in
the sense of Definition which enjoys the following additional reqularity:

o uc WH(Q)n W(Q), Vr e L'(Q),
4p — 2
p+1

e O =19+0,c W3 (Q).

withq=4p —2 and | =

)

For the Stokes problem the same regularity holds for any p € (3/2,2). Also, in
both cases, if extra-assumptions (3.5)) hold then we have

e O=1+0 e W (Q).

We also consider the two-dimensional case, since the numerical experiments

will be carried on in this setting. We assume

0= 4(21)__;) >0 (3.6)
and
feL’(Q), gel*9(Q), 0ecW* =5299Q) (3.7)
or, possibly, the stronger ones
geWh(Q), 9 e WP T 2(9Q). (3.8)

Then the following result holds

Theorem 3.3. Letd = 2 and let assumptions (H1)-(H2), (3.2), (3.6), and (3.7)
hold. If p € (3/2,2), then there exists a weak solution to the Stokes problem, in

the sense of Definition [2.1], which enjoys the following additional regularity:
o uec WH(Q), 1eWhi(Q),

for some g > 2. 8
We also obtain

e O =19+0,c W (Q).
Moreover, if assumptions (3.8) hold then we have

e O =1+0)€c W (Q).



Remark 3.3. The lower bound 3/2 for p is due to the fact that we have exploited
[45, Thm.5.30] which holds for the Navier-Stokes problem. However, we guess
that a lower threshold for p can be achieved through an ad hoc analysis for the
Stokes problem. In particular, as noticed when obtaining [43, (5.5)], if we repeat
the proof of reqularity without considering the convective term we expect a lower
bound for p of 6/5, the same as for the interior reqularity of [45, Thm 4.26].

Remark 3.4. Observe that, by the two-dimensional embedding W*() —
Wl’OO(Q), q > 2, in the Stokes case with assumption (3.2)), we obtain that
ue WHe(Q).

In conclusion, concerning the Stokes problem, i.e., neglecting the term (u -
V)u, we can obtain a conditional uniqueness result for the weak solutions ac-
cording to Definition

Theorem 3.4. Let assumptions (H1)-(H7) hold. For d = 2,3, if we consider T
as in , assuming that, for d =2, w € W4(Q), with ¢ > p and p € (1,2),

6p(p

whereas, for d =3, u € W - 6)(9) and p € [3/2,2), if

M3l/1
2

M4 2 _
—E gl +100lv)” (14 2 y) . (39)

6
with o = L ford =2, and a = 57196 for d = 3, then the weak solution

to the Stok’es pmblem according to Definition [2.1] is unique. Ms and My are

positive constants, depending on Q, 1, T2, and ||f|| -1, @)

In Sections we give the proofs of the above results. In particular,
Theorem [3.1] is proven through an approximating problem which is analyzed in
next section. This problem will be useful in Section [6] as well. Then, the proof
of Theorem [3.4] will be given in Section together with the proof of some

conditional uniqueness results concerning the approximating problem.

4 The approximating problem

Fix 0 > 0 and r € [2,00). Then consider the problem of finding (u, 7, ) such
that

—div [v(9 + Op) (1(z,2(u)) + ole(u)|"%e(u))] + (u- V)u+ Vr =f in Q
(4.1)

divu=0 in Q (4.2)
—kAY+u-Vi=g—u-VO, in Q (4.3)



u=0, 9=0 on 0N. (4.4)
In this case the definition of weak solution reads

Definition 4.1. A pair (u,9) € Vi, x Vo is a weak solution if

/Q [v(9 + Oo) (7i;(x,e(u)) + U\E(u))|T_25ij(u))} gij(v)dx

- / w;u; 0y vidr = (£, v) Vve Vi, (4.5)
Q

/ kVY - Vo +/ u; 90,0 = (g, ®) —|—/ u;000;,¢ Vo e V. (4.6)
Q Q Q

We now state some existence and conditional uniqueness results, whose
proofs are postponed in Section We establish first the existence of a weak
solution to the approximating problem.

Theorem 4.1. Let assumptions (H1)-(H7) hold. Then there exists a weak
solution (uy,9,) € Vi, x Vo in the sense of Definition[{.1}

Remark 4.1. A unique pressure m € LT,(Q) with zero mean can also be re-
covered in this case as specified in Remark[3.1]

Remark 4.2. In the case v = 2, we can also consider the case of non-zero

divergence, namely

—div[(v(¥ + Og)7(z,e(n))] —cAu+ Vr =f in (4.7)
divu=w in (4.8)
—kAY+u-Vi=g—u- VO, in Q (4.9)
u=0, 9v=0 on 0S. (4.10)

Indeed, we can use the method of “subtracting the divergence”. More precisely,
observe that we can find a solution v to the problem (see, e.g., [63, Lemma
2.1.1])
divv=w in
u=0, on 09.
provided that w € H has zero spatial average. Then, setting U := u—v, we can
rewrite problem (4.7)-(4.10) in the following form
—div [(v(9 + ©9)7(x,e(U +v))] —cAU + Vi =f + cAv in Q@ (4.11)
divU=0 in Q (4.12)

10



—kAY+U-Vi=g—u-VOy—v- -V in Q (4.13)
u=0, ¥v=0 on 0f). (4.14)

We expect to be able to prove Theorem[[-1] also in this case.

We can also prove a first conditional uniqueness result. This is given by

Theorem 4.2. Let assumptions (H1)-(H7) hold. Suppose d = 3 and p €
(1,5/3].  Suppose, in addition, that u € W"9(Q) where ¢ > d. Set N =
V|| za(ay. There exist two positive constants My and Ma, depending on §, 11,
72, and ||f|| g1 (), such that if

oV >MHV/Hﬂ HgH ,_i_w 1—|—;+0’N + M2
v TR N (Vo)1 Vi
(4.15

)

then the weak solution is unique.

If we assume some additional hypotheses, we can prove a more refined con-

ditional uniqueness result. In particular, let us suppose
0 e HY?(5Q), geH. (4.16)

We analyze the case with r = 2 and d = 3, which is the critical one. We have

Theorem 4.3. Let assumptions (H1)-(H7), together with (4.16)), hold. Suppose
p € (1,2). Then there exist four positive constants My, Ms, Ms and My,
depending on , 71, T2, and ||f||W71‘p/(Q), such that if

oy My 1 o 2
/(2

i it 1 1

5 < 12 ||V ||L°°(R)( ( o )p71 o )

1 Ma|10]] 172 00 1 1
! 9 J—
X (H?’l/lo (||9||V + oG ) + H\/}/TUH [ 37200y + H||9||>

1
My |1+ — o
+ 3( +\/1/TU+U(HVHL (R)
1 Ma |0l 717200 1
!
oo / 0
1 eme) (g (ol + 2= ) e

1
wlll) + Wl ) ) ) (117)

then the solution is unique.

2

Remark 4.3. Notice that condition (4.17)) is better than the one of Theorem

4.2, since it does not depend on the solution u, but only on the data and on €.

11



5 Proofs of the main theoretical results

5.1 Proof of Theorem [3.1]

Assume for the moment that the Dirichlet lift © belongs to H*(Q) (i.e. 6 €
1

H*?%(0Q)). Then choose ¢ = € Ny, in (4.5) and denote by (u,,d,) a

solution to (4.5)-(4.6). Take v = u,, in {.5) and ¢ = o in (4.6). This yields, on

account of div u,, = 0, the identities
1 .
/ v(9, + ©p) (Tij(x75(un))5ij(un) + n|5(un))7) dx = (f,u,) (5.1)
Q

/ K|V, |2 = (g,9,) +/(un)j@oasz9n. (5.2)
Q Q

From identity (5.1)), recalling (H1)-(H3) and using Young’s and Korn’s inequal-
ities, we deduce

Cio

iy, < Coo (IEs,  + 1) (5:3)

p
unlys +

Here C19 and Cy are positive constants depending at most on €2, d, v1, and 7.
From identity (5.2]) we infer

192 l%, < Cax (9l + ltnlr,., 19032y ) - (5.4)

Here we have used Poincaré’s and Young’s inequalities as well as the embedding
H?*(Q) < C"(Q). The constant Cs; > 0 depends at most on , €, and d.

Combining and (5.4), we can find a subsequence (uy, ,,,) and a pair
(u,9) € VB, x Vp such that

div’ , —uin L%, (5.5)
Oy, — 9 in Vg, 0,, =39 in LPT(Q) (5.6)

u,, — uin V& u,,

for any given § € (0, 1). Note that this is possible due to the compact embedding
Vb < L*(Q) given by the assumption p € (2d/(d + 2),2). We also have (cf.

63) 1
i, 0. (57)

First of all, observe that, on account of (5.5)-(5.6)), we can pass to the limit in

/mVﬂnh~V¢—|—/(unh)j19nh6xj¢= <g,¢>+/(unh)jeoaxj¢ Vo e Co(Q).
Q Q Q

(5.8)
This gives

/nw-vm/ujﬁaxj¢=<g,¢>+/uj@oaxj¢ Vée Q) (5.9)
Q Q Q

12



and it is easy to realize that this variational identity also holds if ©y € V and
the test functions are taken in Vo N W14(Q) (see Remark [2.1)).

Consider now

1
/ U (O, + O0) i (&, (W, )iy (V) + — / ()"
Q nh Jo

“eij(up, e (v)da

- /Q(unh)j(unh)i@xjvida: = (f,v) Vve. (5.10)
Recalling (H3) we have
(- e(un,)) = x in LY, . (5.11)
Moreover, due to , we get

1
el LSO O0)le(un, )" ?eij(Wn, Jei; (V)dz — 0. (5.12)
Q

The strong convergence in entails
/(unh)j(unh)iazjvidx — / u;u; Oy vid.
Q Q

Observe now that, also recalling the strong convergence in , we obtain

/Q (v(On, + O0)Tij(z,e(up,)) — v(¥ + Oo)xij) €i;(V)da

= /Q (v (Un, + O¢) —v(0 + Op)) T (x, e(up, ) )eij (v)de

+ /Q v(9+ 0Oy) (1ij(z,e(un,)) — xij) €ij(v)de =0 Vvel. (5.13)
Therefore, we get

/Qu(ﬁ + O¢)xij845(v)dr — /Qujuiamjvidx = (f,v) Vvey (5.14)

which also holds, by density, for all v.e V¥ .
It remains to show that x(z) = 7(z,e(u(z))) for almost any = € Q. Let us
set, for all v € V,

Eny 1= / V(0 + Oo) (735 (2, e(up,)) = 7i5(2,£(v))) (€55 (Un), ) — €ij (v))da.
Q
(5.15)
Note that =,, > 0 for all h € Ny, because of (H1) and (H4). In addition,

observe that (cf. (5.1]))

_ 1 ,
Snp T T V("‘?"h + @0) ‘e(unh )| dx =+ <f7 unh>
nh Q

13



—/ V(0 + O0)7ij(x, e(Un,))eis (V)
Q

- / V(D + O0)7ij (@, e(V))(Esi (Uny) — €15(W)dz. (516

Taking the above convergences into account (cf., in particular, (5.11])-(5.13))
and using ([5.14)), we deduce

lim 2,, = / V(¥ + O9)(xij — Tij(x,e(v))(gi5(n) — €45 (v))dx. (5.17)
Q

h—o0

Hence, using density, we have
/Qu(ﬁ + O0)(1i5(x,e(v)) — x45) (€45 (V) — €55(0))dz >0 VveVh . (518)
Then Minty’s trick (see, e.g. [49, Chap.2.2.1]) entails that
x =7(-,e(u)) a.e. in Q.
The proof is finished.

Remark 5.1. In order to apply the Minty’s trick, we recall that, for any u €

V4., recalling (H2), we can define A(u) € (V%)) by setting

(A(), v) ::/QV(19+@o)Tij(x,s(u))Eij(v)dx Vve Vv

v "

We thus have a nonlinear strictly monotone operator A : V4, — (VI )" which
is hemicontinuous (cf. (H2)-(H4)). Hence A(u) = F for a given F € (V5. ) if
and only if (A(u) — F,v —u) > 0, that is, . Indeed, take v =u — Aw for
some A >0, Then (5.18]) gives

A [ 00+ ©0) (a2 = Aw) = i)z (w2 0,
Q

that is,
[ 710+ @) e = Aw) = x5 )y (w)do >
Q

We can now let A go to 0. Using dominated convergence theorem, we find
/Ql/(13l + O¢) (735 (x, e(u)) — xi5)ei;(w)dx >0 Vwe V. .
Thus we deduce
[ 70+ @0 (o)~ xi)es(wids =0 Vw e VE,
which means (A(u) — F,v) =0, where

<F’7 V> = / I/(’l9—|— ®O)Xij€ij(v)d$ Vv e Vsiv'
Q
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5.2 Proof of Theorems [3.2] and [3.3
5.2.1 Preliminary results

We first introduce some technical tools necessary to carry out the proof.

Regularity for the Stokes system. We consider the d—dimensional system
(in which we consider the tensor 7 expressed in (3.1)) or (3.2)):

—div(v(¢)T(Du)) + Vr =f,

(5.19)
diva = 0,

with no-slip boundary conditions, for 1 < p < 2, where ¢ is a generic function
and f € LP (). For the case with constant viscosity » and 7 as in (3.1)), when
p € (3/2,2) and d = 3, there exists a unique (considering zero mean for the
pressure) couple (u,7) with u € WH4(Q) N W2/(Q) and Vr € LY(Q) and it
holds (see, e.g. [19])

3

o < OO+ IE1Z0, ), (5.20)
5-p
lullw=(@) < OBl gy + 181255, (5.21)
4p — 2

where § = 4p — 2 and | = Note that the constants C' in these two

estimates depend on the parameters of the problem and only on [|Vul|r () and
|7l £ (> which in this case are a priori proven to be bounded and depending
only on [fllyy-1.,7 (). In the case d = 2 and p € (3/2,2) we have instead the
following result, which is valid in the case of Navier-Stokes problem, thus «a
fortiori in this case (see [45, Thm.5.30]). Indeed, one could repeat the same
proof of [45] Thm.5.30] without considering the convective term. As already

noticed in Remark we actually expect this regularity result to hold at least
6 /
alsoin p € (5, 2 |. We have that, considering 7 as in (3.2)), if f € L” (Q2), given

(u, ) a weak solution to the problem, then
uecW2(Q), weWwhi(Q), (5.22)

for some ¢ > 2. Notice that this is possible since in the Stokes problem unique-
ness comes directly from [49, Ch.2, Thm. 2.2], exploiting a lower bound similar
to the one in Lemma (see, e.g., [52, Lemma 1.19]) to comply with the hypo-
theses, whereas in the convective case this is not ensured and we only have the
existence of a strong solution, not implying that any weak solution is actually

strong.

15



Following the ideas of [I, Lemma 4], we consider the case with variable
viscosity, showing that we can reduce the problem to the weak formulation of
(5.19), with f substituted by a suitable F € L” (). We state the following

Theorem 5.1. Assume that v € WY(R) and let @ € R% d = 2,3 be a
bounded domain of class C?, such that 0 < v, <v(-) <v* in R, ¢ € WH>(Q)
and f € Lp/(Q). Consider the (unique) weak solution to (5.19). If p € (3/2,2)
we have, for d =3 and assuming ,

we WH(Q)n WA(Q),  Vre L(Q),

dp — 2
withg=4p—2 and | = 2 —2
p+1

whereas, for d =2 and assuming (3.2)),

ue W(Q), e Whi(Q),
for some q > 2.

Proof. We consider d = 2,3 and . In order to begin the proof, we first
observe that, appealing to the theory of monotone operators we know that
there exists a unique weak solution to (see, e.g., [49, Ch.2, Thm.2.1-2.2]).
Moreover, we preliminarily note that, by basic techniques, we get

/ v(¢)(1 + |Du|)P~?|Dul?dx > v,2P 2 (/ |DulPdx — |Q|) ; (5.23)
Q Q

thus, testing the weak formulation against u,

2-p
[1Dullg, ) < T*(f’ u) + (9],
hence,
IVullZs gy < CUElw-10 (0 + 1) (5.24)

Note that C is independent of ¢ and depends on v,. Then, applying a well

known Lemma (see, e.g., [15, Lemma 3.1]), since we have, in distribution,
Vr = div(v(¢)(1 + |Du|)?"2Du) + f,

we deduce, by (5.24)),
1

7l o sy < O+ Ifllyy—1.0 y + 1157

) (5.25)

were C' depends also on v* and v,. For convenience we can fix 7 by assuming

that its mean value in 2 vanishes.

16



Therefore, we have obtained the necessary bounds on the two norms involved
in the higher-order estimates. We need now to find a weak formulation appealing
to with constant viscosity. We denote by B the Bogovskii operator. We
know that B : LE’O)(Q) — W, %(Q) (the (0) stands for zero integral mean of the
functions, whereas W, () is the closure of C°(Q) in WH9(Q)), 1 < ¢ < oo,
such that divBf = f. Moreover, we have, for all ¢ € (1, 00),

IBfllwra) < CllfllLae (5.26)

and, if f = divg, where g € L(Q) is such that divg € L9(Q) and g-n = 0 on
0f), we have

I1BfllLa(e) < CllgllLa)- (5.27)
In order to exploit these properties, we consider v € V and define w = %15) —
v
B [div <(‘;¢))} which clearly gives w € V¥, Taking then w in the weak
v

formulation we obtain

/9(1 +|Vu|)»2Du - Dvdz = (f, ﬁ -B [div (1/(V¢))D

- (u(d»)(HlDu)”D“’V@V( 1 )>

v(o)
+ (u(¢)(1 +|Du|)*"2Du, VB {div (V(‘;S))D .
(5.28)

Now by means of the assumptions on v and (5.27) we immediately get

(o582 o () ) v (e + 55

< C”f”LP’(Q)”V”LP(Q)'

me))

Then we have, by Holder’s inequality,

‘ (u(¢)(1 +|Du|)?"?Du,v® V <y(1¢)>) ‘

_ ’ <y(¢)(1 +|Dul)"~2Du,v @ <Zl(¢) w)) ‘

<C [ 1+ |puly ! v|Voldo
Q

< OV 8l @ ¥llogay + ClIVS g DU oy VLo
< C(1L+ [ DullZr i) IVl gy VIl

17



and analogously, appealing to (5.26)),

(ool (5]

\ 2l ()

< O+ |Dulll5

LP(Q)
<C (1 + ||Du||LP(Q)> div (V(V(b )
LP
1
= (14 IDulRy) <Vz/(¢) 'V> Lr (2)
_ (1 + | Dullf ) (ZQ((Z)) Ve V) Lr(9)

< C (14 1Duls i) ) 196l (o IVILo o)

Therefore, we have found a linear continuous operator F over V such that
/(1 + |Du|)P"?Du - Vvdr =< F,v > Vv ey,
Q

and F can be uniquely extended by density to a linear continuous operator (not

relabeled) over LP(£2). Thus, again by a density argument, we obtain
/ (1+|Du|)P"2Du-Vvdr =< F,v > Vv eVh (5.29)
Q

where, identifying Lp/(Q) with the dual of L?(),

1Bl < C (Il o) + (14 1DU ) ) V6llpm(ey) s (5:30)
which means, recalling (5.24)),
1l gy < C (Bl o) + 196l ) - (5.31)

If we now notice that (5.29) coincides (substituting f with F) with the weak
formulation of (5.19) with constant viscosity, being ¢ € W1 (€2), we can apply
the aforementioned regularity results to obtain, for d = 3, from (5.20))-(5.21]),

ue WH(Q)NnW2(Q), VreLi(Q),

4p —
withg=4p -2 and [ = L
p+

2
T Note that, due to (5.20)), the exponent of the

/ 3
L? -norm of the forcing term F appearing in the estimate is 1’ ie.,

Iullwea < COL+ [FIZT,). (5.32)

18



We stress again that this has been possible since we have obtained the a priori
estimates — independently of the presence of the variable viscosity:
indeed, the constant C' in depends on [|Vullyr(q) and ||7]| ). For the
case d = 2, notice that, up to minor modifications (e.g., the constant in
becoming 1/*2172;2), the same results — still hold also for the case of 7
as in (3.2). Indeed, observe that (1 + |Du|2)]%2 < C(1 + |Du|)?~2. Therefore,
the regularity result comes analogously from (indeed the weak solution
needs to belong to W'?(Q) independently of ¢), (5.31)) and the regularity result
(5.22). The proof is ended. O

Regularity for the Navier-Stokes system. We consider the d—dimensional
system
—div(v(#)(1 + |Du|)?"?Du) + (u - V)u + V7 = f,

(5.33)
diva = 0,

in 2, with no-slip boundary conditions, for 1 < p < 2, where ¢ is a generic
function and f € Lp/(Q).

Following [14, Sec.6], we can prove the following Theorem for the case d = 3:

Theorem 5.2. Assume that v € WH(R), such that 0 < v, < v(-) < V*
in R, ¢ € WH(Q) and f € Lp/(Q). Consider a weak solution to (5.33)). If
p > po = 20/11 we have

we WH(Q)n WH(Q),  Vre L(Q),

4p — 2
p+1°

with g =4p — 2 and | =

Proof. We observe that if we consider f = f— (u-V)u we can recast the problem
exactly as in , with f in place of f. Before doing this, we note that, as
in the Stokes case, the crucial point is to show that the a priori estimates
of ||Vul|, and ||7||,» are independent of the extra term (u - V)u. Indeed, the
constant bounding the more regular norms in Theorem [5.1] depends on them.
This is quite immediate, as noticed in [I5, Appendix A], since ((u-V)u,u) =0
and thus this term does not appear in the energy estimate leading to ,
which can be carried out identically. Concerning the pressure 7, we notice that
if p > 9/5, which is already guaranteed, being py > 9/5, we have by Sobolev
embeddings,

[[(a- V)u”vvfl,p’(g) < CHu”in'(Q) < CHVUH%},(Q),
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thus, by (5.24) and this result we get

17l Lo @y < ClI(w- V)ullyy-107 () + [Ifllw-10 () + 1)
< C(IIwa vy T IEllw=107 ) +1); (5.34)

which is enough for our purposes. Thus, we only need to estimate || (u-V)u||y, @)
in order to follow the proof Theorem We can repeat word by word the es-

timates devised in [I4], Sec.6] to obtain in the end, in force of the validity of

‘) tha’ta lfp > Do,
I Pl o) < CIVul g,

2p —

1
where ¢ = 4p —2 and 0 < v < . We thus follow the proof of Theorem
in particular, from (5.32) we have in F the extra term (u-V)u (indeed, we
have f in place of f), therefore, being ¢ € W1>(Q), we deduce

3
lullwioy <€ (140 DI, ) <0 (14 IvalEg, ) 639)

and, since

< 1, by Young’s inequality we infer that [lullwia.q) is
D —

bounded. From this result, which bounds [|(u - V)ully, g, we also get the
W2l regularity of u given in the statement of this theorem, exploiting (5.21]).

The proof is finished. U

Useful estimates in 2D and 3D. We now recall some important estimates
used in the sequel. We start with a Sobolev embedding in 3D (see, e.g., [23]):
let p € (3/2,2), then

WLP(Q) — L39(Q), (5.36)

6p —9
for 6 =
or 3

> 0. Moreover, we also have

W2,3+6(Q) N WI’OO(Q),
and the following Gagliardo-Nirenberg’s inequality follows:

||fHW1~°°(Q) < CHﬂ )I/C];l,?(ﬂ ||fHW2 346(Q)? (5-37)

20
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We continue with a similar Sobolev embedding in 2D (see again [23]): let
€ (1,2), then

WhP(Q) — L*°(Q), (5.38)

4(p—1
for § = % > 0. Moreover, the following Gagliardo-Nirenberg’s inequality

follows:

1wy < CUFIRE 2o 11 (5.39)
with = L < 1. We can thus prove Theorems [3.2| and |3.3
2= o0re) S P ' !

5.2.2 Proof of Theorems [3.2] and [3.3|

The existence of a weak solution is the result of Theorem In order to gain
the additional regularity we want to apply Theorem to this specific weak
solution, which can be considered as a weak solution to , neglecting the
equation for © (with ¢ = ©). Therefore, the only assumption to be verified
is that ¥ € W*(Q) and then the proof is finished, since, due to and
for the 3D and 2D case, respectively, O, € W2+9 (Q), for 6 depending on
the dimension d, defined in and . By well-known elliptic regularity
results, we have

19 w2ats)y < — (||g||Ld+5(Q + [[u- V| parsq) + [u- VOl pars(qy) . (5.40)

We need to observe that, due to and - for d = 3 and (| and
- ) for d = 2, by Young’s mequahty,

*Hu V| pa+s ) < *Hu||Ld+6(Q)||V19HL°°(Q)

1
< Cllullwr oy 19113 12(m||m|w2x:+a o

1
< C”u”V\/])l(,dp(Q)||19||W1*2(Q) + §||19||W2=d+5(0)-

Note that this is possible since 1 — x4 < 1. Moreover, we have, again by ({5.36))
and the properties of the lift operator,

*Hu VOollpats (o) < *IIUHLM @ [IVOollL= (o

< Ollullwrr (o) l1Oollw2.a+s ()
< Cllullwrr@ll0ll,, 2

a5 a0
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Collecting these results and using them in , we immediately deduce that
9]/ w2.a+s(q) is bounded, meaning that, by the already mentioned Sobolev em-
bedding, © = 9 + Oy € W*4H(Q) — WH>(Q). Note that in the case d = 3
with this is enough to apply Theorem and conclude the proof, whereas
for d = 2, if we consider the Stokes problem and 7 neglecting the convective
term (u-V)u, by Theorem the proof is concluded. Note that, in the case of
the Stokes problem also for d = 3, we can repeat the same proof and conclude
in force of Theorem m which holds also for any p € (3/2,2). The first part of
the proof is thus concluded.

If we consider the additional stronger hypotheses and , ford =3
and d = 2, respectively, we first note that ©q € W3’d+‘5(Q). In the case d = 3
we consider both the Navier-Stokes problem with the restriction p € (pg, 2) and
the Stokes problem with p € (3/2,2) (with (3.1))). In the case d = 2 we consider
the Stokes problem (with ) We can now apply a bootstrapping argument.
Indeed, again by elliptic regularity we have

RN

(lgllwravs @y + lu- VOllwrarsq) + [u- VO |lwrarsay) -
(5.41)

[9llws.a+s(a) <

Clearly, the only new terms to be controlled are the ones related to the spatial

gradients. We have
[V(u-VI)|lpars ) < [[Vuallpars o) [9]lwe ) + [ullue @) [9llwe.asq),

but, since, for d = 3, 34+ 6 < g for p € (3/4,2), and py > 3/4 (the same goes
in the Stokes case, since we have p > 3/2), due to the embeddings and
WH(Q) < L°°(Q), we infer that this term is bounded thanks to the regularity
obtained in the first part of the proof. The same goes for the case d = 2, since
we have the W' (Q)—control over u (see Remark . Similarly, we have

[V(a-VOo)|lLats) < [Vullpats o) [Oollw.ec ) + [allLee o) [Oollw2.a+s ),

where [|Og]|y1.00 () < C||O0|lw2.a+5(0) < C||0|‘W27ﬁ’d+5(ﬂ) and thus also this

term is bounded, concluding the proof, thanks to assumption (3.5)) for d = 3
and (3.8) for d = 2.
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5.3 Proofs of Section [
5.3.1 Proof of Theorem [4.1]

Let u” e thv be given. Then, recalling that div u” = 0, it is not difficult to
prove that there is a unique ¥# = 9#(u#) € V which solves

/nVﬁ#-V¢+/uf0#8ﬁ¢= <g,¢>+/uf@oawj¢ VoeVy (5.42)
Q Q Q

Consider now the problem of finding u* € VJ;,, such that
/Q [(0% + ©0) (ij(x,e(u")) + ole(u™) ey (w"))] i (v)da

- /Qu;#u?(%jvidx = (f,v) Vv eV, (5.43)

This problem has a unique solution. Thus we have constructed a nonlinear
mapping F : L}, — L, defined as follows F(u#) = u*. Tt is easy to realize
that F maps bounded sets of LJ;, into bounded sets of V7, << L, . Just
take v =u" in . We now prove that F is also continuous so F is a compact
operator. Indeed, let {u,} be such that u, — u# in L%, . Then there exists
{9,,, } which converges (weakly) in V and strongly in H to 9#. On the other
hand, {F(u,,)} C L4, is also bounded in V7, . Using classical arguments (see,
for instance, [49]), we can prove that there exists a subsequence {u,, } such
that {F(u,,, )} converges weakly in Vy;, and strongly in L3,, to a solution @
to which coincides, due to uniqueness, with F (u#). The class limit A of
{F(u,)} is non-empty and bounded in V7, . Arguing as above, it is easy to
show that any w € A is such that w = F(u”). Hence F is continuous from
L., to itself.

Observe now that if w € Lj;, is such that w = AF(w) for some X € (0,1)
then there exists C; > 0 such that ”WHLﬁm < (. Indeed, we have

/Q [V(i?(w + 09) (Tij(x, e(Ztw)) + 0\5()\*1w))|T*25ij()\*1w))] gij(v)dz
- / wjw;0y,vidx = (f,v) Vv eVy,. (5.44)
Q

Then, taking v = w and using Young’s and Korn’s inequalities, we deduce the

existence of Cy depending on d, 2, o, and HfHW,l,p/(Q) such that

[aflvs,, < Co.

div

Thus we can apply Schaefer’s fixed point theorem and conclude that F has a

fixed point in Lj;,. This is equivalent to say that the approximating problem

(4.5)-(4.6) has a solution (us, ).
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5.3.2 Proof of Theorems [3.4] and [4.2]
We start from the proof of Theorem [£.2] to introduce the setting, since the proof
of Theorem exploits similar estimates and notations. Suppose (uk ,19’“) €
Vi X Vo, k =1,2, satisfy the following system
/ [(0 + ©o) (735w, £(w)) + ale(w))|""2es(w)) ] £55(v)da
Q
- / ;U0 vidr = (f, v) Vv eV, (5.45)
Q
/ kVY - Vo +/ Ujﬂamjd) = (g,d)) +/ Uj@oaquf) Vo e V. (546)
Q Q Q

Suppose 7 = 2 and d = 3, that is, the worst case. Then set 1 = u' — u? and
U =9' — 9?2 and observe that (@, 1) satisfies

/Ql/(q?l + Oy) [(Tij(.’t,&‘(lll)) — Tij(x,s(u2))] ij(v)dx
+ O'/Q v(9' + 6g)Vi - Vvdz
= —/Q [1/(191 +0¢) — v(9? + @0)] (Ti; (x,zs(uQ))aij(v)d:v

- o/ [v(9" 4+ ©9) — v(¥? + ©y)] Vu* - Vvdz
Q

+ / (djuj + u?ﬁi)awjvidx Vv eV, (5.47)
Q
//@VﬁV¢+/u]lﬁa%qb:—/aﬂﬂa%qb—i—/%@08%(;5 Vo eV
Q Q Q Q
(5.48)

Take now v = 1 in (5.47) and ¢ = ¥ in (5.48). Recalling that u; is divergence
free, this gives

/ V(0" + ) [(73; (e (u")) — 735 (s (u?))] 45 (8) e + o—/ V(0" + 00) |V dx
Q Q
_ /Q (9" + Op) — v(0% + O0)] (73 (x, e(u?))es; () da
- 0/ [V + ©g) — v(¥? + ©g)] Vu* - Vada
Q
+ / (Ujuj + uit;)y,tde Vv € Vi, (5.49)
Q

HZ/ IVI[? = _/ajﬂ2asz§+/ ;000,90 Vo€ V. (5.50)
Q Q Q
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Using (H1) and (H4), we deduce the inequalities
ovy /Q \Va|*de < I, (5.51)
m/ |VI|? < I, (5.52)
Q
where
L= - /Q V(0" + ©p) — v(0? + O0)] (73 (x, e(u?))es; (W) da
- a/Q (V0" + ©9) — v(¥? + ©g)] Vu* - Vada
+ /Q (Wjui + u3t;)0p, Usda, (5.53)
I =— /Q (07 — ©9)dy, V. (5.54)
Observe now that, recalling (H1), thanks to Holder’s inequality we have

L < HVI||L<><>(1R)||7§||L6(Q) (HT('v5(u2))||L3(Q)Hs(ﬁ)”LQ(Q) + JN||Vﬁ||L2(Q))
+ (Iat s + [[0?]lLa @) 1llLa @) Va2 o)- (5.55)

Here we have N = ||Vu2|\L3(Q).
On the other hand, owing to (H3), we can find C5 = C3(72) > 0 such that

72 @) gy < Cn) (14 @I 0 )
< Cy(m) (1+ ez ) (5.56)

for p € (1,5/3], but we know that there exists a positive constant Cy depending
on 71 and [|f[|yy -1, ) such that

Valle@®)lo@) + VTVt ey < oy k=12 (557)

Indeed, we can take v = u” in (5.45) written for (u”, 9*) and using (H1), (H3),
(H5), and Young’s inequality. Thus, using Poincaré’s and Korn’s inequalities
and the continuous embedding V3, «— L*(Q)3, we get

L < ||| e w19 Lo o)

1 - ~
. (06 (1 ; () (@)l +oN|Vu||L2m>>

,/VlU)p
Cy 19
+ ﬁ”vu“ﬂ(g)a (5.58)
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where Cg and C'7 also depend on the Poincaré constant and on the embedding
constant of the embedding quoted above (therefore they depend on ).
Regarding I, we have

Iy < [ullgs, (

div

197 Loy + 1©0ll o) IV (5.59)
Taking ¢ = 92 in (5.46)) written for (u?,9?) we get

IV < Nlgllve [0l @) + 19?lleg,, 19oll ooy V9. (5.60)

div

Thus, using Poincaré’s, we can find Cs = Cs(§2) > 0 such that

AIV92IP < (Csllglv: + u?lleg

div

Oollzoqe ) 797

and Young’s inequality give

2
IR < o (Crllgllve + 1w ug,, 10 lzscoy)

div

Thus, recalling (5.57] , the continuous embedding V2, — L*(Q), Korn’s and
Poincaré’s 1nequahtles, we can find a constant Cy > 0 depending on 2, 71, 7»,

and [[f[l\y-1. () such that

Coy ”60”V
792 < — Pt — .
” ”Vo P (HQHV e

Hence, from (5.59) we infer

Co [©0llv |~
1< 20 (gl + 15 a1, (.61
where C1g > 0 has the same dependencies as Cy does. Then, using Young’s

inequality, from (5.52)) we obtain

Y T A
S199 < 512 (halhv + 158 ) (5.62)

Therefore, on account of ((5.61)), from (5.58) Korn’s and Poincaré’s inequalities
and Sobolev embeddings, we deduce

[V || oo () 4 1©ollv 1 12
L < an lgllv \/? L+ W +oN | [[Valgs g
IVa])22 - (5.63)

+

Vo

Here C'i; > 0 has the same dependencies as the other constants.
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Combining (5.51)) with (5.63) we get

[V = () 1©0llv 1 Cr
_ o @) / 1+ ———+0oN
. M3 lgllv-+ N * (Vrio)p—t TR N

x ||Vﬁ\|%2(9) <0,

which eventually yields uniqueness provided that holds with M7 = Cig
and M = C5.

Let us now consider the proof of Theorem This corresponds to the case
when 7 is defined as in , o = 0 and there is no convective term (u - V)u.
First notice that the weak formulation for the fluid difference is again (5.47)-
(5.48)) (without the convective term in ), since the test functions ¢ € V; are
sufficiently regular also in the case of d = 3 (differently from what observed in
Remark . Indeed, this is possible due to the embedding W7 (Q) < L*(Q)
for p > 3/2.

In this situation we cannot exploit , but we exploit a more refined
estimate of the first term in . We can suppose generically the dimension
d = 2,3. In particular, by means of Lemma [6.1] exploiting Holder’s inequality
with a negative exponent, we get

/Qu(ﬁ1 + 09) [(1ij(z, e(uh)) — 7ij(z,e(u?))] ;5 (0)da
> Cvy (1+ lu lwrwgo) + HUQHWLP(Q))V2 1alfs ) = v1Cllllfe o),
thanks to the fact that, by standard inequalities, for k =1, 2,
[u* [ wre o) < Clitller () (5.64)

We can estimate the remaining terms in I; by means of Holder’s inequality,
Sobolev embeddings and (H3),

I, = —/Q [u(ﬁl +0g) — v(9? + @0)] Tij(x,s(uz))aij(ﬁ_)dx
< O (- e(u?)) e lle(@)]lLe @) 19]lLs @)

Vlcu ~ —
< 2 ”u”%P(Q)d + Ci3 (1 + Hu2|‘%€1i(p,1)(g)> ||VQ9||2» (5'65)

where, for d = 2, a =

q 7 and B = (1 —1/a—1/p)~', with ¢ defined in the

6
P 5 and S = 6. Concerning the

assumptions, whereas, for d = 3, we set a =

temperature, we have

L < [0y, (192 @) + 1Ol @)V, (5.66)

div
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2p 2y

where v = , = for d =2 and v = 3, t = 6 for d = 3. Moreover,
2—p v—2

taking again ¢ = 92 in (5.46)) written for (u?,9?) we get

KV < gl 190 + 0’

O0] Loy [V, (5.67)

s
Ldiv

for the same exponents -, t. Indeed, with this choice of v we have, for d = 2, the
embedding W?(Q) < L7(Q) for any p € (1,2) and thus also 0|l < C
as it is needed in this estimate. Notice that also for d = 3, when p > 3/2 we get
Wh?(Q) — L*(Q) and thus ||u2||L3(Q) < C. Exploiting then the embedding
HY(Q) — LY(Q) for any t € [2,00) if d = 2, for t = 6 if d = 3, we get, similarly
to (:62),

kioaz ~ Clo 21~ (2

SIVIIP < 512 (gl + I@ollv)? 1al,, - (5.68)
Therefore, for p € (1,2) in the case d = 2 and for p € [3/2,2) when d = 3, we
get

K ~ 014 20 ~
SIVIIP < == (gl + 1©0llv)” [Ellwr.0(0)- (5.69)
Putting together these results we obtain in the end

. v1Cr2 Ci3C14 2 2p—2
||u||%vlvp(9) (2 = (lgllv: + ©0llv) (1 + ||u2||v€n.a(p—1>(9)) =0,

from which we deduce uniqueness provided that (3.9)) holds with M35 = C;2 and
My = C13C14. The proof is concluded.
5.3.3 Proof of Theorem [4.3]

First of all we prove the following

Lemma 5.1. Let the assumptions of Theorem hold, together with (4.16)).
Then a solution ¥, given by Theorem for any o > 0, belongs to L*°(Q).

Proof. We recall that by Theorem we have u, € V2, and ¥, € Vp. We
concentrate on (4.3)). By a classical elliptic regularity result, we get

(gl + g - Vo || + [lug - Vo)) ,

1
9, <=
90 2y <

but, by Holder and Sobolev-Gagliardo-Nirenberg’s inequalities, using also So-
bolev embeddings, we have

1/2
[u, - VI, || < HUGHLG(Q)Hv’?UHL?’(Q) < CHVUUH||V190||1/2”790HH/2(Q)-
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Analogously, recalling the properties of the lift operator, i.e., [|[O¢llm2() <
CH9||H3/2(3Q)7 we find

[ug - VO < [[ugllLe(e) IVOollLz (o)
< C||Vu0||||®0“H2(Q) < C||Vua||||9||H3/2(aQ)~

Therefore, by Young’s inequality, we immediately deduce

C 1 C 1
1920 < 5906 2198, + 5 190 201 + N T 110757200 + gl

i.e.,
C C
[Polli2(@) < IV 21V + — Vo [[16] o2 (00), (5.70)

meaning that 9, € H?(Q) (and thus also ¥, + Oy € H*(Q)). In particular, this
implies that ¢, is bounded in L™ (). O

We now prove the Theorem. Let us consider the same setting as in the proof
of Theorem (with 7 = 2 and d = 3) and take v = A~ "t in (5.47), and ¢ = 9
in ((5.48). Recalling that u; is divergence free, this gives

[ o9+ 00) (7. e(u) = 7y o (0))] 35 (A )l
e /Q V(9" + Og)ei;(W)ej (A~ i) dz
= _/Q [V(ﬂl + Q) — v(9? + @0)] (Tij(x,a(u2))€ij(A_1ﬁ)dx

o /Q V(0" + Op) — (8 + O9)] 4y (e (A ") do

+/(ajug +ult;)0,, (AT )ide Vv E Vi, (5.71)

Q

m/ V2 :_/ ajﬂanjm/ 30000 VeV, (5.72)
Q Q Q

From now on, for the sake of simplicity, we will use the notation Du to indicate
the symmetrized strain tensor. We observe that

a/ v(9 4+ Op)eij(Weij (A~ 0)de = o (v(9' + 69) D, DA™ 'd)
Q

= o(v(¥ + ©0¢)Va, DA™ )
and

o(v(¥' + 00)Va, DA ) = —o(div(r(9! + ©9) DA™ 'a), 0)
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= f%(y(ﬁl £ 00)AA T, @) — o(DATLaVe, v/ (91 + 0y), ).

Now by the classical properties of A (see, e.g., [38, Appendix B]|, we know that,
for a suitable p € H*(Q),

~AA'a4+Vp=u ae inQ,

and
A a2y < Cllall,  1Blla @) < Clall
Thus, by (HI),
1 1 1oy L 1 -
— §(V(19 + @O)AA a,u) = §(u(19 +6p)u,u) —
H I” - ( (9! + ©0)Vp, 0).

(v(9* + ©0)Vp, )

DN | =

Using also (H4), we deduce the inequalities
o / 62dz < I, (5.73)
n/ VD2 < I, (5.74)
Q
where

v(9' + 69) — v(9? + O9)] (7ij(z,e(u?))e;; (A~ 0)dx

::\

0’/ 191 + @ — l/(’l92 + @0)} €ij (u2)€ij (A_lﬁ)dx
Q

Q
+ %(1/(191 +00)Vp, it) + o(DA1ave, v/ (9" + Oy), 1), (5.75)
I, = _/ (02 — ©g)dy, V. (5.76)
Q

Observe now that, recalling (H1), thanks to Holder’s and Korn’s inequalities,
the properties of A and Sobolev embedding V3, < L%(f), g € [2,6], we have
L < ||V/||L°°(R)H1§||L6(Q)
< ([|(r (-, e(u?))[[L2() IVA™ e () + ol VU |2 VAT 0 12 0))
+ (||u1||L4(Q) + Hu2HL4(Q))”ﬁ”L2(Q)||VA_1ﬁ||L4(Q)
+0C ([[Vll L@ + 11V | @) | VO1 L)) Il
< Gl oo @ 19120y (II7( e(@®) lLs o 181l + ol Vu? L2 o) 1))
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+ (| o) + [0?Lagoy) 0]

+0Cs (|[V]| e () + 11| o= () | VO |La () 1]1%.

On the other hand, owing to (H3), since p € (1,2), we can find C5 = C3(72) > 0
such that

7202z < C (14 2072t 2 ) < Cs (1411207 )
(5.77)

but we know that there exists a positive constant Cy depending on 71 and

||fHW71,p/(Q) such that

\/ZHE(uk)”LP(Q) + \/V10'||vuk||L2(Q) < 04, k= 1, 2. (578)

Indeed, we can take v = u” in written for (u*,9*) and using (H1),
(H3), (H5), and Young’s inequality we get this result, meaning that is
bounded (note that this is possible due to the L? control on the gradient of 1,
being o > 0). Thus, using Poincaré’s inequality and the continuous embedding

V2. — LYQ), we get
1 < Coll/|| e 1] ((1 T ) al + |)
oo 6 -
1< Cp L ®) |V Ls () (Vo) \/7
[a)l* + oCs ([[V]l Lo ) + 1V | oo ) I VOLllLa(ey ) IITl|?,

Cr
Jr
\/ V10
where Cy, Cg and C'7 also depend on the Poincaré’s constant and on the em-
bedding constants of the embeddings quoted above (therefore they depend on
Q). Clearly they also depend on ||fllyy-1. (q)-
Regarding I, we have

I < |al|([[0% ]| () + 180l oe @) VD] (5.79)

Considering (5.70) written for (u?,9?) we get

Cy

Cs 1
12l 20y < S IV PV + —=IV0?[[16] o200y + llgll,  (5.80)

Thus, by (5.78)), we can find Cy > 0 such that
1
Ry/V10

Moreover, taking ¢ = 92 in (5.46) written for (u?,9?) we get

1 1
2 2
19212 < Crolgy—= V02 + === lBllmsracomy + gD (5:8)

K1V < Nlgllv 19l ) + 10 lls, 1Ol Loy [VO?]].
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Thus, using Poincaré’s inequality,

w[V?? < (Cllallv: + oo

div

@o||L6(Q)) V2|

and Young’s inequality gives

2
1©0llzo(e))

Thus, recalling (5.78), we can find a constant Cq; > 0 depending on 2, 71, 72,
and [|f[lyy -1, () such that

Ci 1©0]v
9P|y, < — / .
1920 < 2 (lgl + 1501

K 1
SI99)2 < o (Cllgllv + u? g

div

Hence, from (5.81]) we infer

1©0llv 1 1
!’ 9 - .
<||g||v + T + - TUH ||H3/2(E)Q)+ anH
(5.82)

Analogously, being H*(Q2) < L*°(Q), we deduce

190l 1 1
(gl + e Bl + Ll

K310

192|172y < Cha (

92| 2o () < Ci3 (

K310 o J/Vio
(5.83)
Therefore, on account of (5.82), recalling that ||O¢l|L(q) < C[|0]| gs/2(50)
- 1 1©0]lv 1 1 5
I, < _ / 0 - 9
2 < Culil (= (v + 52 ) 0l ony + £lal) 1991

(5.84)
which means, by Young’s inequality,

. Cis - 1 190]lv 1 1 2
9%: < =2 (al]? [ —— , 9 -
VIl < —=lal (Hgylo_ <|Igllv e )t K\/VTUH 237200 + —ll9ll

(5.85)

Combining (5.85) with (5.58) we get, since © = 9! 4+ 0y, applying Young’s and
Poincaré’s inequalities (recalling that (5.82) is still valid for ¥') and Sobolev
embeddings,

= 1 o 2
Il S ClGHVI”%OO(R)”ﬂ”%ﬁ(Q) (1 + (W)p_l + W)

1
+Cir (1 + N + 0 (¥l m)

1V e @) (1911l m2(0) + 101l 32 (00y) ) 1l
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2
~ 1 o
< Cr6llV' [ 7oy 1911702y <1 + (Vo) T + \/VTU>

+Cl7 <1+ +O’(HVHL<>0(]R)

1

\/ V10
! joull ), 1

1= ( (g (Mol + 25 ) 4 0o

1 -
Sxlol) + Wl ) ) ) a2

Cis
2

<

2
1
ey (14 L2 )
(./1/10')}771 \/ V10

1 190|lv 1 1 2
0 ~ 112
/ Ol +r3 /2 -
X (Rsylg (llgllv + NGT ) + WVTUII | 77200 + &llgH) [l
1
+ C117 (1 +—+0 (HVHL‘”(]R)
o

L
1 [©0llv 1
!
o / 0
1 le=e) ( (g (Il + S5 )+ 00
1 -
2 lal) + 10l ) ) ) I (5.56)

In conclusion, by (5.73)), recalling that ||O¢|y < C~'||9||H1/2(39),

2
(%} Clg 1 g
[_2 + ||V/H%90(R) (1 + ( + )

K2 Vo)t vio

1 Cl10/| zr1/2 (502) 1
S lgllv + +
KV O \/ V10 R\/V10

2
1
101 zr5/2 (862 + n“g|>

1
1+ —— .
+C'17< Jr\/yl—aﬂLU(HVHL (R)

1 é||0||H1/2(BQ) 1
+||y’|‘Loo(R) <<K3V10' <|g|v/ + \/V17 + - V10_H9||H3/2(3Q)

1 ~
#2lall) + 10lmsony ) ) ) | 12 2 0 (5.87)

which eventually yields uniqueness provided that (4.17)) holds with M; = Cis,
M2 = é and M3 = 017.
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6 Finite element approximation: the Carreau

law case

6.1 Preliminaries

In this section, we consider the finite element approximation of a specific in-
stance of the boundary value problem —, again under the same as-
sumptions (H1)-(H7) namely we drop the convective term (u - V)u and we
focus on the relevant case of non-Newtonian fluids governed by the Carreau
law, i.e. 7(e(u)) = n(le(u)[*)e(u) with

1(2) 1= Noo + (N0 — Noo) (1 + Az)P72)/2 (6.1)
N0 > Moo > 0,A >0 and p € (1,2). (6.2)

For the sequel, it is instrumental to recall the following result (cf. [I0]
Lemmas 3.1 and 3.2]) where | - | denotes the euclidean matrix norm, i.e. for
K € R™*" real matrix, |[K|*> = Z (K, )%

ij=1
Lemma 6.1. Let n obey the Carreau law (6.1) with p € (1,2). Then there

exists positive constants C;, i = 1,...,3 such that for all symmetric matrices
K,L € R? there holds

IN

([ KI*)K —n(|L*)L|
[n(KI*)K —n(|LI*)L|

CilK—=L[  ifne #0
C3|K — LP~! if Moo = 0.

N

Moreover it holds

> ((KP)Eij —n(LP)Liy) (Kij — Liy)

i,j=1
> {1oo + Co[l + [K| + |L[JP7*}K — L.

We first recall the variational formulation of the continuous problem. Let us

choose:

V=H'(Q), Vo=HQ), V=W"(Q), Vy=W %),

Q=1L() Q*:Ls’(m:{qec?/ﬂq:()},

where 1/s" +1/s = 1 with s = p if oo = 0 and s = 2 otherwise. We set
Q.= |

- [lv == |- [wrs) and || - |lo = || - | L () Moreover, let us introduce
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the following forms
a1(¥,u;v) = /021/(19)77(|5(u)|2)5(u) re(v),  ax(d,0) = /an19 Vo,
b(V,p) = - /va 2 c(u,z9, Q) = /Q(u : V)ﬁg,

f(V):/va’ g(g):/ﬂgg-

Since the velocity space is not divergence free, we rewrite the variational for-
mulation of a weak solution given in Definition [2.1] as follows: let p € (1,2) if
d=2and p € (3/2,2) for d = 3. Find (u,m,9) € Vg x Q. x Vp such that

a1 (0 + ©p,u;v) + b(v, ) = f(v), (6.3)
b(u,q) =0, (6.4)
a2(19a Q) + C(u; ?97 Q) = g(ﬂ) - a2(@07 9) - C(ua @O, Q)a (65)

\V/(V7q7 Q) € VO X Q* X %

Remark 6.1. The weak formulation is well posed since, also in the case N, =0,
differently from the general case of Remark[2.1, we are considering a range of
p’s for d = 2,3 ensuring the embedding Vo — L*(Q). Therefore o € Vj is
allowed as a test function in .

We collect well known results that will be employed in the following. First,
the bilinear form b(v, ¢) is continuous, that is there exists M > 0 such that

b(v,q) < M| vlvldlle. V(v.q) eV xQ. (6.6)

and it satisfies the following compatibility condition ([22, B9]): there exists
¢ = ¢(Q) such that

b
llallg. < sup 2D
vevo VIV

Vg € Q.. (6.7)

Second, the trilinear form c(u,#, o) satisfies the antisymmetry property when

V-u=0. Indeed
C(ua 0, Q) = _C(u7 0, 9)7

¢(u,6,0) = 0. (68)

Moreover, for all (u,0,0) € Vo x Vi x Vp, using the generalized Holder
inequality and the Sobolev embedding,

c(u,0,0) < [lullwrr o) VOl Vell (6.9)
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where p € (1,2) for d = 2 and p € [3/2,2) for d = 3. Indeed, for d = 2, for any
L> 2,

c(u,0,0) < |ul

=2

r@llell 2 o IVOl < Tulwrr @) VO Vel

due to the embedding H'(2) < L*(Q), V¢ € [2,00). Therefore, being ¢ arbitrary,

2
it is enough to use ¢ = 271) > 2 to obtain the embedding: for any p € (1,2)

the inequality is true. For d = 3, we have at most

c(u, 0, 0) < [ullLs(ollelle@ VO < lallwrr @) VOV,

due to the embedding H'(Q) « L%(£2). Therefore, we need p € [3/2,2).

6.2 Definition of the discrete problem

Let Q@ ¢ RY d = 2,3 be a polygonal /polyedral domain. We introduce (see,
e.g,. [21, 26]) a regular family of triangulations T, of 2 where h denotes the
maximum of the diameters of the elements K € Tj,.

Let Vi, C V, Qp, C Q. and V;, C V be finite dimensional spaces and we set
Von = ViNVy, Vo, = VNV, We assume that the following approximability
properties hold:

(P1) inf [|[V(@—sp)]| =0 ash—0 VOeV,
ShEVR

(P2) inf [|[V(v—vwvp)|lv—=>0 ash—0 VYveVy,
hEVh

v

(P3) inf |[r—aqnllg. >0 ash—0 VmeQp.
I EQn

Moreover, we assume (see, e.g., [22, [39] for examples in the context of finite
elements) that the discrete spaces Vj,, Q) are chosen so that there exists § > 0
independent of h such that

b(Vm Qh)

Bllanll, < sup Van € Qn. (6.10)
vi€Von th”V
We introduce the following discrete form
1
cn(Un, Un, 0n) = 5 (c(un, Un, 0n) — c(un, on, n)) (6.11)

2
to recover the antisymmetry property of its continuous counterpart (cf. )

Similarly to the continuous case, it holds

cn(Un, Ons on) < [lunllwrr @ VORIV onll (6.12)
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where p € (1,2) for d = 2 and p € [3/2,2) for d = 3. Let assume for simplicity
Og € Vj, then the finite dimensional approximation of problem (6.3))-(6.5)),
reads: find (up, 7, 91) € Vo,n X Qn X Vo, such that

ar1(Vn + Oo, up; vi) + b(vh, mn) = £(vi) (6.13)
b(up,qn) =0 (6.14)
az(Vn, on) + cn(On, onsun) = g(on) — a2(Oo, on) — cn(un, O, on) (6.15)

V(Vh, Gny 0n) € Vo X Qp, x Vo . Let us first remark that in the case of o = 0,
which is the most interesting case, the existence of a solution to —
follows by adapting the proof of Theorem employing the pair fo” X V,
V’,jf” = {vy € Vo, : b(vh,qn) = 0 Vg, € Qp}, so that — is equivalent
to the weak formulation of Definition on the spaces V§ x V},. Conditional
uniqueness is then a consequence of Theorem [3.4] exploiting again the pair
fo” X Vi Analogously, in the case 1o, > 0, the existence of a solution to —
follows by adapting the proof of Theorem with the pair Vz“’ X Vh,
whereas conditional uniqueness is a consequence of Theorem with 0 = 1
and r = 2 (only for p € (1,5/3] in the case d = 3), adapted to the space
fo” X Vi. Notice that Theorem cannot be applied, since the solution uy,

does not enjoy zero divergence and moreover we cannot ensure A~ uy, € V.

6.3 A priori error analysis: Main results

Let us now state and prove the main results of this section, namely a priori
error estimates for the discrete solution of (6.13)-(6.15). First we state the
most relevant result, which corresponds to the case when 7., = 0.

Theorem 6.2. Let o, =0, p € (1,2) ford=2 and p € (3/2,2) for d =3. Let
(u,,9) be a solution of (6.3)-(6.5). Let (up,mp,9n) be a solution of (6.13)-
where we assume v, € WHPTVP2(Q) with py = q/(p — 1) with ¢ > p
when d =2 and ps = 6p/(5p — 6) when d = 3. In addition, we suppose that the

following smallness condition on uy, holds

C ~ -
(A1) 5= 2| gl + Cs (1+ Cp) 161l 20y | Dolleun)lem gy > 0

—1)p2 ()

with Cy = (14 ||f||W1,pf(Q))1/(p_l) and also Cy,Cs3, Dg > 0 possibly depending
on the data of the problem. Then there exists hg > 0 such that, for any h < hy,
the following inequalities hold

IV — )]l £ min (190 = s0)ll + lle(u = Vil

(Vi y@n,8n) EVR XQp XV,
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+ IIm = anll ) (6.16)

le(u —un)l[zr (@) S (Vh,,qh,s;,)rgglhx@hxvh (HE(U - Vh)HZ;;;(lQ) + ||l — (JhHLp’(Q)
+ IV = s, (6.17)

. -1 —1)2

I = w5, i (I = aull ) + e = vl )

+ IV =) P71, (6.18)

where wu is the solution to the continuous problem, and the hidden constants are

independent of h.

Remark 6.2. Notice that in force of Theorems[3.3 and [3.3 we have that any
solution u to the corresponding continuous problem is sufficiently reqular to
perform the error estimates, if we assume the additional hypotheses (for
d=3) and (for d = 2). To be precise, Theorem concerns a slightly
different law for T, i.e., , but we believe that the reqularity results are similar
if not the same. Therefore, we expect that also uy, shares an analogous regularity

(in case of a sufficiently reqular domain ), which is required in Theorem .
In conclusion, we state another result for the simpler case 7, > 0.

Theorem 6.3. Let oo >0, p € (1,2) ford=2 and p € (3/2,2) ford =3. Let

(u,m,9) be a solution of (6.3)-(6.5). Let (up, 7, dr) be a solution of (6.13))-
(6.15) where we assume uy, € WHP*(Q), with py > p when d = 2 and py =
6p/(5p — 6) when d = 3. In addition, we suppose that the following smallness

condition on uy, holds
Cy -
(B1) k=21 —=lgll + C5 (L + Cp) [0l z1172(ry | DelleCun)lzao) > 0,

with Cy = C/(v110)||f|| and also Cs, Cs, Dg > 0 possibly depending on the data
of the problem. Then there exists ho > 0 such that, for any h < hg, the following

inequalities hold

V(-9 < min V(9 —sp)| + [e(u—v
IV@-dl S, min (V0@ =)+ e va)l
+ [l = qnll) (6.19)
g(lu—nu < min c(u—vp)|| + |7 —
letw—wl S min (=)l + - gl
+ IV = sn)ll), (6.20)
T — 7| S min T — +lle(u—v
-l S, o (=l + et vl
+ [V =9n)l), (6.21)
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where u s the solution to the continuous problem, and the hidden constants are

independent of h.

Remark 6.3. Notice that in the case 15 > 0 we get optimal approzimation
results, whereas when 1, = 0 we deduce error estimates that are coherent with
the ones obtained, though in the simpler context of isothermal non-Newtonian
fluids, in [T9]. For further comments on these aspects we refer to the numerical
results reported in Section [6.5]

6.4 Proof of Theorems [6.2 and [6.3]

For the sake of brevity, we consider both the cases 77, > 0 and 7o, = 0. In
particular, as before, we set s = p if noo = 0 and s = 2 if o > 0. We
preliminarily collect some instrumental results that will be employed during the
proof. Let us first recall that in view of Assumption (H1) we have that v(O)

is a bounded continuous function defined on (0, +00) satisfying the following

properties:
v e CY(R), (6.22)
0<wn <v()<vy foréeRT, (6.23)
V(€| <vs for £ € RT. (6.24)

Moreover, let us observe that, exploiting Lemma [6.1] combined with the defini-
tion of ay (-, -;-), (6.23)) and the generalized (also to negative exponents) Holder’s

inequality, we can prove the following inequalities holding Yu, v, w € Vj:

Case 1o, >0
|a1(0, w; w) — ar (9, v; w)| < Cruslle(u—v)]lle(w)l|,  (6.25)
a1 (9, w3u —v) — a1 (9, v;u — v) > vine|le(u — v (6.26)
Case 10 =0

jar (9, u; W) — ar (9, v; w)| < Csvalle(u = v) [ le(w)Le,  (6.27)

a1 (P, u;u—v) —ar(d,v;u—v)

p—2

> o ([ 11+ EIP) T leta = vl (6.28)

Using the definition of as (-, -), it is trivial to see that the following inequalities
hold

az(9,0) < k| VI Vel, ax(9,9) > &|[VI|* VI, 0€ Vo. (6.29)
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Finally, we collect some stability estimates. We first observe that the follow-

ing stability estimate for the discrete velocity holds

[Vuy,|

L) < Cy (6.30)

where Cy = (1 + Hf||wl,p/(9))1/(p_1) when 7o, = 0 and C; = C/(v1m0)|f]|

when 7., > 0. Indeed, in the case 7o > 0, testing (6.13)-(6.14) with v, = uy,
and g, = 7, and employing the monotonicity of ai(-,-;-) together with the
properties of v combined with the Korn inequality, we obtain where C' is
the Korn constant. In the case 1., = 0, it is sufficient to proceed as in the proof
of Theorem [5.1] (cf. (5.24)) to get the desired stability estimate.

Testing with g, = 60 and employing the coercivity and continuity
properties of as(,-), the Poincaré inequality, the continuity and antisimmetry
of ¢p(+, -, ), the above stability result of the discrete velocity and the stability of
the Dirichlet lifting ©¢, we get the following stability estimate for the discrete

temperature
1, ~ ~ ~
VORIl < ~[Callgll + £Cs]16]| /2y + C3CrllON iz ). (6.31)

We remark that an analogous stability estimate holds for the continuous tem-

perature as well.

We are now ready to prove (6.16)-(6.18). Let us consider (6.3) which, to-
gether with (6.13)), yields
b(vh, m — ) = ar1(n + Oo, up; va) — a1 (¥ + Oo, u; vy)
= a1(Un + Oo, un; i) — a1 (V + Og, up; vp)
+ a1(Vn + Oo, up; vi) — a1 (Vn + Oo, u; vy)

Vv € V0. By linearity we have

b(Vh,qn — ) = a1(V + Oo, up; vi) — a1 (¥ + Og, up; vi)
+ a1 (Vn + Og,up; vy) — a1 (Vn + O, u; vi) (6.32)
+b0(Vh,qn — )

Vgn € Qn. Now, considering the compatibility condition (6.10)) together with
(6.32), we obtain

b(Vh,qn — mh
Bllmn — all gy < sup  Vmdn = Th)
vhE€Von thHV

~ s (a1(Vn + Oo, up; vi) — a1 (¥ + O, up; vi)
vihE€Vo,n ”vh”V

40



n a1 (9p + O, up, vy) — a1 (Vy + Oo,u;vy) + b(vy, qn — )
l|lvnllv

< Cavs|[ V(9 = On)lle(n)lly it o

(6.33)

s—1

+ Csvalle(u —ap) Iy < ) + M7 — qnl

L' (Q)»

where Cs = C; for s = 2, Cs = C5 for s # 2 (cf. (6.25) and (6.27))). Moreover,
p2 is the one defined in the assumptions of Theorems [6.2] and We note that

in the last step we employed the continuity property (6.25]) (or (6.27)) for the
second term, and the continuity of b(,-) for the last term. For the first term,

we employed the properties of v together with Lemma and the generalized
Holder’s inequality to get

a1(On + Oo, un; vi) — a1 (¥ + Op, up; va)

1/?2
< Cornllf - Ol Lo ( / |e<uh>|<s-1>m) lev)

L*(Q) (6.34)

L*(Q)

< Covsllf = Onll Loy lle(un) 15, @llE(va)l

where 1/8+ 1/ps+1/p=1and 1/8 =1—1/ps — 1/p, p2 = ¢/(p — 1) with
g >p when d =2 and 8 =6, py = 6p/(5p — 6) when d = 3.
Thus, using the triangle inequality we obtain

Im =7l < 7 =anllpe @ + I1mn —anll (o)
M Csl/g s—
< (I ooy + e - w)l
C;V3 o—
3 IV = ) llleCun)llzct o o) (6.35)

Next, we estimate the error on the temperature. Taking the difference between

(6.15) and (6.5) and choosing ¢ = gy, yield
az(In — 9, 0n) + cn(an, In, 0n) — cn(0, 9, 0n) = cp(u — un, O, on).

Adding and subtracting the two terms as(sn, o) and ci(uy, s, 0n) we have, for
all s, € Vp5, and for all vj, € Vy,

az(Vn — sn, 0n) + cn(p, I — sn, 0n) = az2(V — sp, 0n) + cn(an, ¥ — sn, 0n)
+ cn(w—vi, ¥, 0n) + cu(Vvi — un, 9, 0n)
+ en(u—vp, O9, 0n) + cp(vi — up, O, 0n). (6.36)

Next, taking op, = 95, — sp, in (6.36)), noting cp(up, 9y, — sp, 9 — sp) = 0, using
the coercivity and continuity properties of as (-, -), the continuity property ((6.12))
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of ¢x(+,+, ), the stability estimates for up, ¢ and Oy we have

V@ =)l < Aa[[V( = sn)ll

+Ao (Hg(u =) llLs) + [le(va — un)| LS(Q)) (6.37)

where
A =1+ Cf,
2 (Cy - =
Aoy = - <I<L||g|| + (03 + C3Cf) |9||H1/2(F)> . (6.38)

To take advantage of the above inequality, we now estimate ||e(un—vs)||Ls(0)-
Consider the momentum equation and take the difference between (6.3]) and
(6.13)). Choosing up — vy, as test function we obtain

a1 (0+0©g, u;up—vy)—ay1 (9 +O0, up;up —vp)+b(up — vy, m—m) = 0. (6.39)
Adding and subtracting a; (9 + ©¢, up;up, — vp,) we get
a1(¥+ Og, usup, — vp) — a1 (9 + O, upsup — Vi)
+ a1 (9 + Og,up;up — vy) — ai1(9y, + O, upsup — V) (6.40)
+ b(uh —Vp, T — 7Th) =0.
Now, recalling
b(up, — vi, ™ — ) = b(up, —u, 7 — qp) + b(up, —u, g — 7h)
+b(u—vp,m—7p) =b(up —u, T —qp) +b(u— vy, T — ),
adding and subtracting a1 (¥ 4+ O, vi;up — vi,) we get

a1(¥ + O, up;up — vi) — a1 (V9 + O, vpyup — vp) =
a1 (9 + Oo, wsup — vi,) — a1 (¥ + Oo, Vi up — Vi) (6.41)
+ a1 (9 + Og,up;up — vy) — a1 (Vn + Op, up;up — vy)
+b(up, —u,m—qp) +b(u— vp, T —T}).
From we employ, depending on the value of 7, - (or
(6-27)-(6.28)) ), combined with (5.64)), and (6.6). This yields
Crille(un = vi)llEs (@)

< Cspalle(u — vp)| 51

LS(Q)HE(uh = va)llLs (@)

+ Cavs|| V(0 = I llle(un) 15 1, g lle(@n = Vi) e o
+ M|e(up, —u)|

L@ ™ = anll Lo (@) + Mlle(a = vi)llLe@)llm — mall Lo o

(6.42)
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where € = s for 7 > 0 and € = Ca (14wl + [valf,) " for
Moo = 0. Using (6.35)) we have

Cwnlle(un = va)llte () < Covalle(u —va)lly

LS Q)||5(uh Vi)l Ls(Q)
+ Covs||V (9 — O)l[|e(un) (I3 2 Do (o 1€(R = Vi) [[Le (@)

+ Mle(up — )|

Lo |m = anl L (Q)

M
+ M1+ *)HTF = anllpe (@ lle(a = va)llLe @
Csvy
M= lle(u —un)ll77 (o lle(@ = va)llLe o)

NoV.
4 M V(0 = 01 s s e = )

Then, applying the triangle inequality together with the generalized Young’s
inequality (with exponents 2/(s—1) and (3—s)/2) we have, with suitable positive
constants D1, Do, D3, Dy, D5, Dg independent of h and possibly dependent on
problem data, the following inequalities

s/2
le(un = vi)llLs) < Dille(u—vp)|is Lb(Q + Dylle(u —vp)| L/S(Q)
_1
+D3||E(u Vh) ( ) + D4||E(u Vh)HLS
+Ds||m = anllg, () + DslI V(9 — 19h)|||\€(uh)||L(b bra ()
< D7||5(U*Vh)|LQ(Q +D5||71' Qh‘ L (Q)
+ Dg||IV (9 —9p)|||le(up)| 7. L(Sfl)m(ﬂ) (6.43)

where in the last step we assumed, for a sufficiently small h, the existence of vy,
so that ep, := [le(u — vp)|
of ep, for s € (1, 2]

Now, using and - we obtain

IV (On = sn)l

Ls() < 1 (cf. (P1)) and we retained the lowest power

IN

At V(0 = sn)ll + Az ([le(u = va)]
AV = sp)ll + Azlle(u = vi) L
A, (D5H5(u— )|L§(Q)+D2\|7r |
+A2Dg ||V (9 — In)][lle(un) 5

Lo t[[e(vi —up)|

L (ﬂ))

L:())

IN

L*(Q)

L(* Dr2(Q)”

Employing the triangle inequality we then get

IV = bn)ll - < (1+A1)IIV(19*5)||+A2||€(U*Vh)|

L ()

A2 (Dslle(u = Vi)l + Dallm = anll o)
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+A2Dg || V(0 = ) l[le(un)]] (6.44)

s—1
L(s—1)p2 Q)"

Therefore, in the case s = p, i.e., e = 0, thanks to assumption (Al), we
infer (6.16) and thus, by (6.43), (6.17). Finally, using both (6.16]) and (6.17)),
from (6.35) we are led to (6.18]). Analogously, in the case s = 2, i.e., 7o, > 0,

exploiting (6.44]) and assuming (B1), we infer first (6.19)), then (6.20) and in
conclusion (6.21)). The proof is finished.

6.5 Numerical Experiments

The aim of this section is twofold: (a) to corroborate the theoretical estimates
of Theorems [6.2] and (b) to explore the role of the regularizing parameter
o in the approximating problem —.

Having in mind these goals, we perform the numerical tests on the two-
dimensional unit square Q = (0,1)? by employing the following finite element

spaces

Vi, = {vn € COQ)VK € Th, vilx € Pr1(K)?},
Qn = {an € CQ)VK € Ty, qnlx € Pr(K)},

Vi = {on € COQIVK € Th, onlx € Pry1(K)},

= =

with r > 1. Note that the compatibility condition is satisfied; see, e.g.,
[22, 539].

The discrete nonlinear problem — is solved by resorting to the
following fixed point strategy.
Set (uglo),ﬂglo)) = (0,0), k = 0 and iterate:
Step 1. Given (uék),ﬁgf)) find (ugkﬂ),w,(fﬂ)) such that for all (v, qp) there
holds

ar (ﬁék) + Oy, uglk); ugkﬂ), vi) + b(vy, 7T}(Lk+1)) = f(vp)
buf ™ q) = 0

where

a1 (¥, wyu,v) = / 20(9)n(|le(w)[?)e(u) : e(v).

Q

Step 2. Given uElkH) find ﬁgﬁl) such that for all p;, there holds

az (% on) + en (i, 98 01) = glon) — a2(80, 0n) — en(ul”, Op, 01).

Step 3. k+1—k
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The iteration is stopped when

k41 k k+1 k k+1
Juif ) =) -

z9§f)|| < tol.

L) + |7 Loy T 1Y

Numerical tests are performed with tol = 107! using the high level C++
interface of FEniCS-DOLFIN (see [50] and [51]).

6.5.1 Test 1

We consider the finite element approximation of the non-isothermal non-Newtonian
flow problem governed by the Carreau law with v(¢) = e~¢, € € R, cf. (6.13)-
(6.15)). The source term f is manufactured so that the exact solution is given
by

ugy(z,y) = bysin(z? +y?) + dysin(z? — y?), (6.45)
uy(z,y) = —bwsin(2? +y?) + dwsin(2? — y?), (6.46)
m(x,y) = sin(x+7y), (6.47)
O(z,y) = cos(zy), (6.48)

where u = (ug, u,). Dirichlet boundary conditions for velocity and temperature
given by the exact solution are imposed on the domain boundary.

We first consider the problem with the Carreau law parameters in
defined as 7o, = 0.5,719 = 2, A = 1 for different values of p = 2,1.6,1.2.

The convergence results in terms of the L? and H! velocity errors, L? pres-
sure error and H' temperature error, obtained using quadratic (r = 2) finite
elements for velocity and temperature and linear (r = 1) finite elements for
pressure, are reported in Figure [1] (left).

The corresponding results when cubic (r = 3) finite elements for velocity
and temperature and quadratic (r = 2) finite elements for pressure are adop-
ted, as displayed in Figure [1] (right). In both cases, optimal convergence rates
are achieved (with a slight superconvergence for the pressure error). This is
in agreement with the approximation results of Theorem [6.3] combined with
standard interpolation error estimates (see, e.g., [21]).
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Figure 1: Test 1. Convergence test for the Carreau model with Noc = 0.5,m0 =2,A =1
and different values of p = 2,1.6,1.2 (from top to bottom) using P2/P1/P2 (left) and
P3/P2/Ps (right) finite elements
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6.5.2 Test 2

In this second test case, we investigate the role of the regularizing parameter
o in the approximating problem — by solving the same manufactured
solution problem introduced in the first test case, but considering the Carreau
model with 7., = 0,79 = 2, A = 1 and different values of p. Consistently with
the value of 7., the velocity error is computed in W7, the pressure error in
Lp/, while the temperature error is computed in H*.

The convergence results obtained using P2/P1/P, finite elements are dis-
played in Figures and [ for p = 2,1.6,1.2, respectively. In each plot the
slope of the dotted reference line is computed by employing the values of the
corresponding error obtained for ¢ = 0 and the two smallest values of h. As
expected, for o # 0 the error between the exact solution of — with
Neo = 0 and the approximation of the solution to the regularized problem —
(4.4) exhibits an asymptotic plateau for h tending to zero, where the value of
the plateau decreases as o tends to zero. When the regularization parameter o
is set to zero, from Theorem [6.2] and standard interpolation error estimates we
expect the velocity and the temperature errors to behave like h2(p*1), while the
pressure error as h2(P=1D*  The obtained convergence results are coherent with
the theoretical estimates in Theorem in particular the rate of convergence
of the pressure error decreases with p. However, it seems that the asymptotic
regime is not yet reached; a similar numerical behavior, in the context of iso-

thermal non-Newtonian fluids has been also observed, e.g., in [19].
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Figure 2: Test 2. Convergence test for the Carreau model with Neo = 0,m0 = 2.\ =
1,p = 2 and different values of the regularization parameter o using P2/P1/P2 finite

elements.
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Figure 8: Test 2. Convergence test for the Carreau model with Neec = 0,m0 = 2,\ =
1,p = 1.6 and different values of the regularization parameter o using P2/ P1 /P2 finite
elements.
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Figure 4: Test 2. Convergence test for the Carreau model with Neec = 0,0 = 2, \ =
1,p = 1.2 and different values of the regularization parameter o using P2/ P1 /P2 finite
elements.

Similar comments apply when P3/Pa/Ps finite elements are employed. In
this case we expect the velocity and the temperature errors to behave like
h?’(”_l)7 while the pressure error to converge as R3P=1* The corresponding
results are reported in Figures 5] [6] and [7] for p = 2,1.6, 1.2, respectively.
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Figure 5: Test 2. Convergence test for the Carreau model with Neec = 0,10 = 2, \ =
1,p = 2 and different values of the regularization parameter o using Ps/P2/Ps finite

elements.
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Figure 6: Test 2. Convergence test for the Carreau model with Neec = 0,0 = 2, \ =
1,p = 1.6 and different values of the regularization parameter o using Ps/P2/Ps finite
elements.
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