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A computational model of the tumor
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Rancati, Maria Laura Costantino and Paolo Zunino

Abstract Radiotherapy consists in delivering a precise radiation dose to a specific
tumor target in order to eradicate tumor cells and to achieve local tumor control. The
definition of the most suitable radiotherapy treatment schedule is not trivial due to
the large tumor heterogeneity reported in clinical practice. The ultimate goal is to
prescribe a specific treatment pattern for each patient, considering all the different
radiobiological properties of the tumor / normal tissues to achieve the best final result
possible. The model presented in this work goes in this direction, analyzing oxygen
dependency and the role of the vascular network in the tumor microenvironment,
since the efficacy of radiation therapy also depends on local oxygen availability. The
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main purpose of this work is to develop a mathematical model that describes the
interaction between microvascular oxygen transfer and the efficacy of fractionated
radiotherapy.

1 Introduction

Radiotherapy is recommended as part of treatment for more than 50% cancer pa-
tients [12]. It delivers a precise radiation dose to a specific tumor target to eradicate
clonogenic (tumor) cells and achieve local tumor control. Identifying the most ap-
propriate radiotherapy treatment schedule is not trivial due to the large tumor het-
erogeneity reported in clinical practice. Different tumor aggressiveness, tissue and
tumor sensibility to radiation (i.e., radiosensitivity), and also possible microscopic /
macroscopical tumor spread raise the level of complexity in radiotherapy treatment
planning [5]. The ideal scenario would be the prescription of a specific treatment
pattern for each patient, considering all radiobiological properties of the tumor / nor-
mal tissues and achieving the best final outcome possible. The model presented in
this work moves exactly in this direction through the analysis of two specific factors
that affect radiotherapy: oxygen dependency and the role of the vascular network.

Modern treatment planning guidelines in radiotherapy include dose fractionation
[35], which consists of dividing the total dose into a set of daily dose fractions, with
the purpose of minimizing side effects. The choice of the specific schedule (i.e.,
how many fractions, the amount of dose in each fraction, and the time gap between
consecutive fractions) is driven by the radiobiological properties of the tumor and
the normal tissues surrounding the target [8]. Normal tissue generally benefits from
a high number of small-dose fractions, and tumors are somewhat less sensitive to
fractionation.

Individual treatment planning and dose fractionation are determined by many factors,
including those provided by radiobiological models, which describe the effect of
radiation on cells and tissue [24]. When cells are irradiated, the integrity of the
DNA structure is affected, and in some cases, huge modifications may appear in the
genome. Radiation exposure can directly cause the rupture of chemical bonds that
build up DNA or produce indirect damage by ionization of some molecules (e.g.
water, with the formation of free radicals) that will enter in contact with DNA and
cause chain breaks. At this level, the oxygen present in the vascular microenvironment
plays a crucial role, stabilizing the radicals already formed, and thus securing the
damage [9]. In case of low oxygen concentration, this process is impaired, leading to
radioresistant behavior [14]. To evaluate the efficacy of radiotherapy, the concept of
cell surviving fraction (SF) is commonly adopted, as it quantifies the proportion of
cells that survive exposure to doses. Its value is a number in the range of 0 to 1, often
expressed as a percentage. Different radiobiological models have been proposed
to accurately predict SF before starting the radiotherapy treatment. Among them,
the Linear-Quadratic (LQ) model is the gold standard, thanks to its simplicity and
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prediction capabilities [26]. It assumes a proportionality between cell SF and the
dose delivered, expressing the absorbed energy per unit mass of tissue (measured in
Gray [Gy=J/Kg] in the SI system).

In this work, we consider a computational model to analyze the spatial distribution of
the partial pressure of oxygen, or concentration, in the vascular microenvironment,
deducing from different scenarios the importance of biological, mechanical and fluid
parameters in the consequent hypoxia condition. Microvascular oxygen delivery is
typically analyzed computationally, reducing the dimensionality of the vasculature
by utilizing different methods. Models that account for the local morphology of the
microvasculature have been developed recently, describing the microvasculature as
a collection of localized sources, see for example [41] and more recently [13, 44].
This seminal idea has evolved into advanced multiphysics approaches [22, 33, 34],
embracing vascular and interstitial flow, red blood cell transport, oxygen transport,
angiogenesis, and enabling mesoscale analysis of the vascular microenvironment.

However, few of these models have been applied to study RT and tumor microen-
vironment. Scott and colleagues described the interaction between vascular density
and a morphological index [40]. In a subsequent study, the same authors showed the
importance of microvascular oxygen transport [11].

The main purpose of this work is to bridge the gap between advanced models
of the vascular microenvironment and the application of radiobiological models to
formulate fractionated radiotherapy plans. We achieve this goal using a mathematical
model that describes the interaction between microvascular oxygen transfer and the
efficacy of fractionated radiotherapy.

2 An oxygen transport model coupled to radiotherapy

In this section, partial differential equations (PDE) are used to model the physics of
transport phenomena in the vascular microenvironment. Then the model is coupled
with a radiobiological model to include the effect of radiotherapy.

2.1 A mixed-dimensional oxygen transport model

The mathematical framework of the vascular microenvironment is inherited from
previous work by Possenti et al., where oxygen transport in a piece of tissue was
modeled [32, 34]. In this chapter, the basic equations of the model are described in
order to provide a context for the coupling with radiotherapy. The quantity of interest
in this microcirculation problem is the oxygen concentration, transported both as
free oxygen concentration (𝐶) and bounded to hemoglobin (𝐶𝐻𝑏𝑂2). Hemoglobin
is a macromolecule incorporated in red blood cells (RBCs), which can chemically
bond with oxygen molecules. In this way, oxygen is transported through the blood
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vessel thanks to the red blood cells. Furthermore, oxygen could diffuse out of the
RBC and then out of the vessel, crossing the vascular wall. For this reason, two
regions are identified: Ω𝑡 , corresponding to the tissue, and Ω𝑣, related to the vascular
network (plasma and RBCs). The geometry of the vessels is reduced to a 1D object,
identified by Λ [23, 34]. In the transport problem, oxygen concentration is treated as
a function of both space and time: 𝐶 = 𝐶 (𝑥, 𝑡). Depending on the physical domain
in which 𝐶 is defined, a different notation is used for tissue or vessel. If the oxygen
concentration in the tissue is considered, we use 𝐶𝑡 and measure it using measured
using 𝑚𝑙𝑂2/𝑚𝑙𝑡𝑖𝑠𝑠𝑢𝑒. On the contrary, the oxygen concentration in the vessel is
indicated as 𝐶𝑣, where a different set of units is adopted, namely 𝑚𝑙𝑂2/𝑚𝑙𝑏𝑙𝑜𝑜𝑑 .
Furthermore, two main assumptions are included, back from the previous work [34]:

• Steady state condition: the model does not consider time derivatives. It is reason-
able to assume transport phenomena in microcirculation to occur in a slow-paced
way, neglecting any transient variation to the physical quantities involved;

• Absence of body forces: no body forces (i.e. gravity, inertia) are included in this
work.

We start with blood flow in the microvascular network. A mass balance is established
for the transport of oxygen across the capillary membrane. In this scenario, it is
important to note that oxygen is present as a free concentration as well as bound
to hemoglobin 𝐶𝑡𝑜𝑡 = 𝐶𝑣 + 𝐶𝐻𝑏𝑂2 , which must be considered. Moreover, two
assumptions are required:

• Oxyhemoglobin cannot diffuse through the membrane: once the oxygen is bound
to hemoglobin (inside RBC) the oxyhemoglobin molecule is successfully created.
This molecule cannot diffuse outside the RBCs and therefore through the capillary
membrane because of its large size;

• Temporal dynamics of oxygen diffusion through RBC is neglected: when oxygen
leaves or enters the RBC, a diffusion process takes place. However, this kind
of phenomenon is considered instantaneous in this framework, so it will not be
relevant to the modeling.

Then, the general 3D transport equation of oxygen in the vessel could be written as:

𝜋𝑅2 𝐷𝑣
𝜕2𝐶𝑣

𝜕𝑠2
− 𝜋𝑅2 𝜕 (𝑢𝑣 𝐶𝑡𝑜𝑡 )

𝜕𝑠
= −𝐽𝑂2 . (1)

The main mechanisms that regulate oxygen transport in the tissue surrounding the
vascular network are the following:

• Diffusion: this term describes oxygen diffusion in Ω𝑡 . It is mainly governed by
the diffusion coefficient 𝐷𝑡 , expressed in 𝑚2/𝑠;

• Advection: it represents the motion of oxygen by convection, regulated by velocity
𝑢𝑡 , expressed in 𝑚/𝑠;
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• Reaction: a sink term, illustrated by M, the consumption coefficient. It accounts
for the amount of oxygen consumed by the tissue and is measured in 𝑚𝑙 𝑂2/𝑐𝑚3.

Based on the aforementioned assumptions, the transport equation in the tissue reads:

∇ · (𝐷𝑡∇(𝐶𝑡 )) − ∇ · (ut 𝐶𝑡 ) + 𝑀 𝐶𝑡 = 𝐽𝑂2 on Ω𝑡 . (2)

Finally, the oxygen transfer model is completed by describing the mechanisms that
govern the tissue-vessel interaction. This model describes the total mass flow of
oxygen 𝐽𝑂2 , which accounts for the sum of the diffusive mass flow (𝐽𝑑𝑖 𝑓 𝑓 ) and
convective (𝐽𝑎𝑑𝑣) mass flow. Exploiting the theory of passive transport through
semipermeable membranes, this term is modeled thanks to the Kedem-Katchalsky
equation [17] as:


𝐽𝑑𝑖 𝑓 𝑓 = 2𝜋𝑅 𝑃𝐿 (𝐶𝑣 − 𝐶𝑡 )

𝐽𝑎𝑑𝑣 = 2𝜋𝑅
(
𝐶𝑣 + 𝐶𝑡

2

)
𝐿𝑝 (Δ𝑃 − 𝜎Δ𝜋)

𝐽𝑂2 = 𝐽𝑑𝑖 𝑓 𝑓 + 𝐽𝑎𝑑𝑣,

(3)

where 𝐿𝑝 is the hydraulic conductivity of the microvascular wall and 𝜋 is the
osmotic pressure and 𝑃𝐿 is the vascular wall permeability to oxygen. We point out
that, for small molecules, diffusion across the endothelial layer dominates greatly
over transport. For example, using the parameters reported in Table 1 for oxygen,
we see that the coefficient 2𝜋𝑅 𝑃𝐿 of 𝐽𝑑𝑖 𝑓 𝑓 is four orders of magnitude higher
than 2𝜋𝑅 𝐿𝑝 appearing in 𝐽𝑎𝑑𝑣. The second term on the right-hand side of (3) is
important if the semi-permeable model is used for the transfer of large molecules,
such as proteins, or to model very leaky vessels that can appear in the case of tumors.

2.2 Constitutive laws of the oxygen transport model

The model previously described is complemented by the following (non-linear)
constitutive laws, namely, the Michaelis-Menten equation and the oxyhemoglobin
concentration. The former describes the non-linear behavior of the oxygen consump-
tion rate:

𝑀 (𝑝𝑂2) = 𝑉𝑚𝑎𝑥
𝑝𝑂2

𝑝𝑂2 + 𝑃𝑚50

, (4)

where the consumption rate 𝑀 is described as a function of oxygen partial pressure
𝑝𝑂2. The other two parameters are the maximum consumption rate in the tissue
𝑉𝑚𝑎𝑥 (𝑚𝑙𝑂2/𝑐𝑚3/𝑠) and the partial pressure of oxygen at half the consumption rate
𝑃𝑚50 (𝑚𝑚𝐻𝑔). Henry’s law is applied (𝐶 = ^𝑃), where a linear relationship between
gas concentration and partial pressure is assumed. The linear parameter introduced
(^) represents the gas solubility in the environment and is a function of temperature
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(^ = ^(𝑇)). So, Equation (4) is modified as:

𝑀 (𝐶𝑂2 ) = 𝑉𝑚𝑎𝑥
𝐶𝑂2

𝐶𝑂2 + ^𝑡 𝑃𝑚50

. (5)

For𝑉𝑚𝑎𝑥 and 𝑃𝑚50 , physiological values from the literature will be adopted (𝑉𝑚𝑎𝑥 =
6.17 · 10−5 𝑚𝑙𝑂2/𝑐𝑚3/𝑠, 𝑃𝑚50 = 1.0 𝑚𝑚𝐻𝑔 ) [33]. The oxygen solubility in the
interstitium (^𝑡 = 3.89 · 10−5 𝑚𝑙𝑂2/𝑐𝑚3/𝑚𝑚𝐻𝑔) is introduced and when coupled
with 𝑃𝑚50 gives rise to the Michaelis-Menten constant 𝐾𝑀 (= ^𝑡 𝑃𝑚50).

The nonlinearity of the oxyhemoglobin concentration is described by the Hill equa-
tion to account for the saturation of RBC. In fact, the overall oxyhemoglobin concen-
tration could be defined as 𝐶𝐻𝑏𝑂2 = 𝐶𝐻𝑏 𝑆(𝑝𝑂2) that involves the concentration of
hemoglobin in the blood (𝐶𝐻𝑏) and the saturation of hemoglobin within the RBC,
named 𝑆(𝑝𝑂2). Furthermore, hemoglobin concentration depends on the binding
capacity of heme groups 𝑁 , the amount of hematocrit (𝐻𝑡 ) in the blood (number
of RBCs), and the Mean Corpuscular Hemoglobin Concentration (𝑀𝐶𝐻𝐶), repre-
senting the concentration of Hb in each RBC. As a result, we obtain 𝐶𝐻𝑏 = 𝑘1 𝐻𝑡 ,
where 𝑘1 = 𝑁 𝑀𝐶𝐻𝐶. Oxygen saturation can be modeled using the Hill equation
as follows:

𝑆(𝑝𝑂2) =
𝑝𝑂

𝛾

2

𝑝𝑂
𝛾

2 + 𝑃𝛾𝑠50

. (6)

The formulation is similar to the Michaelis-Menten formula (Eq. (4)), except for the
Hill constant 𝛾 and 𝑃𝑠50 , the partial pressure of oxygen when hemoglobin reaches
half saturation. Thus, applying Henry’s law once again (𝐶 = ^ 𝑃):

𝐶𝐻𝑏𝑂2 = 𝑘1 · 𝐻𝑡 ·
𝐶
𝛾

𝑂2

𝐶
𝛾

𝑂2
+ 𝑘𝛾2

(7)

where 𝑘2 = (^𝑝𝑙 𝑃𝑠50 )𝛾 is introduced to simplify the notation. Table 1 summarizes
the values adopted in this work, obtained by fitting the Hill curve under physiological
conditions [38].

Including the non-linear terms (Eq. (7) and Eq. (5)) in the transport problem (Eq. (2)),
the overall system reads as follows:

∇ · (𝐷𝑡∇(𝐶𝑡 )) − ∇ · (ut 𝐶𝑡 ) +𝑉𝑚𝑎𝑥
𝐶𝑡

𝐶𝑡 + 𝐾𝑀
=

2𝜋𝑅 [𝑃𝐿 (𝐶𝑣 − 𝐶𝑡 ) +
(
𝐶𝑣 + 𝐶𝑡

2

)
𝐿𝑝 (Δ𝑃 − 𝜎Δ𝜋)] on Ω𝑡

𝜋𝑅2 𝐷𝑣
𝜕2𝐶𝑣

𝜕𝑠2
− 𝜋𝑅2 𝜕 (uv 𝐶𝑣)

𝜕𝑠
− 𝜋𝑅2 𝜕

𝜕𝑠

(
uv 𝑘1 𝐻𝑡

𝐶
𝛾
𝑣

𝐶
𝛾
𝑣 + 𝑘2

)
=

−2𝜋𝑅 [𝑃𝐿 (𝐶𝑣 − 𝐶𝑡 ) +
(
𝐶𝑣 + 𝐶𝑡

2

)
𝐿𝑝 (1 − 𝜎𝑜𝑥𝑦) (Δ𝑃 − 𝜎Δ𝜋)] on Λ.

(8)
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2.3 The Linear-Quadratic radiobiological model

Radiotherapy consists in delivering a precise radiation dose to a specific tumor target
in order to control the proliferation of clonogenic cells and possibly eradicate them.
Evaluation of the cell death rate becomes crucial in this regard. Through clonogenic
assays, for example, it is possible to quantify in-vitro the number of cells before and
after radiation exposure, ensuring the clinical outcome prescribed by clinicians. To
this purpose, the cell surviving fraction (SF) is evaluated, consisting of the proportion
of cells that survive exposure to dose (i.e. cells that can still form colonies), usually
computed as a percentage.

The eradication of cells described above is directly proportional to the total dose
administered. Clinicians generally prescribe a sufficient dose to completely eradicate
a tumor (SF close to 0), but the dose is typically not administered all at once. Indeed,
the concept of fractionation is adopted, consisting of subdividing the dose into a
set of dose fractions generally administered in time according to the radiobiological
properties of the tumor and the surrounding tissues involved. The use of fractionation
is justified by the 4R principle of radiobiology, demonstrating that splitting the dose
into fractions brings benefits in terms of repair, repopulation, redistribution, and
reoxygenation [28]. Tumors (and normal tissues) are dynamic elements constantly
subjected to a very intense biological activity. Fractionation gives the possibility to
normal tissue (slow proliferation, late responding cell) to repair part of the damage
from one fraction to the next, while tumors (high proliferation, acute responding
cells) are not affected by this process. Furthermore, improvement in terms of reoxy-
genation in tumors after every single fraction is related to vascular reorganization
after vascular damage, enhancing oxygen redistribution in the tumor, and thus in-
creasing the efficacy of radiotherapy in the next fraction. Due to these biological
properties, an adequate and well-designed fractionation can widen the "therapeutic
window", that is, increase the probability of eradicating the tumor without affecting
the surrounding normal tissues [39].

The use of mathematical models in radiobiology has been well established since the
past century, when the first type of model was developed to help investigators analyze
and predict the effect of radiation exposure [4]. The Linear-Quadratic (LQ) model
is the gold standard due to its simplicity and prediction capabilities. In this model, a
lethal event in a single cell (single energy deposition causing a double-strand break
in DNA) is taken into account by the linear term (𝛼), whereas a sequence of multiple
events causing a double-strand break (i.e. interaction of multiple radiation tracks)
is demanded by the second-order term (𝛽) [27]. The model was first described by
Sinclair et al. in 1966 when the aim was to find a mathematical expression to fit
the experimental data [43]; then Kellerer and Rossi (1971) formally derived the LQ
model framework from the previous studies in single- and multihit models [18]. The
formal equation of the LQ model is the following:

𝑆𝐹 (𝐷) = exp(−𝛼𝐷 − 𝛽𝐷2). (9)
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This equation shows the surviving fraction (𝑆𝐹) as a function of the total dose pro-
vided (𝐷) through some general parameters (𝛼, 𝛽), representing the radiosensitivity
of the tissue. The SF value is a number in the range of 0 to 1 (also expressed as
a percentage) and is represented on a logarithmic scale. The formalism used is the
standard, where a complete repair of sublethal damage between one fraction and
the following is assumed. The linear parameter 𝛼 [𝐺𝑦−1] models the lethal damage
provided to cells after one single hit, so it is linearly related to the dose. The quadratic
parameter 𝛽 [𝐺𝑦−2] instead involves the accumulation of damage after multiple hits,
proportional to the square of the dose administered. The value of these parameters
depends on the ability of the tissue to resist radiation exposure, according to the type
of cells involved and other tissue properties.

2.4 Coupling the oxygen transport and the radiobiological models

Describing the effect of radiotherapy on vascularized tissue is a very complex task
[1, 45]. Radiation can start and accelerate atherosclerosis, leading to problems such
as stroke and heart disease. In the tumor microenvironment, exposure to radiation
has many effects: damage DNA, affect small blood vessels in both tumor and healthy
tissue, and alter the way the immune system responds. Specifically, radiation harms
endothelial cells (cells that line blood vessels). They become leaky, detach from their
usual place, and can die. This dysfunction and cell death can cause inflammation,
scarring, and blood clotting after radiation. Although changes caused by radiotherapy
depend on the dose and type of radiation, predicting exactly how the TME will change
is still a great challenge. Additionally, radiation can damage small blood vessels
outside the tumor. The severity of the damage depends on the importance of the
organ or system involved. Responses of normal tissues to radiation, both immediate
and delayed, can limit the dose used in RT and affect the effectiveness of treatment
and the patient’s quality of life. It is vital to understand how radiation impacts small
blood vessels in the tumor, but it has been difficult to study because of the challenges
of watching how all these components respond together over time and in a living
body. Traditional statistical models, which are heavily based on collecting a lot of data
and finding associations between variables and outcomes, are not good at describing
this complex environment. In conclusion, when considering vascular damage, its
implications remain unclear, especially in a manner that facilitates integration within
a model. Similarly, this claim is applicable to the remodeling of the vascular network.
Currently, there is a paucity of data to elucidate how this occurs without resorting to
substantial assumptions.

For these reasons, we present here a simplified model that accounts for the effect
of radiotherapy on the vascular microenvironment, with the aim of coupling radio-
therapy with oxygen transport. This model only addresses the effect of radiotherapy
on the oxygen consumption rate, due to the variation in the number of cells in the
tissue after radiotherapy. Therefore, we obtain different oxygen distributions at each
fractionation step. In practice, we choose to modify the Michaelis-Menten formula
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for oxygen consumption. Therefore, the reaction term is modified as shown:

𝑀 (𝐶𝑡 ) = 𝑉𝑚𝑎𝑥
𝐶𝑡

𝐶𝑡 + 𝐾𝑀
𝑆𝐹 (𝐶𝑡 ) (10)

introducing a multiplication by the surviving fraction (𝑆𝐹). As the number of viable
cells decreases during treatment, the consumption rate 𝑀 also decreases, affecting
the simulation of 𝐶𝑡 . This effect is relevant only in the tissue domain (Ω𝑡 ), since,
as discussed above, radiation damage to the vessels is not addressed in this work.
Furthermore, we neglect the possible dynamic process of cell death (e.g., death via
a later mitotic catastrophe), assuming that cell death occurs before the subsequent
fraction.

To calculate 𝑆𝐹 we start from the classic linear-quadratic model (9). According to
Wenzl and colleagues, 𝛼 and 𝛽 could be directly calculated, introducing the effect
of the partial pressure of oxygen and the linear energy transfer parameter (LET),
namely the amount of energy transferred per unit distance, depending on the type of
radiation and its features [49, 50]. The radiosensitivity parameters are defined as,

𝛼 (𝑝𝑂2, 𝐿𝐸𝑇) =
(𝑎1 + 𝑎2 𝐿𝐸𝑇) · 𝑝𝑂2 + (𝑎3 + 𝑎4 𝐿𝐸𝑇) · 𝐾

𝑝𝑂2 + 𝐾√︁
𝛽 (𝑝𝑂2) =

𝑏1 𝑝𝑂2 + 𝑏2 𝐾

𝑝𝑂2 + 𝐾

(11)

where 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑏1, 𝑏2 are parameters obtained by fitting in vitro data [49].
Instead, the coefficient 𝐾 , is the oxygen tension at which the relative radiosensitivity
reaches half of its maximum value and in this case is assumed equal to 2.5 mmHg
[38]. As usual, each equation written in terms of oxygen partial pressure is rewritten
as a function of the oxygen concentration thanks to the Henry’s law (𝑝𝑂2 (𝑥) =

𝐶𝑡 (𝑥)/^𝑡 ). Thus, the surviving fraction reads as follows:



𝑆𝐹 (𝐶𝑡 ) = 𝑒𝑥𝑝
(
−𝛼(𝐶𝑡 ) 𝐷 − 𝛽(𝐶𝑡 ) 𝐷2)

𝛼 (𝐶𝑡 , 𝐿𝐸𝑇) =
(𝑎1 + 𝑎2 𝐿𝐸𝑇) ·

𝐶𝑡

^𝑡
+ (𝑎3 + 𝑎4 𝐿𝐸𝑇) · 𝐾

𝐶𝑡

^𝑡
+ 𝐾

√︁
𝛽 (𝐶𝑡 ) =

𝑏1
𝐶𝑡

^𝑡
+ 𝑏2 𝐾

𝐶𝑡

^𝑡
+ 𝐾

(12)

As mentioned above, fractionation consists of subdividing the total dose prescribed
to the patient into smaller doses, called "fractions", in order to reduce normal tissue
damage to the surroundings. To include the concept of fractionation, the fractiona-
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tion index 𝑧 is introduced. The fractionation index describes the distribution of dose
fractions in the tumor and, therefore, the analysis of different fractionation patterns
adopted by clinicians. The resulting 𝑆𝐹 will be evaluated fraction by fraction, sum-
ming the effect of those previously calculated. So, the fractionation index is defined
as 𝑧 = 1, 2, 3, .., 𝑛𝑧 (𝑧 ∈ N), where 𝑛𝑧 is the total number of fractions in which the
total dose is subdivided. The counter on 𝑧 progresses with the number of fractions
effectively delivered. The fractionation index is initially set equal to 1 because at
least one dose fraction is supposed to be released.

In this setting, the linear/quadratic model applied to a sequence of radiotherapy
sessions, i.e. a fractionated treatment, is obtained from equation (12) as follows:

𝑆𝐹 (𝑧) (𝐶𝑡 ) = 𝑆𝐹 (𝑧−1) 𝑒𝑥𝑝
[
(−𝛼 (𝑧)𝐷 − 𝛽 (𝑧)𝐷2)

]

𝛼 (𝑧) (𝐶𝑡 , 𝐿𝐸𝑇) =
(𝑎1 + 𝑎2𝐿𝐸𝑇) ·

𝐶
(𝑧−1)
𝑡

^𝑡
+ (𝑎3 + 𝑎4𝐿𝐸𝑇) · 𝐾

𝐶
(𝑧−1)
𝑡

^𝑡
+ 𝐾

√︁
𝛽 (𝑧) (𝐶𝑡 ) =

𝑏1
𝐶

(𝑧−1)
𝑡

^𝑡
+ 𝑏2𝐾

𝐶
(𝑧−1)
𝑡

^𝑡
+ 𝐾

(13)

The transition between the previous radiation exposure, indicated as 𝑧 − 1, and the
current one, 𝑧, determines the dose accumulation process. Initial conditions are
required to exploit the capability of the model fully:

• 𝑆𝐹 (0) must be set equal to 1 as it corresponds to the non-irradiation condition;

• 𝐶
(0)
𝑡 corresponds to the oxygen distribution before the treatment starts. It is

computed by assuming 𝑆𝐹 (0) .

At this point, we are ready to couple the vascular microenvironment model with the
one for fractionated radiotherapy. Starting from (8), we replace (10) with the original
Michaelis-Menten term, 𝑉𝑚𝑎𝑥 𝐶𝑡

𝐶𝑡+𝐾𝑀
. Then we express the survival fraction after

each radiotherapy session as (13). In conclusion, the coupled model becomes:
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∇ · (𝐷𝑡∇(𝐶 (𝑧)
𝑡 )) − ∇ · (ut 𝐶

(𝑧)
𝑡 ) +𝑉𝑚𝑎𝑥

𝐶
(𝑧)
𝑡

𝐶
(𝑧)
𝑡 + 𝐾𝑀

𝑆𝐹 (𝑧−1) =

2𝜋𝑅 [𝑃𝐿 (𝐶 (𝑧)
𝑣 − 𝐶 (𝑧)

𝑡 )

+(
𝐶

(𝑧)
𝑣 + 𝐶 (𝑧)

𝑡

2
)𝐿𝑝 (1 − 𝜎𝑜𝑥𝑦) (Δ𝑃 − 𝜎Δ𝜋)] on Ω𝑡

𝜋𝑅2 𝐷𝑣
𝜕2𝐶

(𝑧)
𝑣

𝜕𝑠2
− 𝜋𝑅2 𝜕 (uv 𝐶

(𝑧)
𝑣 )

𝜕𝑠
− 𝜋𝑅2 𝜕

𝜕𝑠
(uv 𝑘1 𝐻𝑡

𝐶
(𝑧) ,𝛾
𝑣

𝐶
(𝑧) ,𝛾
𝑣 + 𝑘2

) =

−2𝜋𝑅 [𝑃𝐿 (𝐶 (𝑧)
𝑣 − 𝐶 (𝑧)

𝑡 )

+(
𝐶

(𝑧)
𝑣 + 𝐶 (𝑧)

𝑡

2
)𝐿𝑝 (Δ𝑃 − 𝜎Δ𝜋)] on Λ

(14)

The model (14) represents a sequence of states of the vascular microenvironment
during fractionated radiotherapy based on a quasi-static modeling approach. The
simulation of a fractionated therapy requires an iterative process that describes how
the tissue oxygenation and the survival fraction evolve from one fraction to the next
one through the following steps:

• solve for the oxygen concentration in the tissue 𝐶𝑡 and in the vessel 𝐶𝑣;

• update the value of 𝑆𝐹, function of 𝐶𝑡 obtained at the previous step;

• move to the next dose fraction, where 𝑆𝐹 will directly influence the oxygen
distribution;

• back to the start till the end of the treatment.

2.5 Numerical methods

For complex geometrical configurations, explicit solutions of the oxygen transfer
problem, namely problem (14), are not available. Numerical simulations are the only
way to apply the model to real cases. The discretization of these models, described in
[32], is achieved by the finite element method. Because of the particular mathemat-
ical structure of the model, based on mixed-dimensional differential equations, no
commercially available simulator can handle it. All simulations have been performed
using an internal C++ code based on the GetFem++ open source library [36].

The main advantage of the mixed-dimensional formulation adopted here is that the
discretizations of the equations defined in the tissue and in the vascular network
are completely independent in terms of the computational grids and the numerical
schemes. We discretize the vascular network branches as separate subdomains. Each



12 Authors Suppressed Due to Excessive Length

of them is approximated by a piecewise straight line. The problems of blood flow
and oxygen transfer are approximated using continuous piecewise-polynomial finite
elements. The interstitial flow problem is approximated using mixed finite elements.

Because of the non-linear constitutive laws of the model, the problem formulated
for each step of the sequence (14) has been further linearized by means of a fixed-
point approach, and the solution of the coupled problem has been reached via an
iterative process. At each iteration, the numerical discretization schemes described
above provide a high-dimensional linear system of equations solved by means of
state-of-the-art linear (iterative) solvers with suitable preconditioners. For further
details on the computational methods, we refer to [23, 34].

The virtual tissue sample considered in this work consists of 500 `𝑚 × 500 `𝑚 ×
500`𝑚 and has been discretized by means of a uniform tetrahedral mesh of 15
nodes on each side. Linear finite elements were used to perform the numerical
discretization consisting of 4358 degrees of freedom (DOF). The discretization of
the vascular network, instead, depends on the effective number of vessels introduced,
precisely 28, 181, and 496 vessels, respectively, for the V2, V18, V36 (described
below) corresponding to 560, 5021, and 9928 DOFs used for the discretization of
each case. This numerical resolution has been considered satisfactory after a mesh-
sensitivity analysis. In particular, the 𝐿2-mean relative error in the approximation of
oxygen concentration, 𝐶𝑡 , between the considered mesh and a new lower resolution
mesh (precisely 11 × 11 × 11 points per side) was less than 1%.

3 Numerical simulations of the interaction of radiotherapy and
the tumor microenvironment

In this section, we investigate the role of the tumor microenvironment in radiother-
apy using the mathematical and computational tools presented before. We start by
reporting in Table 1 the set of parameters used to initialize the model (14), except
for some specific aspects related to radiobiological data that will be handled case by
case. The sensitivity of the model on these parameters has recently been studied in
[46].

A set of Voronoi capillary networks was inherited from previous work [32, 34],
allowing simulations of different capillary densities. In fact, the blood network is
crucial in defining the oxygen distribution within the tumor, leading to hypoxic or
normoxic regions [46]. More precisely, we adopted three types of vascular networks:

• V2: low capillary density characterized by 28 capillaries;

• V18: high capillary density made up of 181 capillaries;

• V36: hyper-vascularized, consisting of 496 capillaries.
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Parameter Definition Value Ref.
𝐷 Characteristic length of the problem 5 · 10−4 m [34]
𝑅 Average radius of the capillary 4 · 10−6 m [34]
𝐾 Tissue hydraulic conductivity 3.6 · 10−17 m2 [42]
`𝑡 Interstitial fluid viscosity 1.2 · 10−3 cP [34]
`𝑣 Blood viscosity 3 · 10−3 cP [34]
𝐿𝑝 Wall hydraulic conductivity 1.4 · 10−10 m2 s kg−1 [37]
𝜋𝑣 Oncotic plasma pressure 2639.34 Pa [15]
𝜋𝑡 Oncotic interstitial pressure 1999.5 Pa [44]
𝜎 Reflection coefficient 0.82 [42]
𝜎𝑜𝑥𝑦 Oxygen reflection coefficient 0.0 −
𝑃𝐿 Permeability coefficient 3.5 · 10−5 m/s [7],[22]
𝐷𝑣 Diffusivity coefficient in vessels 2.18 · 10−9 𝑚2/𝑠 [25]
𝐷𝑡 Diffusivity coefficient in tissue 2.41 · 10−9 𝑚2/𝑠 [25]
𝑉𝑚𝑎𝑥 Oxygen consumption rate in tissue 2.47 · 10−4 𝑚𝑙𝑂2/𝑐𝑚3/𝑠 [48]
𝐶𝑖𝑛 Vessel inlet oxygen concentration 3 ·10−3 𝑚𝑙𝑂2/𝑚𝑙𝐵
𝑁 Bound coefficient 1.36 𝑚𝑙𝑂2/𝑔𝐻𝑏
𝛾 Hill constant 2.64 −

𝑀𝐶𝐻𝐶 Hb concentration in RBC 0.34 𝑔𝐻𝑏/𝑚𝑙𝑅𝐵𝐶
𝑃𝑠50 𝑝𝑂2 at half saturation 27 𝑚𝑚𝐻𝑔

Table 1: Set of parameters adopted to solve the oxygen transport model.

For each of these networks, Murray’s law was adopted to model the generation of the
daughter vessel in the bifurcation process [34]. Furthermore, the ranges of capillary
density considered were estimated based on the surface-to-volume ratio, namely
the value of the lateral capillary surface over the volume of the tissue, precisely
𝑆/𝑉 = 10.19, 70.90, 144.16𝑚𝑚−1 for cases V2, V18, V36 respectively.

We note that the virtual tissue sample of 500 `𝑚 × 500 `𝑚 × 500`𝑚 captures a
small portion of any reasonably developed vascularized tumor. In these conditions,
the variability of network structure and influence of the artificial boundaries may
play a non-negligible role, also depending on the quantity of interest. The sensitivity
of oxygen transfer to vascular density and distribution has been extensively discussed
in [46], showing that for oxygenation the physical parameters (that is, those in Table
1 dominate over the variability of the vascular network. More precisely, 𝐶𝑖𝑛 and
𝑉𝑚𝑎𝑥 are the factors that influence primarily the mean value of the partial pressure
in the tissue. Based on this evidence, we claim that the results presented in this
work would not be significantly affected if a larger tissue sample were used, with a
considerable increase in computational cost. To overcome this limitation, we have
recently developed a surrogate model of (8) that takes advantage of deep learning-
accelerated model order reduction techniques, enabling to solve the equations of the
model in fraction of the time needed by the current approach [47].
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3.1 The effect of fractionated radiotherapy

We study the effect of different fractionation patterns in order to maximize the
effect of the total dose and simultaneously reduce the damage to normal tissue.
New radiotherapy and online imaging technologies have allowed the spread of the
so-called Stereotactic Body Radiation Therapy (SBRT) providing high doses (6-
30 Gy) per fraction in a few fractions (1-8) [10, 29]. For this purpose, new ways
of dose delivery have been proposed in recent years. A variety of dose patterns
are generally reported in the literature, but there is a lack of agreement in the
clinical radiobiology community on the optimum fractionation pattern. Thus, three
radiotherapeutic patterns are considered here, from single-dose irradiation (1x48Gy)
to more realistic hypofractionated patterns (4x12Gy, 6x8Gy) [3].

We simulate poorly perfused tissue characterized by the V2 network. The hypofrac-
tionation patterns performed were 1x48Gy, 4x12Gy, and 6x8Gy, displaying the same
total dose (𝐷𝑡𝑜𝑡 = 48 Gy) but released differently over time. Every fraction was de-
livered day by day, despite the large dose administered.

The main results of these simulations are shown in Figure 1. The non-homogeneity
depicted in 𝑆𝐹 is affected by the low vascular density assumed in this case. It is
a possible representation of tumor tissue, where hypoxic regions coexist with nor-
moxic ones to create a heterogeneous distribution of oxygen. We note that in the
single-fraction treatment, 𝑆𝐹 reaches values close to the minimum (𝑆𝐹 ≈ 10−3) near
the vessels, indicated by the green spots on the map. However, it should be noted
that 1x48Gy is not a realistic treatment but a test case useful to make the comparison
(30 Gy in 1 single fraction is the current "ceiling" used for very small tumors, [3]).
For hypofractionated patterns, namely 4x12Gy and 6x8Gy, 𝑆𝐹 converges homoge-
neously to 10−3 at the end of the treatment (4° and 6° Fr, respectively) while the
1x48Gy case is only limited to an average of 10−1, despite the large dose delivered all
at once. This demonstrates that if a tumor is characterized by low oxygen supply due
to insufficient vascularization, as exemplified by the case of the V2 Voronoi network,
single dose irradiation is less effective in determining cell death compared to frac-
tionated treatments as it does not take advantage of reoxygenation after radiotherapy,
as will be extensively discussed in the following section.
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Fig. 1: Surviving fraction distribution within tumor volume. Different fractionation
patterns are reported to test the efficacy of hypofractionated radiotherapy.

3.2 The effect of reoxygenation after radiotherapy

In this section, we compare the effect of radiotherapy on a set of different vascular
networks, to account for the heterogeneity of tissue targets. In particular, Voronoi net-
works V2, V18, and V36 were used to simulate tumors (more precisely metastases)
that occur in various biological structures.

It is well known that hypoxic regions are more resistant to radiation therapy than
normoxic regions [9, 14], reducing the effect of radiation damage. Thus, tumor re-
oxygenation is one of the most important effects from a clinical point of view. It
consists of improving tissue oxygenation in the tumor after each fraction of treat-
ment. Hypoxic regions commonly arise in tumors, mainly due to the peculiar tumor
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microvasculature that originates during the chaotic process of tumor angiogenesis.
In fact, in a tumor vessel network, oxygen distribution is affected by defects in the
vascular structure, such as dead ends, tortuous paths, and leaky walls. As a con-
sequence, some parts of the tumor are not properly perfused, leading to hypoxic
conditions.

Parameter Definition Value Unit of measure Ref.
𝑎1 Wenzl’s parameter 0.15950134 1/𝐺𝑦 -
𝑎2 Wenzl’s parameter 0.00174001 `𝑚/(𝐺𝑦 · 𝑘𝑒𝑉 ) -
𝑎3 Wenzl’s parameter 0.03625030 1/𝐺𝑦 -
𝑎4 Wenzl’s parameter 0.00224752 `𝑚/(𝐺𝑦 · 𝑘𝑒𝑉 ) -
𝑏1 Wenzl’s parameter 0.09654740 1/𝐺𝑦 -
𝑏2 Wenzl’s parameter 0.00362053 1/𝐺𝑦 -

LET Linear energy transfer 2 𝑘𝑒𝑉/`𝑚 [49],[50]
K Wenzl’s𝑂2 concentration 2.5 𝑚𝑚𝐻𝑔 [49],[50]

Table 2: Radiobiological parameters for lung tumor.

Table 2 reports the radiobiological data adopted for the tumor tissue. Here, Wenzl’s
parameters for the modified LQ model were adjusted to achieve the radiosensitivity
properties of the lung, in particular, 𝛼 = 0.16 Gy−1 and 𝛼/𝛽 = 18 Gy [19].

The relationship between oxygen distribution and the corresponding surviving frac-
tion, intrinsically embedded in the radiobiological model, is depicted in Figure 2.
The heterogeneity of 𝑝O2 distribution is based on the capillary network adopted,
that is, V36, in this case. We observe that the central portion of the cubic domain is
characterized by a larger 𝑝O2 (e.g. 65 mmHg) with respect to the periphery (e.g. 50
mmHg). As a consequence, the 𝑆𝐹 map resembles the oxygen one: portions char-
acterized by high 𝑝O2 are inevitably more sensitive to radiation exposure, causing
significant cell death, where 𝑆𝐹 reaches values close to 0.0430, meaning that less
than 5% of cells survived treatment in the central portion. After radiation exposure,
the new cell distribution affects 𝑝O2 in the next fraction, increasing the oxygen dis-
tribution in the central region, where a lower value of surviving cells was recorded.
In addition, a more homogeneous oxygen pressure is generally achieved, reaching
values around 76 mmHg.
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Fig. 2: Local effect of oxygen pressure distribution on the surviving fraction of tumor
cells. Before irradiation (IR), the central portion of the tumor is well-oxygenated,
leading to significant cell death, as demonstrated by the vast blue area in SF. Finally,
the 𝑝O2 resulting after irradiation is depicted, where a more homogeneous oxygen
distribution is present thanks to the reduction of available tumor cells.

In Figure 3, we compare the effect of oxygenation on radiotherapy in three biological
tissues with different vascular densities. Here, the same radiation pattern is provided
in all the cases depicted, namely, a 4x12Gy, with the conventional one fraction per
day, despite the high dose delivered.

A ripple effect is induced when the oxygen pressure varies within the treatment:
the SF calculated for the previous fraction interacts with the oxygen consumption
coefficient, modifying the amount of oxygen consumed by the cells. In this way, the
consumption rate is reduced, leading to higher oxygen levels and a more uniform
oxygen distribution in the tissue after radiotherapy.

Fig. 3: Evolution of oxygen partial pressure in tumor tissue according to the phase of
radiotherapy cycle. A comparison among three types of vascular network is reported
to emphasize the effect of reoxygenation with different initial oxygen distribution.
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An example of effective reoxygenation is reported in the case of low vascular density,
namely V2, where tumor reoxygenation is crucial to achieving tumor control by
radiotherapy. Initially, the oxygen distribution is poor in the tumor, limiting radiation
damage. As the treatment progresses, radiotherapy reduces the number of surviving
cells and thus prepares the environment for the next fraction. Therefore, oxygen
could spread homogeneously within the tumor, reaching locations far from vessels.
At the end of treatment, the tumor reaches a fully oxygenated state, with a mean
value of 71.8 mmHg. In the V2 case, the effect of the initial distribution of oxygen
is evident, especially in affecting inter-fractions variations, unlike what happens for
V18 and V36, where a desired oxygen distribution is achieved after only one fraction.
Indeed, the high vascular density of these two latter cases generates a uniform oxygen
distribution from the beginning of treatment. In other words, radiotherapy is more
effective if the tumor is fully oxygenated, as illustrated in Table 3.

V2 V18 V36
SF𝐹𝑖𝑛𝑎𝑙 4.85 · 10−3 2.04 · 10−5 1.71 · 10−5

Table 3: Final value of SF in a 4x12Gy fractionation pattern considering the effect of
the vascular network. A lower value of SF is observed for well-oxygenated conditions,
namely V18 and V36.

Another interesting aspect relies on the comparison of the oxygen distribution using
different fractionation patterns on the same network (V2, in this case). The results
confirmed that fractionated patterns improve oxygen distribution; see Figure 4. In-
deed, the mean value of the partial oxygen pressure is 71.8 mmHg in the 6x8Gy
pattern (blue line in the figure) and 71.0 mmHg in the case 4x12Gy (red). The path
to reach the final point is different in the two cases, with the more fractionated therapy
guaranteeing higher oxygenation throughout the treatment. Providing a low dose per
day results in a less aggressive treatment that allows cell renewal and remodeling of
the vasculature through which oxygen diffusion is enhanced. A slight difference is
obtained between the two patterns in this scenario, since vasculature remodeling was
not included. Since having large dose fractions, such as 12 Gy, may cause serious
vascular damage, we expect a greater contribution of blood vessels in reoxygenation
as the vascular response to irradiation is introduced. As a result, oxygen transport
would be impaired.
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Fig. 4: Comparison of 𝑝O2 in 4x12Gy and 6x8Gy in lung tumors. Low-density
vascular network, V2, was adopted to emphasize the differences in reoxygenation.

3.3 The effect of vascular modifications due to radiotherapy

The impact of radiation on the microvasculature of a tumor is dose-dependent.
High doses above 10 Gy can completely compromise the integrity of the vessel.
Damage to the microvascular network can increase the number of hypoxic regions
within the tumor. In these regions, the effectiveness of radiation therapy is further
limited. The main effects of irradiation on blood vessels are mainly vascular collapse,
degeneration of the vascular wall, and inflammation, increasing vascular leakage and
permeability. Here, we focus mostly on the second factor, quantified as the increase
in vascular permeability due to radiation therapy. The role of permeability is critical
in defining the release of oxygen from vessels to tissue, as it determines whether
substances can cross the endothelial barrier or not. In fact, a change in permeability
has a pivotal effect, since a variation in oxygen concentration in the tissue greatly
influences the effect of radiotherapy and the final clinical outcome.

A huge discrepancy has been observed in the variation of permeability following
radiotherapy. Tumor heterogeneity is the main cause of this dispersion in the data.
The size of the tumor, the type of cells irradiated, and the stage of the tumor are
all elements that influence the surrounding microvasculature and thus the general
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response to radiation. In particular, a general trend for increased vessel permeability
is described in the literature immediately after irradiation. Table 4 provides an
example of the variability of the data.

Dose Cells irradiated Δ𝑃𝐿 Ref.
2 Gy Primary HUVEC +25% [21]
4 Gy Primary HUVEC +35% [21]

6x4.5 Gy Imaging (NSCLC patients) +8.4% (2°fr.), +44.8% (4°fr.), +20.5% (6°fr.) [30]

Table 4: Permeability variation following radiation exposure.

Based on the aforementioned data, we assumed a permeability increase of + 35%
following a photon-based single dose of 4 Gy, as reported in [21]. In particular, it was
assumed that permeability would increase after each delivery. In addition, a dose-
dependent behavior was included, as suggested in many works [2, 6, 16, 20, 31, 51].
We assumed a linear increase in the relationship between vessel permeability and
the dose administered, given that a model for such a dose relationship is not defined.

The increase in permeability was simulated in a breast cancer environment, assuming
𝛼 = 0.3 Gy−1 and 𝛼/𝛽 = 3 Gy. The total treatment time was 12 days, with the usual
5 fr/week pattern. The oxygen parameters were the same as previously used (see
Table 1), with an initial value of vessel permeability 𝑃𝐿 = 3.5 · 10−5 m/s. As an
initial condition, we obtained the oxygen content provided by a V2 Voronoi network
characterized by significant heterogeneity. The tumor was then irradiated with a dose
fraction of 4 Gy, inducing a increase in permeability of + 35%. Moreover, a control
case is illustrated, where the permeability was assumed constant throughout the
treatment. Assuming a +35% increment, the value of permeability rises to 4.725·10−5

m/s after the first fraction, leading to a local increase in the partial pressure of
oxygen in the region surrounding the vessels (Fig. 5, 1 Fr.). Compared to the related
control case, the higher partial oxygen pressure (green area) spreads out in the high-
permeability case, achieving a more homogeneous oxygen distribution. This effect
is emphasized during treatment, as shown in the 3° fraction, when the permeability
(𝑃𝐿) was 8.611·10−5 m/s, confirming the trend previously described. More precisely,
a mean 𝑝O2 around 15 mmHg is achieved when assuming variation in permeability,
while only 2 to 5 mmHg are present in the control case (Figure 5, 3°Fr.). The
results demonstrate that the permeability increase during treatment generates better-
oxygenated area all over the domain.

The results described above are the consequence of the positive superposition of
the two effects, increased permeability, and decreased consumption. In fact, tissue
oxygenation is facilitated by a decrease in the oxygen consumption rate, which is
related to the death of tumor cells in the tissue. More precisely, greater radiation
damage is induced in these regions because of the high oxygen content, leading to
a lower surviving fraction. Consequently, treatment is more effective when perme-
ability damage is considered, as demonstrated by the final value of 𝑆𝐹 we obtained
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(𝑆𝐹𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 1.34 · 10−8; 𝑆𝐹Δ𝑃𝐿
= 1.65 · 10−9). In particular, a lower value of 87%

is recorded in SF when an increase in permeability 35% is considered.

Fig. 5: Effect of permeability variation in consecutive fractions. A comparison with
a control case (constant permeability) is provided to appreciate the different oxygen
distribution related to the permeability increment.

Finally, the variation in oxygen pressure throughout treatment is investigated in
Fig. 6. As usual, the mean value of 𝑝O2 in the tumor tissue is reported in each
fraction. Assuming an increase in vessel permeability, a higher value of mean oxy-
gen pressure is expected within a few fractions. Therefore, in the case of +35% and
+52.5% increment, the 𝑝O2 curve shifts towards the left, reaching the maximum
level of oxygenation before the control curve (constant permeability). This confirms
the previously shown results, where oxygenation is enhanced because of increased
permeability. However, as soon as the maximum is reached, the + 35% and +52.5%
curves suddenly decrease, despite the constant increase in permeability. This pe-
culiar phenomenon can be explained from a mathematical point of view. In fact,
equilibrium is reached in terms of oxygen concentration between blood vessels (𝐶𝑣)
and tumor tissue (𝐶𝑡 ) as permeability increases since oxygen diffuses from the higher
to the lower concentrated districts until a concentration gradient is available. As a
consequence, the term (𝐶𝑣 − 𝐶𝑡 ) of equation (8), which involves oxygen transport
through the vessel barrier, is rapidly reduced during the fractionation process, af-
fecting the variation of oxygen concentration (𝐶𝑡 ) in the following fraction. In other
words, the constant increase in permeability is balanced by a decrease in the trans-
mural concentration gradient. In this way, the oxygen support to the tissue decreases,
while the oxygen consumption rate remains unchanged. The combination of these
effects explains the slight decrease in oxygen levels in the case of highly permeable
vessels. Instead, for the control curve, no significant variations are reported. The
constant permeability maintains equilibrium without involving any variation in 𝐶𝑡 .
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Fig. 6: Mean oxygen pressure for different fractions of the treatment. Increasing the
dose per fraction has a significant effect on nominal permeability variation, resulting
in an enhancement of the oxygenation process. Indeed, the maximum point is reached
in fewer fractions in the +52.5% case (green curve) as compared to the +35% one
(yellow curve).

4 Discussion and conclusions

In this work, we study the effect of oxygen concentration in radiotherapy through the
coupling of a radiobiological model with an oxygen transport model in the vascular
microenvironment. First, the Linear-Quadratic radiobiological model was modified
to include the dependence on the partial pressure of oxygen, as proposed by Wenzl
et al. [49, 50]. This allows us to relate the surviving fraction with the amount of
oxygen available through the tumor radiobiological properties 𝛼 and 𝛽. Second,
the radiobiological model was incorporated into a sophisticated oxygen transport
model, where the oxygen exchange in the microvascular environment was simulated.
A numerical approach was adopted to solve the complex system of equations resulting
from the above-mentioned coupling.

The proposed model was particularly useful for the analysis of the phenomenon of
reoxygenation in the tumor microenvironment. During treatment, radiation therapy
progressively reduced the number of viable tumor cells, affecting oxygen consump-
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tion in the tumor. As a result, an increase in oxygenation is observed, assuming
a constant blood washout between consecutive fractions. As a limitation of the
model, tumor reoxygenation may also include other aspects related to the tumor mi-
croenvironment, such as vascular remodeling. Rearrangement of the microvascular
network after radiotherapy greatly affects oxygen redistribution and should therefore
be included in this model.

In terms of the study of the permeability variation, instead, we remark on the
important simplifications adopted to model the dose-dependent behavior. The results
show that the increase in permeability enhances reoxygenation, but we assume a
linear relationship is assumed between the increase in permeability and the dose per
fraction delivered. More research is required to model the dose-dependent effect on
permeability. Also, due to vascular damage, an abnormal increase in permeability is
probably related to a rise in interstitial fluid pressure and undesired extravasation of
large molecules (advective phenomena), causing vessel collapse and thus decreasing
blood vessel density in the tumor.

Simulated treatments show, on average, good efficacy in tumor eradication, quantified
by the low value achieved in the surviving fraction (SF). Compared to clinical ob-
servations, these results look quite optimistic. Tumor recurrence remains a problem,
despite the simulations performed and the related promising results. This discrep-
ancy between simulations and reality may be explained by observing that we have
modeled a well-oxygenated tumor environment characterized by a homogeneous dis-
tribution of oxygen partial pressure that explains such optimistic results in survival
fraction after radiotherapy. In fact, a limitation of this work consists in considering
a rather small sample describing a well-perfused microenvironment characterized
by a regular and organized vascular network, generally not observed in tumors. This
limitation was partially overcome by simulating vascular networks with low vascular
density. As expected, hypofractionated patterns showed low performance in this case
due to the poor reoxygenation that induces a hyperradioresistant response.

In addition to that, this work supports the importance of oxygenation and its changes
in the framework of radiation therapy, and the proposed model can be used to analyze
the tumor microenvironment during fractionated radiotherapy.
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