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Abstract

In this paper we propose and analyze a Discontinuous Galerkin
method for a linear parabolic problem with dynamic boundary con-
ditions. We present the formulation and prove stability and optimal
a priori error estimates for the fully discrete scheme. More precisely,
using polynomials of degree p > 1 on meshes with granularity h along
with a backward Euler time-stepping scheme with time-step At, we
prove that the fully-discrete solution is bounded by the data and it
converges, in a suitable (mesh-dependent) energy norm, to the exact
solution with optimal order h? + At. The sharpness of the theoretical
estimates are verified through several numerical experiments.

1 Introduction

In this paper we present and analyze a Discontinuous Galerkin (DG) method
for the following linear parabolic problem supplemented with dynamic bound-
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ary conditions on I'y:

u  =Au+ f, inQ, 0<t<T,

Ohu = —au+ BAru—Aou+g, only, 0<t<T, (1)
periodic boundary conditions, onTy, 0<t<T,

U\t:o = Uup, in ﬁ

Here the domain € and the subsets I'; C 9€), i« = 1,2, are depicted in
Figure 1, Ar is the Laplace-Beltrami operator, 0,,u denotes the outer normal
derivative of uw on I'y, g is a given function and «, 3, A are suitable non-
negative constants.

Dynamic boundary conditions have been recently considered by physi-
cists to model the fluid interactions with the domain’s walls (see, e.g.,
[11, 12, 19]). Despite the practical relevance of this kind of boundary con-
ditions from a modeling point of view and the intense research activity to
understand their analytical properties, see, e.g., [15, 29, 30], the study of
suitable numerical methods for their discretization is still in its infancy. To
the best of our knowledge, the only work along this direction is [5], where
the authors analyze a conforming finite element method for the approxima-
tion of the Cahn-Hilliard equation supplemented with dynamic boundary
conditions. Motivated by the flexibility and versatility of DG methods, here
we propose and analyze a DG method combined with a backward Euler time
advancing scheme for the discretization of a linear parabolic problem with
dynamic boundary conditions. The main goal of the present work is the
numerical treatment of dynamic boundary conditions within the DG frame-
work. Here we consider just a linear equation. However, our results aim to
be a key step towards the extension to (non-linear) partial differential equa-
tions with dynamic boundary conditions, as, for example, the Cahn-Hilliard
equation. In this context, we mention DG methods have been already proved
to be an effective discretization strategy for the Cahn-Hilliard equation as
shown in [18] where the authors constructed and analyzed a DG method
coupled with a backward Euler time-stepping scheme for a Cahn-Hilliard
equation in two-dimensions, cf. also [31].

The origins of DG methods can be backtracked to [24, 21] where they
have introduced for the discretization of the neutron transport equation.
Since that time, DG methods for the numerical solution of partial differen-
tial equations have enjoyed a great development, see the monographs [25, 14]
for an overview, and [3] for a unified analysis of DG methods for elliptic
problems. In the context of parabolic equations, DG methods in primal
form combined with backward Euler and Crank-Nicholson time advancing



techniques have been firstly analyzed in [2, 26], respectively. DG in time
methods have also been studied for parabolic partial differential equations,
see, for example, [16, 8, 9, 20] and the reference therein; cf. also [28, 27] for
the hp-version of the DG time-stepping method.

The paper is organized as follows. In Section 2 we introduce some useful
notation and the functional setting. Section 3 is devoted to the introduction
and analysis of a DG method for a suitable auxiliary (stationary) problem.
These results will be then employed in Section 4 to design a DG scheme to
approximate the linear parabolic problem with boundary conditions and to
obtain optimal a priori error estimates for the fully discrete scheme. Finally,
in Section 6 we numerically assess the validity of our theoretical analysis.

2 Notation and functional setting

In this section we introduce some notation and the functional setting.

Let D C R? be an open, bounded, polygonal domain with boundary
' =9D. On D we define the standard Sobolev space H*(D), s =0,1,2,...
(for s = 0 we write L?(D) instead of H°(D)) and endow it with the usual
inner scalar product (-,-)gs(py, and its induced norm ||-|| gs(py, cf. [1]. We
also need the seminorm defined by | - [zs(p) = (X2)01=5 10 ()l 22(2)) 172,
We next introduce, on I', the Laplace-Beltrami operator. We ﬁrst define
the projection matrix P = I —n®n = (§;; — ni”j)?,j:p where n is the
outward unit normal to D, a®b = (a;b;);; is the dyadic product, and ¢;; is
the Kroneker delta. We define the tangential gradient of a (regular enough)
scalar function u : I' = R as Vru = PVu. The tangential divergence of
a vector-valued function A : I' — R? is defined as divp(A) = Tr((VA)P),
being Tr(-) the trace operator. With the above notation, we define the
Laplace-Beltrami operator as Apu = divp(Vru).

We next introduce the following Sobolev surface space
H(T) ={ve H"Y) | Vrv € [H¥YD)]?}, s> 1,

cf. [7], with the convention that H°(I') = L%(T"), L?(T") being the standard
Sobolev space of square integrable functions (equipped with the usual inner
scalar product (-,-)r and the usual induced norm |[|-||z2(ry). We equipped



the space H*(T") with the following surface seminorm and norm
|U|H5(F) = ||VFU||HS—1(F) Yv € HS(F), s > 1,

lollzrscey = /100 s gy + [0Bgaqy W0 € HAT), 521,

respectively. In [17, Lemma 2.4] is proved that the above norm is equivalent
to the usual surface norm present in literature [22], which is defined in local
coordinates after a truncation by a partition of unity.

Next, for a positive constant A, we introduce the space
H3(D,T) ={v e H*(D): vjr € H¥(I')}, 5> 0,

and endow it with the norm

Iz = 4/ (Folqoy + Moirl )

As before, for s = 0 we will write H;(D,I") instead of H)(D,T'). Moreover,
to ease the notation, when A = 1, we will omit the subscript.

Finally, throughout the paper, we will write < y to signify = < Cv,
where C' is a generic positive constant whose value, possibly different at any
occurrence, does not depend on the discretization parameters.

3 The stationary problem and its DG discretiza-
tion

Let Q = (a,b) x (¢,d) C R? be a rectangular domain and let I';,T's be the
union of the top and bottom/left and right edges, respectively, cf. Figure 1.
We consider the following Laplace problem with generalized Robin boundary
conditions:

—Au = f, in ,
Ot = —au+ BAru+ g, on I'q, (2)
periodic boundary conditions, on I'g,

where «, 3 are positive constants, and f € L?(Q), g € L*(I';) are given
functions.
Defining the bilinear form a(u,v) : H'(,T1) x HY(Q,T1) — R as

a(u,v) = (Vu, Vo) r2q) + B(Vru, Vrv) 2,y + a(u, v) 2(r)),

4



the weak formulation of (2) reads: find u € H(,T';) such that

a(u,v) = (fyU)LQ(Q) + (guU)LQ(Fl) Vv € H1(97F1)~ (3)
The following result shows that formulation (3) is well posed.

Theorem 3.1. Problem (3) admits a unique solution u € H*(Q,T1) satis-
fying the following stability bound.:

ull 2,y S 22 + lgllz2ry)- (4)

Moreover, if f € H*72(Q) and g € H*"2(I'y), s > 2, then u € H*(Q,T')
and
ull sy S Wfas—2) + 9l ms—=2c0y)- (5)

Proof. The existence and uniqueness of the solution are proved in [17, The-
orem 3.2]. The proof of the regularity results is shown in [17, Theorem
3.3-3.4]. The same arguments used in [17, Theorem 3.3-3.4] apply also in
our case thanks to periodic conditions. O

Remark 3.2. We observe that the forthcoming analysis holds in more general-
shaped domains and/or more general type of boundary conditions provided
that the exact solution of the differential problem analogous to (3) satisfies
a stability bound of the form of (4).

3.1 Discontinuous Galerkin space discretization

In this Section we present a discontinuous Galerkin (DG) approximation of
problem (3).

Let 7; be a quasi-uniform partition of €2 into disjoint open triangles T such
that Q = Uper, T. We set h = max{diam(7T'), T € T}. For s > 0, we define
the following broken space

H(Ty) = {v € L*(Q) :vjp € H¥(T,0T), T € Tu},

where, as before, H(7;,) = L?(Ty). For an integer p > 1, we also define the
finite dimensional space

VP(T) = {v € LX(Q) s vy € PX(T), T € Tp} € H*(Th),

for any s > 0. An interior edge e is defined as the non-empty intersection
of the closure of two neighboring elements, i.e., € = T1 NT5, for 11,15 € Ty,.
We collect all the interior edges in the set £). Recalling that on I'y C 99 we



impose periodic boundary conditions, we decompose I's as 'y = F; ur,,
cf. Figure 1 (left), and identify I'j with I';, cf. Figure 1 (right). Then
we define the set 8,1: 2 of the periodic boundary edges as follows. An edge
e e 5,1;2 ife =0T NOT ', where T* € T, such that 9T+ C I, cf. Figure 1
(right). We also define a boundary edge er, as the non-empty intersection
between the closure of an element in 7, and I'; and the set of those edges
by S,l; !. Finally, we define a boundary ridge r as the subset of the mesh
vertexes that lie on I';, and collect all the ridges r in the set Rgl. Clearly,
the corner ridges have to be identified according to the periodic boundary
conditions (cf. Figure 1, right). The set of all edge will be denoted by &,
ie., & =EQUE UE™.

Iy ( F£ _____Fz
T; r; 1]
e
“T17T
r— 1 _1r
I'y

Figure 1: Example of a domain 2 and an admissible triangulation 73 (left).
On the right, we highlight the edges e € 5,1; ? with red lines.

For v € H*(Ty), s > 1, we define

2 _ 2 2 _ 2
Vlireny = 20 Wl Whery = 2 0l
TET €I‘165}1:1

Next, for each e € 5,? U 8,5 2 we define the jumps and the averages of v €
HY(Ty) as

o= (Hnf + (@)ng and {o}e = (0 + o),

where vt = vp+ and nZ is the unit normal vector to e pointing outward of

T*. For each e € 5}1:1 we define
[U]e = Ule Ne, {U}e = Vles (S Hl(’ﬁl)

Analogously, for each r € Rgl, we set

ol = P00+ @ (D and (v} = () + (),



where, denoting by e* the two edges sharing the ridge r, v*(r) = V) ()
and n¥ is the unit tangent vector to I'y on r pointing outward of e*. The
above definitions can be immediately extended to a (regular enough) vector-
valued function, cf. [3]. To simplify the notation, when the meaning will be
clear from the context, we remove the subscripts from the jump and average
operators. Adopting the convention that

(va)c‘:h = Z(an)LQ(e)v (5’77)731’:1 = Z 5(7“)77(7’)

eely T‘GRZI

for regular enough functions v, w, &, n, we introduce the following bilinear
forms

Bu(v,w) = Y (Vo, V) — ([v], {Vw})eo — ([w], {Vv})eo + o ([o], [w])eo
TeTh

= (W] AVw})grs = ([w], {Vo}) gro + o([v], [w]),r,
and
b (v, w) = (Vrv, Vrw) gy —([v], {Vrw}) gri —([w], {Vro}) gri+o([o], [w]) g,

for all v,w € H?(Ty). Here o = 7, being 7 a positive constant at our
disposal. We then set

Ap(u,v) = Bp(u,v) + a (u,v) 20,y + B bu(u,v). (6)

The discontinuous Galerkin approximation of problem (2) reads: find
up, € VP(Ty) such that

An(up,vn) = (f,on)2) + (9 vn) 2@y Yon € VP(Th). (7)

In the following we show that the bilinear form Aj(-,-) is continuous and
coercive in a suitable (mesh-dependent) energy norm. To this aim, for w €
H?(Ty,), we define the seminorm

1
2 2 2 2
il = Tl ) + ol go eray + IRV o ere

and the norm
2 2
llwll? = el +edlwl3z,

g
+ B0l 1y + BN, sy + ZIHVEwH, s ()



where we adopted the notation

lolsy = Slwliaey 0l = 3 ol
eGR

e€Ey

Reasoning as in [2], it is easy to prove the following result.
Lemma 3.3. [t holds
An(v,0) S ol llwll,  Yo,w e H2(Tp). (9)
Moreover, for v large enough, it holds
ollZ S An(v,0) Yo € VE(Th). (10)

Proof. Let us first prove (9). The term By (-, ) can be bounded by Cauchy-
Schwarz inequality as in [2]. Also the term by (-, ) can be handled using the
Cauchy-Schwarz inequality:

(v w)| = |(Vrv, Vrw)gr, = ([o], {Vrw)) e,
(] AV D) g, + (0], [w]) g,
1 1/2
s(\vi,l(grl)+ou[vmimgl)+;H{vrv}u22 )

) 1/2
(0B, e, + Nl s + T rwHE, )

and (9) follows employing the definition (8) of the norm || - ..
We now prove (10). As before the term By (-,-) can be bounded as in [2]:
using the classical polynomial inverse inequality [6] we obtain

2
ol S ol + o012, g0 stz  Balv:0)
for all v € VP(T}). The term by (-, -) can be estimated as follows:
b (0:9) 2 02, oo, = 2| (01 ATr0 D ers |+ 012,
Employing the arithmetic-geometric inequality we get:

(1) AV g,

< 020l o ey o™ 2900} o

1 1
< oWl ry, + A€o IKVEOH,



for a positive € > 0. Finally, estimate (10) follows using the polynomial
inverse inequality

WTTOH 2, ) S IRy sy Vo € VA(TR)
and choosing ~ sufficiently large. O

The following result shows that problem (7) admits a unique solution and
that the Galerkin orthogonality property is satisfied. The proof is straight-
forward and we omit it for sake of brevity.

Lemma 3.4. Assume that vy is sufficiently large. Then, the discrete solution
up, of problem (7) exists and is unique. Moreover, formulation (7) is strongly

consistent, i.e.,
Ap(u—up,v) =0 Yu € VP(Tp). (11)

Forv e H*(Q,T'1), s > 2, let II}}U be the piecewise Lagrangian interpolant
of order p of u on 7;. Note that (I{}u)m interpolates u on the set of degrees

of freedom that lie on 5}; !, By standard approximation results we get the
following interpolation estimate.

Lemma 3.5. For allv e H*(Q,T1), s > 2, it holds
v = Lpoll, < P72 o]l o)

Proof. Using the definition (8) of || - ||, norm and that I"v(r) = v(r) for all
r e Rl,zl, we get

k12 R, 12 h h
’HU - Ipvm* - |H1} - Ip’U”‘Bh + Oé”” - Iva%ﬂ(Fl) + B‘U - Ipv’ill(gr;l (12)

%
h
Expanding the first term at right-hand side and using the multiplicative
trace inequalities
[0l172(6,) S B H0ll720) + BlolE o)
||VUH%2(5,L) S hilM%{l(Q) + h‘”ﬁﬁp(g)a
cf. [25], we get

2

hom2 h, |2 h
llo = Zyvlls, = v = Lyvlip ) + ol = Lol 5 g ors

1 h 2
0= LY, g e,

S thH,U — ILLUH%Z(Q) —+ |U — ISU‘%{l(Q) + h2"l) — I;}’U’%IQ(Q)

Using standard interpolation estimates [23] we get the thesis. O



Now we show that the discrete solution uy of (7) converges to the weak
solution of (3).

Theorem 3.6. Let u € H*(2,T'1), s > 2, be the solution of the problem (3)
and let up, be the solution of the problem (7). Then,

[ — upllz2iry) + Rllw — unll, S R EP u geary),
provided v is chosen sufficiently large.

Proof. By the triangular inequality we have
h
Il = wnll, < Ml = Liull, + 12w = unll,.

We first bound the second term on the right-hand side. Combining the
Galerkin orthogonality (11) with the continuity and the coervicity estimates
(9)-(10), we obtain:
2
H|I£u — uhH|* < Ah(II},‘u — up, I;Lu —up)
= Ah(I;Lu —u, I;Lu —up) + Ap(u — up, I[fu — up)
h h

S M w = wall, 115w — wll, -

Therefore,
h h
Ly v = unll, S ILyw —ull,,

and
llw = wnl, < llu—Lull,.

Then, using Lemma 3.5, we get

Il = wnll, < A CP ) o). (13)

For the L? error estimate, we consider the following adjoint problem: find ¢
such that

—Ag =U— Up, in Q,
OnC = —al + BAr( + (u — uh), on I'y,

As u—uy, € L?(Q,T1), using Theorem 3.1 yields an unique ¢ € H?(,T';)
satisfiying the following stability estimate

1<l a2y S lu—unllz2r))-

10



Using Lemma 3.5 with p = 1, we get

¢ = Il S hliCl a2y S Allu—unll2@ry)- (14)

Since Aj(+,-) defined in (6) is symmetric, it is easy to see that it holds

An(x: Q) = (u—up, X)r2(0) + (W= un, X)r2ry)  Yx € HX(Th).  (15)

Next, choosing x = u — uy, in (15) and employing (11) together with (9) ,
we find

HU—UhH%Z(Q,Fl) = Ap(u—up,q)
= Ap(u—un, ¢ = I}Q)
< M= unlll ¢ = ¢

The thesis follows using (13) and (14). O

4 The parabolic problem and its fully-discretization

In this section we employ the results obtained in the previous section to
present and analyze a DG space semi-discretization combined with an back-
ward Euler time advancing scheme for solving the following parabolic prob-
lem:

Oru :Au—i—f, inQ, 0<t<T,

Optt = —au-+ BAru—Aou+g, only, 0<t<T, (16)
periodic boundary conditions, only, 0<t<T,

U|t:0 = Uug, in ﬁ,

where T' > 0, «, 8, \ are positive constants and f, g, ug are (regular enough)
given data. The weak formulation of (16) reads: for any ¢ € (0,71, find u
such that:

(Oeu, v) p2(0) + A(Oru, v) p2(ry) + alu,v) = (f,v)L2() + (9, V) L2(ry)s
u|t=0 = Uo,
(17)
for any v € H*(Q,T'1).

It is possible to prove the following result dealing with the existence and
(higher) regularity of the weak solution of (16).

11



Theorem 4.1. Ifuy € H*(,T1), f € HY(0,T; L*(Q)) and g € H'(0,T; L*(Ty))
and the following compatibility conditions holds

1. ug = Aug + f(0,) € L*(9),
2. ul\pl = BArug — Opug — aug + g(O, ) S LQ(Pl),
then problem (16) admits a unique solution u with

w e C(0,T]; H(Q,T1)) 1 C1([0, T); L3(@,T0)) 1 H' (0, T; HY(2,T)).

Moreover, if ug € H3™(T), %{ € HY0,T; H*™2=2(Q)) and % €
HY0,T; H*™=2k=2(T"1)), for k =0,...,m—1 and the following higher order
compatibility conditions hold for k=1,...,m

3. ul? = Al L0, € L2(9Q)

dtk—1

4o ) o= BAruy Y - 9T — eV 4+ g(0,) € LA(T),

1p 1,
where we set ugo) = u1 and u(l(\)gl = Uiy, then it holds for k=0,...,m—1
d"u 2m—2k 1 2m—2k—2
Pl c(o, 1), H (€,T1)) N C (0, T Hy (Q,I))
N HY0,T; Hy™2HQ,Ty)). (18)
Proof. See Appendix A. O

Employing the DG notations introduced in Section 3.1, the space semi-
discretization of problem (16) becomes: find u;, € C°(0,T;VP(Ty)) such
that, for any t € (0,7,

{(@Um vn)r2() + AMOun, vn) L2,y + An(un, vi) = (f,00) L2(0) + (9, Vn) L2
Uh|t=0 = Uh0,

(19)
for any v, € VP(Ty,), where uyg € VP(Ty) is the L2-projection of ug into
VI(TL).

The following result shows the existence of a unique solution uy of problem
(19).

Theorem 4.2. The semi-discrete problem (19) admits a unique local solu-
tion.

12



Proof. As the proof is standard, we only sketch it. Let {¢; ;V: ; be an orthog-

onal basis of VP(7). The semi-discrete problem (19) is equivalent to solve,
for any t € (0,7}, the following system of ordinary differential equations

(Ouns ¢5)12(0) + MOun, ¢5) r2(ry) + An(un, ¢5) = (f, 65) 2) + (9; @) 201>
Uh|t=0 = Uh0,
(20)
for j =1,...,N. Setting up, = Zf\il ci(t)@i, (20) can be equivalently written
as

{M(’:(t) + Ac(t) = F(t), (21)

c(0) = c°,
where ¢(t) = (ci(t));<i<n> c? = (C?)KKN with upg = sz\il A¢;, and, for
i,7=1,..,N, T

Aij = A(Di, b5),  Mij = (¢i, 95) 2() + M@is 05) L2(1y)>

Fi = (f, i) r2) + (9, 91) L2(ry)-

Since the matrix M is positive definite and F(¢) € L?(0,T;R"Y) invoking
the well known Picard-Lindel6f theorem yields the existence and unique-
ness of a local solution ¢ € H'(0,Ty;R), i.e. up, € H(0,Tn;VP(Ty) C
C([0,Tn]; VP(Ty)) with Ty € (0,T]. O

The next result shows the stability of the semi-discrete solution of (19).

Lemma 4.3. Let uy, be the solution of (19). Then it holds

T
(D) B3 ey + | sl <
2 T 2
ol 3ary + [ (17 s+ Lol et (22)
Proof. Choosing v, = uy, in (19) and using (10) we get

1d
5@”%”%3(9,5) + |”Uh’||i N (Hf||L2(Q) + ||g||L2(F1))Huh”Lf(Q,Fl)'

Using the arithmetic-geometric inequality and the Poincaré-Friedrichs in-
equality for functions in the broken Sobolev space H'(Tp,), i.e.,

1/2
lonllzze) S (onlry + Nonl 12, g, era) ™ o € H(TE)
1/2
lonllzzry S (only oy + I02) o€ HY(T)

13



cf. [4], we obtain

d
o lunlZ3 ey + el S 151220y + ol (23)

The thesis follows integrating between 0 and T and noting that
||uh’0||%§(ﬂ,r1) < HUOH%E(Q,H) because upg is the L2-projection of ug into

VP(Tp). O]

Finally, we consider the fully discretization of problem (17) by resorting
to the Implicit Euler method with time-step At > 0. Let ¢, = kAt, 0 <
k < K, with K = T/At, and denote by u’}fb,k‘ > 0,the approximation of
up(tr). The fully-discrete problem reads as follows: given u% = wupg, find
uerl e VP(T,),0 < k < K —1, such that

k+1 k k+1 k
Up — — Uy Up — — Up k41
(At’vh> + A (At’vh> + Ah(uh+ Jop)  (24)
L2(Q) L2(Ty)

= (f(tk+1)svn)22(Q) + (9(k+1)s vr) L2(r))

for all v, € VP(Tp).

5 Stability and error estimates

This section is devoted to show that the solution of problem (24) converges
with optimal rate to the continuous solution of (16). We first prove the
following stability result.

Lemma 5.1. Let f* = f(ty) and ¢* = g(t), k = 1,..., K. Then it holds

K
2
12 oy + A8 S b
k=1
K

< Nuroll 2z g,y + A (Hf’“H%z(m - Hg’f\|%2(m). (25)
k=1

Proof. We choose vp, = ui“ in (24). Using (10), the identity

_1 2 1 2 1 2
(== 92) = 52l = Syl + 512 = oIl

14



and the Cauchy-Schwarz inequality, we obtain

k k
| u +1”L§(Q,r1) Huh”L2(Q 1) + Hu i

S At <||fk+1HL2(Q)HUhHHm(Q) + ||9k+1HL2(F1)HU}L+1|’L2(F1)) .

k
b2 oy + Al

Employing Young’s inequality, Poincaré-Friedrichs’ inequality and summing
over k we get the thesis. O

‘We next state the main result of this section.

Theorem 5.2. Letu € C([0,T); H*(Q,T'1))NHY(0,T; L3 (2, T1)), s > 2, be
the solution of (17) and let uy, be the solution of (24). If Oyu € L*(0,T; H*(Q,T1)),
OFu € L*(0,T; L*(Q,T1)) and u) satisfies

l|uo — U%HLi(Q,rl) < pinsptl) |woll &5 (73,) (26)

then
K K2 2 min(s,p+1 K2 2
™ —up, ||L§(Q,F1) Sh2min(ept )<”u ”Hi(g,rl) + HUOHH;(Q,Fl)
r 2
+ [ 1ol ar, @)

T
a8 [ oRult) o,

and

K
Athu — uf || S pAminG-1o <AtZHU’“!§1§<9,m
k=1
2 2 2 r 2
e lulgary + 12 [ 1000 g, )

T
+ AL /0 107u(®)]13 0.1y

where u* = u(ty), k=1,..., K.
Proof. We first define the elliptic projection P : H?(2,T'1) — VP(Ty,) as

Ap(Pw — w,vp) =0 Yo, € VP(Th), (27)
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where Ay, (-, -) is defined as in (6). We note (see Theorem 3.6) that P satisfies
the bound

[Pw —wlr2 o) + Al Pw —wl], < hmin(s’pH)Hw”H;(Q,Fl), (28)

for allw € H*(Q,T1), s > 2. We next write uf —uf = (ufF — Pu)+(Pu*—uk)
and start to focus on the second term. Considering problem (19) at time
tr+1, we easily get

Puktt — pyk PuFtl — pyF
(PEPE Y (PR e
L2(Q) L2(T)

= (f(tr), v)r2() + (9(tk), va) 2y — (B* vn) r2gq) = MEM on) p2(ry),
(29)

for all v, € VP(T},), where

1
Ek+1 = atu(tk+1) - E(Puk'H — P’U,k)

Subtracting (24) from (29), we get that ef = Puf — u¥ satisfies

ehtl _ ek ehtl _ ek
hTth’”h I\ hTth’”h T An(eh L, o)
L2(Q) L2(Ty)
= —(E* ) o) — AE™ on) 20y,

for all v, € VP(Tp). Then, reasoning as in the proof of Lemma 5.1 , we
obtain

K K
k2 k
e 122 ) + AL Mkl S Neh 2 o) + AL IE 22 o) (30)
k=1 k=1

We bound the first term on the right-hand side of (30) using (26) and (28):

0
HehHLg(Q,Fl) = |[Pug — UhOHLi(Q,Fl)

< [|Puo — U0||L§(Q,r1) + [luo — uh0||L§(Q,1‘1)

< BR[| o o7 - (31)
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In order to bound the second term on the right-hand side of (30) we observe
that it holds:

A

E+1 ok k+1 _ puktly _ (yk — Pyt
EFT = <8tu(tk+1) X ; - ) + C L Rl C )

At
Lo orut) it + -~ [ o Pu(t)) d
__At/tk (t —tr) OFu(t) t+At/tk ; (u(t) — Pu(t)) dt

where we employed Taylor’s formula. Therefore, employing the commuta-
tion of the operators P and 0t, we have

”Ek—|—1||22 < i ' /thrl (t — tk) 8152u(t) dt :
L)\(Q,Fl) ~ At ty Li(Q,Fl)
1 tkt1 2
+ E / (8tu(t) - P@tu(t))dt
tg Li(Q,Fl)

Using the Cauchy-Schwarz inequality we get

‘ /tk+1 (t —t)OFu(t) dt

tk

Li(Q,Fl)

l41 . 1/2 tht1 ) ) 1/2
s(/tk (t — ty) dt) (/tk Hatu(t)HLiml)dQ

so ([ a2 2 V2
S At (/tk ||8tu(t)||L§(Q,F1) dt) :

Hence,
1 tea1 9 2 9 th+1 9 9
N / (t — tx) OFu(t) dt S At / 105 w72 @, 4t
ty L3(Q,Iy) 2

17



Employing dyu € L?(0,T; H*(T)), s > 2, and (28), we obtain

/ M Guu(t) — Pow(t))dt

tr Li(Q,Fl)
trea 1/2 tei1 1/2
<([Tara) ([ 1000 - Poalyar, @)
k k

e . 1/2
< At (/t 10su(t) = POyu(t)llz2 qr,) dt)
k

. lkt1 V2
S Atl/thln(s,P+1) (/ H({')tU(t)H2H§\(Q,F1) dt) )

tg
Hence,
1 tr4+1 2
tl g, L2(Q.T1)

) tet1
§h2m1n(s,p+1)/ Hatu(t)nﬁiim,pl) dt. (32)

ty

Finally, summing over k we get

K
ALY B oy (33)
k=1

T T
<A /0 1026013 g dt*’”b“‘““’””/o 10z @,

which concludes the bound for eﬁ. Finally, the thesis follow employing the
triangle inequality and the bounds (30)-(31) together with (28)-(33). O

6 Numerical experiments

In this section we present some numerical results to validate our theoretical
estimates. In the first two examples (cf Sections 6.1 and 6.2) we consider
a test case with periodic boundary conditions and validate our theoretical
error estimates. In the last example (cf Section 6.3) we show that our theo-
retical results seem to hold in the case of more general boundary conditions,
provided the exact solution of problem (16) is smooth enough.
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6.1 Example 1

We consider problem (16) on Q = (0,1)? and choose f and g such that
u = e 10%(1 — cos(2mx)) cos(4my) is the exact solution.

We have tested our scheme on a sequence of uniformly refined structured
triangular grids with meshsize h = \/§/2Z, ¢ = 2,..,7. In those sets of
numerical experiments we have measured the error e(T') = u(T) — up(T) at
the final observation time T = 0.001 in the ||-|| z2(q) and [|-[| z2(r,) norms. We

have also measured the quantity (At Zle H|ek||\z)1/2, being ¥ = u* —uf .

In the first set of experiments we used piecewise linear elements (p = 1)
and the following parameters: o = 10, At = 1075, A =10, 8 =5 a = 2.
The computed errors and the corresponding computed convergence rates
are reported in Table 1. We have repeated the same set of experiments
employing piecewise quadratic elements (p = 2); the results are reported in
Table 2. From the results shown in Table 1 and Table 2, it is clear that the
expected convergence rates are obtained.

he | llelw | rate | (@, | rate | (AT [leb])Y? | rate
V2/2% [ 1.836048¢-01 | - | 1.908256e-01 | - 2.281359¢-01

V2/2% | 5.455936e-02 | 1.75 | 5.035380e-02 | 1.92 1.186343¢-01 0.94
V2/2* | 1.451833¢-02 | 1.91 | 1.278655e-02 | 1.98 5.939199¢-02 1.00
V2/2° | 3.688202¢-03 | 1.98 | 3.208881e-03 | 1.99 2.962468¢-02 1.00
V2/2% | 9.258142e-04 | 1.99 | 8.028862e-04 | 2.00 1.480150e-02 1.00
V2/27 | 2.316573e-04 | 2.00 | 2.006754e-04 | 2.00 7.399580e-03 1.00

Table 1: Example 1. Computed errors, p =1, 0 = 10, At = 107>, T' = 0.001,
A=10, =5 a=2.

6.2 Example 2

In the second example, we explore the dependencies of the error on the time-
step At. To this aim, we set f and g as in Section 6.1. In Table 3 we report
the computed errors and convergence rates obtained with piecewise linear
elements (p = 1) and the following parameters: k = 7, 0 = 10, T' = 0.1,
A=10, 8 =05, a =2, h =+/2/27 and vary the time integration step At.
The numerical results are in agreement with the theoretical estimate.
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2
b | ez | rate | e(D)]rzy | rate | (At [leb2)? | rate
V2/2% | 2.470397e-02 | - | 1.751588¢e-02 | - 5.281897¢-02 -
V2/23 | 3.027272¢-03 | 3.03 | 2.232268e-03 | 2.97 1.405198e-02 1.91
V2/2% | 3.827204e-04 | 2.98 | 2.822643¢-04 | 2.98 3.602372¢-03 1.96
V2/2° | 4.797615e-05 | 3.00 | 3.539247¢-05 | 3.00 9.081101e-04 1.99
V2/25 | 5.992844e-06 | 3.00 | 4.421683¢-06 | 3.00 2.276766e-04 2.00
V2/27 | 7.507474e-07 | 3.00 | 5.632338¢-07 | 2.97 5.593742¢-05 2.02

Table 2: Example 1. Computed errors, p = 2, 0 = 10, At = 107°, T' = 0.001,
A=10,=5a=2.

At le(T)llz2y | rate | [le(T)[L2r,) | rate
0.1x20 | 2.682138¢-02 | - | 8.678953e-02 | -
0.1 x 271 | 1.487984¢-02 | 0.85 | 4.905898¢-02 | 0.82
0.1 x 272 | 7.889826e-03 | 0.92 | 2.630006-02 | 0.90
0.1 x 273 | 4.050365¢-03 | 0.96 | 1.360794e-02 | 0.95
0.1 x 2% | 2.028095¢-03 | 1.00 | 6.881036¢-03 | 0.98
0.1 x 27% | 9.897726e-04 | 1.03 | 3.415646-03 | 1.01
0.1 x 276 | 4.664660e-04 | 1.08 | 1.656678¢-03 | 1.04

Table 3: Example 2. Computed errors, k = 7, p = 1, c = 10, T = 0.1,
A=10,6=5a=2.

6.3 Example 3

Finally, we consider problem (16) on £ = (0, 1)? with homogeneous Dirichlet
boundary conditions applied I'y and on I';. In this case we choose f and
g such that u = t(1 — cos(2mz)) cos(my) is the exact solution. In Table
4 we report the computed errors and computed convergence rates at the
final time 7" = 0.1. Those results have been obtained with piecewise linear
elements (p = 1) and with the following choice of parameters: o = 10,
At =0.001, A =10, 8 =5 a = 2. We have ran the same set of experiments
employing piecewise quadratic elements (p = 2); the computed results are
shown in Table 5. The results reported in Table 4 and Table 5 clearly confirm
the theoretical rates of convergence even in the cases of Dirichlet boundary
conditions instead of periodic ones, at least whenever the exact solution is
sufficiently smooth (see Remark 3.2).
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2
b | @z | rate | (@)l | rate | (ArSi D72 | rate

V2/2% | 9.185918e-03 - 1.111234e-02 - 1.347859e-01 -
V2/23 | 2.704819e-03 | 1.76 | 2.849404e-03 | 1.96 6.413467¢e-02 1.07
V2/24 | 7.279868¢-04 | 1.89 | 7.169369e-04 | 1.99 3.155837e-02 1.02

V2/2° | 1.875124e-04 | 1.96 | 1.797070e-04 | 2.00 1.571196e-02 1.01
V2/25 | 4.745622e-05 | 1.98 | 4.501545¢-05 | 2.00 7.847606e-03 1.00
V2/27 | 1.192746e-05 | 1.99 | 1.127502¢-05 | 2.00 3.922783e-03 1.00

Table 4: Example 3. Computed errors, p =1, 0 = 10, At = 0.001, T = 0.1,
A=10,=5a=2.

2
B | el | rate | [e(D)llpamy) | rate | (AR [leFP)72 [ rate

V2/2% | 1.239177e-03 - 1.607590e-03 - 2.589798e-02 -
V2/23 | 1.543449¢-04 | 3.01 | 2.189412¢-04 | 2.88 6.771702e-03 1.93
V2/24 | 1.911957¢-05 | 3.01 | 2.788057¢-05 | 2.97 1.715537e-03 1.98

V2/2° | 2.386211e-06 | 3.00 | 3.496808e-06 | 3.00 4.307186e-04 1.99
V2/25 | 2.990873e-07 | 3.00 | 4.364171e-07 | 3.00 1.079691e-04 2.00
V2/27 | 3.777961e-08 | 2.98 | 5.420558e-08 | 3.01 2.621607e-05 2.04

Table 5: Example 3. Computed errors, p =2, 0 = 10, At = 0.001, T'= 0.1,
A=10,=5a=2.

A  Proof of Theorem 4.1

Proof of Theorem 4.1. As the proof follows is based on standard arguments
(see, e.g., [10, Chapter 7.1]), we only sketch the main steps.

1. Construction of the discrete space. Let {e;};>1 be an orthonormal basis
of L?(Q) such that

/Vei-Vz:)\i/eiz VZEHI(Q), 1> 1,
Q Q

i.e., A; and e; are respectively the eigenvalues and eigenfunctions of the
weak form of eigenvalue problem —Ae = Ae with homogeneous Neumann
and periodic boundary conditions on I'; and I's, respectively. Reordering
{ei}i>1 such that A\; = 0, it is easy to see that there holds

/ Ve;-Ve; =0, fori#j and / \Vei|2 =X\N>0, fori>1.
Q Q
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Let V™ =span{e; : i = 1,...,n}, n > 1, and let u? be the L*(Q)- projection
of ug on V™. Since the domain is regular, the eigenfunctions e; belong to
H?(Q).

2. Finite-dimensional approximation of (17). We introduce the following
finite dimensional problem: find u™ € H'(0,T; V™) such that, for t € (0,T),

(O™, 2) 2y + AMOu™, 2) oy + alu”, 2) = (f, 2)2q) + (9, 2) L2(1y)
un|t=0 = uga
(34)
for all z € V™, In the sequel we prove that problem (34) admits a unique
solution in H(0,T; V™). We write

u(0) = 3 us(0es.

The problem (34) is equivalent to find u(t) = (u1(t), ..., un(t))T € HY(0,T; R"™)
such that, for each ¢t € (0,7),
Mu(t) + Au(t) = F(t),
11(0) = (Uo,l, ceey UOJL)T,
where, for i,j =1,..,n,

M;j = MY+ AMT = dij + Aleis €5) L2(ry)s

Aij = ale;, e), Fi=(f,ei)r2) + (9,€)2ry), ug,i = (o, €i)12(0)-

Since the matrix M is semi-positive definite, we see that M is positive
definite. In addition, F(t) € L*(0,T;R") and A : R® — R" is Lipschitz
continuous. Therefore, by standard existence theory of ordinary differential
equations, there exists a unique solution u(t) for a.e. 0 <t <T.

3. Energy estimates. Taking z = v in (34) and using the Cauchy-Schwarz
inequality, we obtain

d

p (||UnHi§(Q,F1)) + HVUNH%%Q) + aH“””%?(rl) + BHVFURH%%H)

< 22 gy + 1132y + laliZryy  (35)
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for a.e. ¢t € [0,T]. Using the differential form of the Gronwall’s inequality,
data regularity and Lemma A.1 we obtain

2 2 2
Ofél%}%||un(t)||L§(Q,rl) S HUO||L§(Q,r1)+Hf”L?(o,T;L?(Q))"'”9”L2(0,T;L2(r1)) <C.

Integrating (35) in [0, 7] and employing the above inequality together with
data regularity and Lemma A.1 we get

™[ 20,102 @) S HUOH%g(Q,pl) A Z20,7 0200 + 1907207 r200y) < C-

On the other hand, taking z = Ju™ in (34), integrating in ¢ and using the
Cauchy-Schwarz inequality, we obtain, for every 7 € (0,77,

1 T n|2 1 n 2 Qyn 2 /8 n 2
2/0 10eu" 72 ,ry) + 5 IVE" (T)Iz2() + S 1" (T72(ry) + SIVEU (D72,

1 a! p
< §”VU8H%2(Q) + 5”“8”%2(&) + §HVFUSH%2(Q)

1 (7 9 I S
3 | W+ 55 [ ola,

where the right-hand side of the above inequality can be bounded using
Lemma A.1 and data regularity.

Moreover, differentiating (34) with respect to t and setting 4" := Oyu”"
we get for any t € [0, 7]

(0", 2) p2(q) + AN(Gra"™, 2) p2(ry) + a(@”, 2) = (Oif, 2)2(q) + (019, 2) L2

(36)
for all z € V™. Testing (36) with z = 4", it is easy to show that it holds

t t
||atun||%§(g,p1) +/0 ”atun(s)H%]i(er)ds 5/0 ”atf(S)H%?(Q) ds
t
+ [ 106 s,y ds + 10 O3 0, (37)

Taking ¢ = 0 in (34), testing with z = 0,u™(0), integrating by parts and
employing the Cauchy-Schwarz inequality once more, we obtain

100 (0) 22 01y = 10" O) Bz gy + 170 ) B2y + 190 ) ey

whose right-hand side can be bounded by resorting to compatibility condi-
tions, Lemma A.1 and data regularity assumptions.
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Hence, collecting all the above results, we get
u" € C([0,T); Hy(2,T1)) N C1(0,T; L3 (2,T1)) N H(0,T; Hy(2,T1)).

4. Existence of the solution u. Resorting to subsequences {um,};°, of
{um}>°_, passing to the limit for m — oo and using standard arguments it
is possible to prove that there exists a solution u to problem (17) with

we C([0,T]; Hy(Q,T1)) N CY0,T; L3(Q,T1)) N HY(0,T; Hy(Q,T1)).

5. Uniqueness of the weak solution. Let u; and us be two solutions of weak
problem (17) and set w = uj; — uz. By definition, taking z = w, we get from
(17)

d
7 <\|WH%§(Q,F1)> +IVwlZ2 i) + allwlZar,) + BIVrwlZar,) =0,

that implies w = 0, or u; = ug for a.e. 0 <t <T.
6. Improved reqularity. Rewriting (17) as

a(u,v) = (f,0)12(0) + (3, 0)12(r,);
nd

where f = f — dyu € L*(0,T, L*(Q )) and § = g — du € L0, T, L*(Ty)).
Employing Theorem 3.1 we get u(t) € H3(Q2,T'1) for a.e. 0 <t <T.

6. Higher regularity. We prove (18) by induction. From the above discus-
sion the result holds true for m = 1. Assume now the validity of (18) for
some m > 1, together with the associated higher order compatibility and
regularity conditions. Differentiating (16) with respect to ¢, it is immediate
to verify that 4 = dyu verifies

ou  =Au+f, nQ 0<t<T,

Ot = —at+ BAru—Ahti+g, only, 0<t<T, (38)
periodic boundary conditions, onIy, 0<t<T,

Up=g = Uo, in 0,

where f = 0,f, § = dg, o = f(0,) + Aug in Q and do|r = BArug —
Onug — aug + g(0,-) on I'. Since the pair (f,g) satisfies the higher order
compatibility conditions for £ = 1,...,m then the pair (f,g) satisfies the

same type of compatibility conditions for k = 1,...,m —1. Hence, it follows
for k=0,...,m—1
d*i

& € (0.7 H* Q. Ty)) N CH((0, T); HY™~*7%(Q, )

N HY0,T; H"#74Q,T1)) (39)
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which immediately implies the validity of (18) for k =0,...,m.

The following result has been proof in [13, Lemmas 4.4 and 4.5].

Lemma A.1. Let 2z € Z = {z € H*(Q) | Oz = 0 onT'1}. If 2, is the
L?(Q)-projection of z on V", then

l|2n — z||H§(Q;F1) — 0 when n — oo. (40)

Let Voo = U2, V,,. Moreover, Z and Vu, are dense in H}(€;T1).
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