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Abstract

We present a new method for the analysis of smoothly varying tapers, transi-
tions and filters in rectangular waveguides. With this aim, we apply a Hierarchical
Model (HiMod) reduction to the vector Helmholtz equation. We exploit a suitable
coordinate transformation and, successively, we use the waveguide modes as a basis
for the HiMod expansion. We show that accurate results can be obtained with an
impressive speed-up factor when compared with standard commercial codes based
on a three-dimensional finite element discretization.

Keyords Waveguide devices, Modal analysis, Hierarchical Model reduction, Finite
Element Method.

1 Introduction

Hierarchical model (HiMod) reduction is a powerful numerical tool to speed up the
analysis of complex structures in the presence of directional features. HiMod reduction
has been successfully employed in a variety of different application fields, such as in
linear acoustics [1], for advection-diffusion-reaction phenomena [2, 3, 4, 5, 6, 7], for the
blood flow modeling [8], also in patient-specific artery segments [9]. Unlike typical model
order reduction techniques, such as [10, 11], the underlying key advantage of the HiMod
approach is that the original problem size is shrunk through the application of a different
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discretization along the main and the secondary direction, according to a separation of
variable principle. This strategy allows accurately representing the problem dynamics
without introducing a heavy model simplification. In particular, a careful selection of
the bases supporting the different discretizations allows one for an extensive saving on
computer resources, both in terms of processing time and memory storage. The main
challenge of a HiMod reduction is, therefore, being able to find tailored bases to discretize
the problem along the two directions.

Propagation systems where the structure extends mainly along a single direction of
space, such as waveguide tapers, smooth transitions, twists and bends [12], represent
an ideal environment for the application of a HiMod approach. In particular, modes
offer a straightforward solution to the problem of finding a suitable reduced basis for the
modeling of transverse dynamics, thanks to the completeness of modal expansion in the
transverse plane, perpendicular to the propagation direction [13]. Moreover, a modal
representation turns out to be extremely effective given that the transverse field can be
well approximated by a reduced amount of modes. If such a condition holds, the modal
spectrum is a natural and extremely attractive reduced basis for a HiMod approximation
of the transverse dynamics. Nevertheless, we observe that the direct application of the
modal expansion might be unpractical since the profile of the device in the transverse
plane may change, the modal fields becoming a function of the shape itself.

The method proposed in this work overcomes this limitation by introducing a coordi-
nate transformation that converts the actual structure into a geometry with a constant
shape in the transverse plane, invariant along the propagation direction. This expedient
allows resorting to a unique set of modes to represent the transverse features of the field
along the whole domain. Of course, in order to make this representation equivalent to
the original problem, the material inside the waveguide has to be substituted with a
new artificial medium, which is directly obtained from the coordinate transformation.
This approach has often been referred to as Transformation optics or Transformation
electromagnetics, having several applications in the modelling and design of passive com-
ponents, antennas, metasurfaces and cloaking [14, 15, 16, 17].

The HiMod technique here proposed is applied to tapers, smooth transitions and
filters in rectangular waveguides. The main focus of tapered structures is illustrated
by wide-band matched transitions between dissimilar rectangular waveguides [18, 19].
Other common applications are found in mode converters [20, 21] and pyramidal horns
[22, 23].

Classic papers present design and analysis procedures based on solving the three-
dimensional (3D) problem associated with the taper by using Mode-Matching (MM)
[22]. More recently, the Finite Element Method (FEM) was applied through the use of
well-known commercial software [21]. For smooth walled tapers, the extremely efficient
MM technique can be less engaging due to the need of representing the geometry by a
large number of steps, thereby increasing the computational time and introducing an
undesired geometry discretization and approximation. Thus, FEM, in the 3D version,
has become until today the preferred choice, even though the computing time can become
an issue when dealing with long tapers.
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Figure 1: Geometric transformation. (a) Original domain with scalar permittivity and
permeability. The waveguide exhibits a mild width and height variation along the z′-
axis. (b) Transformed domain with tensorial permittivity and permeability. The profile
is now constant along the z-axis.

The method proposed in this work offers a totally new concept, since it combines
the powerful, well-known, modal expansion to describe the transverse dynamics with
a standard one-dimensional (1D) FE discretization in order to model the phenomenon
along the propagation direction. The extremely efficient representation of the problem
makes HiMod reduction the best candidate for “long” structures (with regards to the
wavelength) with smoothly varying cross-sections. The examples of application discussed
in this paper provide just a glance at the great potentiality that this technique can
provide.

The theoretical aspects of the problem and, in particular, the coordinate transforma-
tion are discussed in Section 2. In Section 3 we introduce the HiMod reduction. Some
issues regarding the function spaces are discussed, together with a detailed analysis of
the effect of the coordinate transformation on the output port and the corresponding
modal functions. The final purpose of this analysis is, in fact, the computation of the
multimode Generalized Scattering Matrix (GSM) [24]. This is achieved by introducing
some suitably normalized mode functions as forcing terms in the HiMod model. Section
4 presents the results obtained by applying the new approach to tapered structures,
while in the final section we draw some conclusions.

2 Problem statement

We discuss the application of a HiMod reduction to the structure represented in Fig. 1(a).
The process can be split into two phases: To begin with, we carry out a coordinate
transformation so as to convert the tapered geometry into a uniform section waveguide
of length L. In completion of this step, a corresponding artificial material is introduced to
make the electromagnetic problem equivalent to the original one with tapered geometry.
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In the second step, we carry out a discretization that employs the standard modes of
the uniform structure as basis functions in the transverse plane, plus a classic 1D-FEM
discretization along the propagation direction. This section focuses on the first step.

We consider a rectangular waveguide device in the (x′, y′, z′) reference frame so that
the cross-section, lying in the x′y′ plane, exhibits smooth variations in the profile (see
Fig. 1(a)). The taper is oriented such that port 1, of size a0 and b0, along the x′- and y′-
direction, respectively, lies at z′ = 0, while port 2, of size aL and bL along the x′- and
y′-direction, respectively, lies at z′ = L. The profile of the device is, then, described by
two functions, a = a(z′) and b = b(z′), depending on the propagation direction, z′, so
that

a(0) = a0, b(0) = b0, a(L) = aL, b(L) = bL. (1)

Then, we define a geometric transformation

r = r(r′), (2)

with r′ = (x′, y′, z′) and r = (x, y, z), such that the original device becomes a waveguide
of constant rectangular section, a0 × b0, for all z′, as illustrated in Fig. 1(b). It is
assumed that port 1 is defined by −a0/2 < x′ < a0/2 and −b0/2 < y′ < b0/2, while port
2 is characterized by the ranges −aL/2 < x′ < aL/2 and −bL/2 < y′ < bL/2. The taper
geometry functions a = a(z′), b = b(z′), can be quite arbitrary, the only requirements
being the endpoint conditions in (1). Here, we select the transformation (2) as follows:

x = x′
a0

a(z′)
, −a(z′)/2 ≤ x′ ≤ a(z′)/2, 0 ≤ z′ ≤ L

y = y′
b0
b(z′)

, −b(z′)/2 ≤ y′ ≤ b(z′)/2, 0 ≤ z′ ≤ L

z = z′, 0 ≤ z′ ≤ L.

(3)

It can be easily checked that in the new frame (x, y, z), the taper geometry has now a
constant section independent of z, i.e., the physical domain has been transformed into
the rectangular prism Ω of dimensions a0 × b0 × L.

In order to ensure that the electromagnetic problem in the original and in the trans-
formed geometry are equivalent, we have to define a non-isotropic, non-homogeneous
artificial material filling the waveguide with the following properties:

ε̄r = ε′r
J̄ J̄T

det(J̄)
= ε′rΛ̄, (4)

µ̄r = µ′r
J̄ J̄T

det(J̄)
= µ′rΛ̄, (5)

where ε′r, µ
′
r are the homogeneous relative permittivity and permeability in the original

reference frame, respectively,

J̄ =
∂r

∂r′
=


∂x
∂x′

∂x
∂y′

∂x
∂z′

∂y
∂x′

∂y
∂y′

∂y
∂z′

∂z
∂x′

∂z
∂y′

∂z
∂z′

 , (6)
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is the Jacobian of the transformation, and Λ̄ = J̄ J̄T / det(J̄) denotes the anisotropy con-
tribution in the material originated from the coordinate transformation. By substituting
(3) into (6), we obtain:

J̄ =


a0

a(z′) 0 − x
a(z′)

da(z′)
dz′

0 b0
b(z′) − y

b(z′)
db(z′)
dz′

0 0 1

 . (7)

Solving the equivalent electromagnetic problem in the uniform waveguide section with
non-homogeneous anisotropic permittivity and permeability yields the transformed elec-
tric and magnetic field, E and H, respectively which are related to the corresponding
fields in the original problem, E′, H′, by the relations

E = J̄TE′, H = J̄TH′. (8)

The technique described above is quite popular and can lead to great computational
benefits in the analysis of complex structures [1]. In our case, the coordinate transfor-
mation (3) represents only the first step in building the reduced model we are interested
in, as discussed in the following section.

3 HiMod Discretization

3.1 The reduced basis

With a view to the application of HiMod, a convenient basis in the transformed geometry
for the representation of the electromagnetic field in the transverse plane is represented
by the set of Transverse Electric (TE) and Transverse Magnetic (TM) modes, describing
the electric field in a uniform and homogeneously-filled rectangular waveguide. With
reference to the configuration in Fig. 2, the modal basis will be uniquely defined from
the knowledge of the geometry of port 1, and it can be used to represent the electric
field anywhere in the waveguide profile thanks to the geometric transformation in (3).

We highlight that modal functions exactly represent the modes at port 1, since, by
definition, no shape modification takes place in the plane where the port lies. Thus,
for the same reason, such modal functions do not represent, in general, the modes at
port 2, nor at any internal cross-section of the transformed geometry. More importantly,
TE and TM modes provide a complete basis for any field satisfying Maxwell’s equations,
including the non-homogeneous equivalent waveguide at hand. Thus, TE and TM modal
functions provide a natural and convenient reduced basis for a HiMod approximation.

By splitting the electric field into a transverse (subscript t) and a longitudinal (sub-
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script z) component, we can rewrite E as E(x, y, z) = Et(x, y, z) + Ez(x, y, z), with

Et(x, y, z) =

NTE∑
n=1

eTE
t,n (x, y)τTE

n (z) +

NTM∑
n=1

eTM
t,n (x, y)τTM

n (z) (9)

Ez(x, y, z) =

NTM∑
n=1

eTM
z,n (x, y)ζn(z), (10)

where eTE
t,n , eTM

t,n are transverse modal fields, eTM
z,n are longitudinal modal fields, while

functions τTE
n (z), τTM

n (z) and ζn(z) model the z-dependence of the electric field com-
ponents. All modal fields eTE

t,n , eTM
t,n , eTM

z,n can be chosen as real functions and can be
obtained from the usual mode decomposition of a rectangular waveguide, including the
perfect conductor boundary condition assigned on the lateral surface of the taper [25].
Their superposition as functions of z is instead determined by τTE

n (z), τTM
n (z) and ζn(z)

functions, still unknown and objective of the solution process. Note that τn and ζn are
not necessarily equal due to the artificial material inside the transformed domain. Ex-
pressions (9)-(10) represent the electric field at all points in the transformed geometry.
The associated theoretically infinite series have been truncated to NTE and NTM terms
for the TE and TM modes, respectively. It will be shown that, in practice, a relatively
small value of such terms is sufficient to obtain an accurate representation of field E in
the structure. Since modes in the rectangular waveguide are identified by two indexes,
p and q, associated with x and y, respectively (see the Appendix), one has to define the
correspondence of the generic index n to the indexes p, q, namely

p = p(n) = pn, q = q(n) = qn. (11)

The z-dependence of the fields in (9)-(10) can be represented in several ways. We
are interested in a finite element discretization, due to the relevant flexibility in terms
of polynomial degree, to the high accuracy and to the remarkable efficiency guaranteed
by the sparsity pattern characterizing the associated matrices. For this reason, we select
the 1D interpolating Lagrange polynomials to expand the function in (9)-(10) depending
on z, so that we have

τTE
n (z) =

Nl,t∑
l=1

cTE
n,l φl(z) (12)

τTM
n (z) =

Nl,t∑
l=1

cTM
n,l φl(z) (13)

ζn(z) =

Nl,z∑
l=1

dTM
n,l ψl(z), (14)

where {φl(z)} and {ψl(z)} are the standard Lagrange polynomials providing a basis
of dimension Nl,t and Nl,z, respectively for a 1D FE discretization (we use different
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Figure 2: Generic taper in the original domain. (a) Top view, (b) right side view, (c)
front view, (d) isometric view.

symbols for the transverse and longitudinal polynomials for reasons that will be clear
below), whereas cTE

n,l , cTM
n,l and dTM

n,l denote the corresponding degrees of freedom (DOFs),
i.e., the actual unknowns. From (9)-(10) and (12)-(14), it follows that the total number
of DOFs used to represent the electric field in the structure is equal to

Ntot = (NTE +NTM)Nl,t +NTMNl,z.

In Section 4, we will verify that the computational advantage provided by a HiMod
reduction is the much smaller global number of DOFs when commpared with a full 3D
FE discretization.
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3.2 Weak form and algebraic HiMod formulation

The model we reduce does coincide with Maxwell’s equations, which, in the transformed
domain (x, y, z), read as:

∇×E = −ωµ0µ̄rH, (15)

∇×H = ωε0ε̄rE, (16)

where ω is the angular frequency,  denotes the imaginary unit, ε0 and µ0 are the absolute
permittivity and permeability of vacuum, respectively. Note the presence of the artificial
non-homogeneous and non-isotropic material, ε̄r, µ̄r being the relative permittivity and
permeability in (4)-(5) originated by the coordinate transformation (2)-(3).

The vector wave equation for the electric field E derived from (15) and (16) is

∇× µ̄−1
r ∇×E− k2

0 ε̄rE = 0, (17)

where k0 = ω
√
µ0ε0 is the free space wavenumber. As discussed previously, a perfect

conductor boundary condition is imposed in an essential way on the lateral surface, SL,
of the taper, while the magnetic field is assigned as a natural condition on the device
ports, S1 and S2. With a view to the HiMod discretization, we consider the weak form
of problem (17), i.e., we look for a solution E ∈ HSL

(curl,Ω), such that∫
Ω

(∇×w) · µ̄−1
r ∇×E dΩ− k2

0

∫
Ω

w · ε̄rE dΩ

−
∫
S1∪S2

w · µ̄−1
r [(∇×E)× n̂] dS = 0,

(18)

with n̂ the unit outward normal vector to ∂Ω, for any test function, w, in HSL
(curl,Ω),

the space of the functions that are square integrable in Ω together with the associated
curl, ∇×w [26], satisfying ∇×E× n̂ = 0 on SL.

Now, to simplify the notation, we no longer distinguish between the transverse modal
fields of type TE or TM in the HiMod expansion (9), and we order the modes by using
a single index, n, that runs from 1 to NM = NTE + NTM. Hence, the electric field
expansions in (9)-(10), taking into account the FE representations in (12)-(14), can be
rewritten as

Et(x, y, z) =

Nl,t∑
l=1

NM∑
n=1

cn,let,n(x, y)φl(z) (19)

Ez(x, y, z) =

Nl,z∑
l=1

NTM∑
n=1

dn,lez,n(x, y)ψl(z). (20)

The following normalization is then applied to the transverse and to the longitudinal
fields, so that ∫

SP

et,n · et,n dS = 1,

∫
SP

ez,n · ez,n dS = 1, (21)
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where SP denotes the port surface after the coordinate transformation, with P ∈ {1, 2}.
By arranging the separate modal and FE basis functions in (19), we can define the

generic i-th global basis function involved in the expansion of the transverse component
of the electric field as:

fi(x, y, z) = et,ni(x, y)φli(z) (22)

where the sorting is made so that (n1, l1) = (1, 1), (n2, l2) = (2, 1), . . . , (nNM
, lNM

) =
(NM, 1), (nNM+1, lNM+1) = (1, 2), . . . , (nNM·Nl,t

, lNM·Nl,t
) = (NM, Nl,t).

Analogously, from (20), the generic i-th global basis function for the longitudinal
component of field E takes the form:

gi(x, y, z) = ez,ni(x, y)ψli(z), (23)

where, now, the index sorting is such that

(n1, l1) = (1, 1), (n2, l2) = (2, 1), . . . , (nNTM
, lNTM

) = (NTM, 1),

(nNTM+1, lNTM+1) = (1, 2), . . . , (nNTM·Nl,z
, lNTM·Nl,t

) = (NTM, Nl,z).

We remark that the index notation ni and li in (22)-(23) is meant to highlight that the
generic i-th global basis function is associated with a modal index, ni, (which, in turn,
depends on indices pni and qni according to (11)) related to the approximation of the
transverse dynamics, and with a FE index, li, related to the discretization along z.

By exploiting the separation of variables characterizing the definition of functions fi
and gi, we have

∇× fi = φli∇t × et,ni +
dφli
dz

ẑ× et,ni , (24)

∇× gi = ψli∇t × ez,ni , (25)

with ∇t the transverse component of operator ∇ in the xy-plane, and ẑ the unit vector
along the z-direction.
For the compatibility of the representations of the transverse component of the curl
operator, the degree of polynomials ψli has to be one less than the degree of polynomials
φli . In fact, the second term in the right-hand side of (24) and the term in the right-hand
side of (25) both define the transverse components of the curl and different degrees in
the polynomial representations lead to spurious solutions [27, 28].

Now, we assume to deal with a generic excitation h, which represents a magnetic
field impressed at the ports S1 and S2. The HiMod discretization in (19) and (20),
combined with definitions (22)-(23) and relations (24)-(25), convert problem (18) into
the following matrix formulation([

Att Atz

Azt Azz

]
− k2

0

[
Btt Btz

Bzt Bzz

])[
c
d

]
= −ωµ0

[
Ct

0

]
, (26)
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where vectors
c =

[
cn1,l1 , . . . , cnNM·Nl,t

, lNM·Nl,t

]T
,

d =
[
dn1,l1 , . . . , dnNTM·Nl,z

, lNTM·Nl,t

]T
collect the (unknown) HiMod coefficients in (19)-(20), while the generic matrix entries
are given by

Att(i, j) =

∫
Ω
∇× fi · µ̄−1

r ∇× fj dΩ, (27)

Atz(i, j) =

∫
Ω
∇× fi · µ̄−1

r ∇× gj dΩ, (28)

Azt(i, j) =

∫
Ω
∇× gi · µ̄−1

r ∇× fj dΩ, (29)

Azz(i, j) =

∫
Ω
∇× gi · µ̄−1

r ∇× gj dΩ, (30)

and

Btt(i, j) =

∫
Ω

fi · ε̄rfj dΩ, (31)

Btz(i, j) =

∫
Ω

fi · ε̄rgj dΩ, (32)

Bzt(i, j) =

∫
Ω

gi · ε̄rfj dΩ, (33)

Bzz(i, j) =

∫
Ω

gi · ε̄rgj dΩ. (34)

Finally, vector Ct on the right-hand side in (26) is defined by

Ct(i) =

∫
S1∪S2

fi · (h× n̂) dS, (35)

where we set µ̄−1
r ∇×E = −ωµ0h. Gathering matrices and vectors in (26) as

A =

[
Att Atz

Azt Azz

]
, B =

[
Btt Btz

Bzt Bzz

]
, (36)

C =

[
Ct

0

]
, v =

[
c
d

]
, (37)

yields the HiMod solution
v = −ωµ0(A− k2

0B)−1C (38)

to equation (18).
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3.3 Generalized scattering matrix computation

The magnetic field h is characterized by a different expression at port 1 and at port
2. Indeed, by construction, port 2 is transformed through the mapping in (3), while
port 1 is not. Now, we compute the Generalized Scattering Matrix (GSM) starting

from the normalized Generalized Impedance Matrix (GIM). We denote by e
(P )
n , h

(P )
n the

electric and the magnetic modal functions of the z-propagating mode of index n at port
P ∈ {1, 2}, normalized as ∫

SP

e(P )
n × h(P )

n · ẑ dS = ±1, (39)

where signs ’+’ and ’−’ refer to port 1 and 2, respectively (oppositely oriented with
respect to the z-axis). Relation (39) is the standard normalization employed in power
waves, commonly used to define the scattering matrix.

We now specify the actual expression of modal functions e
(P )
n and h

(P )
n at the two

ports, separately.

3.3.1 Port 1

For this port, modes are the same functions used to expand the electric field. Therefore,
by using (21) and enforcing (39), we have

e(1)
n =

et,n√
Y

(1)
n

(40)

h(1)
n = ẑ× et,n

√
Y

(1)
n , (41)

being

Y (1)
n =


γ

(1)
n

ωµ′
for TE modes

ωε′

γ
(1)
n

for TM modes

(42)

the modal wave admittance at port 1, where γ
(1)
n =

√
[k

(1)
n ]2 − k2 is the modal propaga-

tion constant, with k
(1)
n the mode eigenvalue (known from the standard modal decom-

position in rectangular waveguides) and k = ω
√
µ′ε′ the wavenumber, being ε′, µ′ the

absolute permittivity and permeability of the waveguide at port 1.

3.3.2 Port 2

This port is subject to the geometric transformation in (3) so that sides of length aL,
bL are transformed into sides with length a0, b0. The modal functions are subject to
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transformation (3) for z′ = L, namely,

x = x′
a0

aL
, y = y′

b0
bL
, z = z′, (43)

so that the associated Jacobian matrix, J̄L, affecting the output port is

J̄L =

 a0
aL

0 0

0 b0
bL

0

0 0 1

 . (44)

It can be shown that the propagation constants, γ
(2)
n , of the modes at port 2 are not

modified by the transformation, while the modal functions are transformed, i.e., we have

e(2)
n = An j̄−1

L et,n, (45)

h(2)
n = −AnY

(2)
n j̄−1

L (ẑ× et,n), (46)

where

j̄L =

[
a0
aL

0

0 b0
bL

]
, (47)

Y (2)
n =


γ

(2)
n

ωµ′
for TE modes

ωε′

γ
(2)
n

for TM modes

(48)

is the modal wave admittance at port 2, with γ
(2)
n =

√
[k

(2)
n ]2 − k2 the modal propagation

constant, k
(2)
n the mode eigenvalue and k defined as in (42), and An is a normalization

constant to be properly set. In particular, imposing (39) leads to

An =

√
a0b0

Y
(2)
n aLbL

,

so that modal functions in (45)-(46) become

e(2)
n =

√
a0b0

Y
(2)
n aLbL

j̄−1
L et,n, (49)

h(2)
n = −

√
Y

(2)
n a0b0
aLbL

j̄−1
L (ẑ× et,n). (50)

We now detail the computation of matrix GSM. The idea is to modify the vector C
in (37) into a matrix in order to include all the modal functions at the two ports, namely

C =

[
C

(1)
t C

(2)
t

0 0

]
, (51)
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where we use again the superscript (P ) to refer to port P ∈ {1, 2}, and

C
(P )
t (i, n) =

∫
SP

fi · [h(P )
n × n̂] dS. (52)

The expression for GIM, Z, is finally obtained from (38) with a multi-column forcing
term C, which yields

Z = −jωµ0C
T (A− k2

0B)−1C. (53)

It is well known [13] that matrix Z defines the relationship between the vector, p+, of
incident power waves and vector, p−, of the reflected power waves, for each mode at
each port, being

p+ + p− = Z (p+ − p−). (54)

Thus, setting p− = Sp+, one can compute

S = (Z + I)−1(Z − I), (55)

with I the identity matrix of size 2NM × 2NM, which provides the standard expression
for the scattering matrix.

Note that we have defined all terms needed to build the final GSM, S, by using the
transverse modal functions et,n only.

4 Results

In this section we assess the performance of the HiMod discretization when employed to
compute the GSM for different instances of smooth transitions in a rectangular waveg-
uide. We investigate the accuracy and the computational efficiency of the proposed
method, when compared with a standard full 3D FEM. In particular, we adopt the re-
sults obtained with the commercial software CST Microwave Studio (version 18) and
HFSS (Ansys Electronic Desktop, Release 2021 R2) as reference values, by pushing the
accuracy to get very accurate data. In particular, we adopt a frequency-domain iterative
solver with tolerance equal to 1e−4 for CST and 1e−5 for HFSS.

As a first example, we analyze a linear taper which connects two waveguides charac-
terized by a rectangular cross-section, varying in height only (see Fig. 3). In particular,
following [19], we choose a0 = 0.570 mm, b0 = 0.570 mm, aL = 0.285 mm, bL = 0.570
mm, L = 1.1 mm = 1.36λ0, being λ0 = c/f0 with c the light speed and f0 = 372 GHz,
according to the rule

a(z) = a0 + (aL − a0)
z

L
, b(z) = b0.

In [19], this simple taper is used as a component in a higher-order mode input coupler
at 372 GHz.
For this very simple filter, we discretize the direction z by resorting to quadratic finite
elements based on 11 DOFs only, while 4 modes (TE10, TE01, TE11 and TM11) are
adopted to model the transverse field, amounting to just 50 unknowns for each frequency
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Figure 3: Magnitude of the scattering parameters of the TE10 mode for a taper with lin-
ear variation in height as in [19]. Comparison between results with commercial software
CST and the HiMod reduced solution.

point employed to solve (53). Components (27)-(35) are computed by exploiting the
iterated integral rule thanks to the Cartesian geometry of the transformed taper. In
particular, we use a 1D Gauss-Legendre rule along x, y and z with a relative tolerance
equal to 1.5e−05.

In Fig. 3, we compare the results provided by CST software and the HiMod procedure
in terms of parameters S11 (the reflection coefficient at port 1) and S21 (the transmission
coefficient at port 2) for the dominant TE10 mode in the input/output waveguides. Other
non-propagating modes in the bandwidth of analysis are present at the ports, but the
plots refer to the dominant TE10 mode only to ease the comparison with some reference
data.
The curves in the figure exhibit a very good matching between the CST and the HiMod
solutions.

As a more general configuration, we choose a waveguide with dimensions a0 = 22.86
mm, b0 = 11.43 mm, that is connected to a bigger one, with aL = 28.448 mm, bL =
14.224 mm, by means of a linear taper of length L = 20 mm = 0.67λ0 at f0 = 10
GHz (see Fig. 4). This second setting introduces a change of size along both the x- and
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Figure 4: Magnitude of the scattering parameters of the TE10 mode for a taper with lin-
ear variation in height and width. Comparison between results with commercial software
CST and the HiMod reduced solution.

y-direction. The profile of the device is analytically defined by the transformation

a(z) = a0 + (aL − a0)
z

L
, (56)

b(z) = b0 + (bL − b0)
z

L
. (57)

The finite element and the modal discretizations have been selected to guarantee a
sufficient accuracy to the HiMod approximation in order to match the CST solution. In
particular, we discretize the z-direction with 15 equally-spaced points, for a total of 15
linear and 29 quadratic DOFs. Concerning the modal expansion, we employ the same 4
modes as in the previous case.
In Fig. 4, we compare CST and HiMod solutions for the dominant mode TE10. The
results are essentially identical for the entire bandwidth.

The third example refers to the sinusoidal taper shown in Fig. 5, where the waveguide
dimensions change only along the x-direction. The taper is now described by relations

a(z) = a0 + (aL − a0) sin
(πz

2L

)
, b(z) = b0.
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Figure 5: Magnitude of the scattering parameters of the TE10 mode for a taper with
sinusoidal variation along the x-direction. Comparison between results with commercial
software CST and the HiMod reduced solution.

where the waveguide dimensions are a0 = 15.79 mm, b0 = 7.889 mm, and aL = 22.86
mm, bL = 7.889 mm, with a length L = 40 mm = 1.67λ0 at f0 = 12.5 GHz.
The HiMod reduction is based on the same discretization along z as for the previous
case study, whereas the four TEm0 (m = 1, ..., 4) modes are employed in the transverse
section, without any TM mode. This leads to solve an algebraic system of size equal to
116.
In Fig. 5, the response for the first propagating mode TE10 covers higher frequencies
when compared with the ones in Fig. 4. The results associated with the HiMod re-
duced model are very accurate and in excellent agreement with the output provided by
CST, except for the very small mismatch for the highest values of the frequency range,
corresponding anyway to an extremely small value of reflection coefficient.

As a practical example taken from the literature, we simulate the taper shown in
Fig. 6 by setting a0 = 22.86 mm, b0 = 10.16 mm, aL = 22.86 mm, bL = 5.08 mm and
length L = 47.08 mm = 1.41λ0, being f0 = 10 GHz. The profile synthesis was done by
the procedure described in [29] for a Hecken taper [30], which exhibits a quasi-optimal
response for the given set of input parameters (i.e., a return loss lower than 40 dB for
the WR90 frequency range, between 8.2 GHz and 12.4 GHz). The b(z) dependence does
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not have an explicit form but can be expressed as

b(z) = b0 exp

(
−2

∫ z

0
Kb(r)dr

)
, (58)

where Kb(r) is a function of the return loss, the frequency range, and of the dimension
of both the ports, while a(z) = a0. The integral involved in definition (58) is, in general,
computed numerically. Interested readers are referred to [29] for further details, as the
process cannot be easily summarized.
We employ the HiMod approximation by preserving the discretization along z as in the
two previous test cases, and exploiting modes TE10, TE12, TE14 and TM12, TM14 to
model the transverse fields, for a total number of 175 unknowns.
The results shown in Fig. 6 highlight the good accuracy characterizing the reduced
solution when compared with the CST output. The slight difference in the minimum
of the second resonance is likely due to the frequency step employed to compute the
GSM, and does not represent a crucial issue. In such a context, it is not trivial to
establish which method is better. Indeed, matching results of the order of −60 dB are
very satisfactory, showing that the way we are modelling tapers with HiMod does not
incur in any appreciable simplification of the geometry.

The numerical assessment carried out in the previous examples can be conceived
as a benchmark case study due to the low number of DOFs involved by both the 3D
FEM and the HiMod discretizations. In order to challenge the reduced order model
in terms of accuracy and scalability, we simulate an E-plane low-pass filter built on a
WR-75 waveguide, with input dimensions a0 = aL = 19.05 mm, b0 = bL = 9.525 mm,
L = 218.025 mm = 5.45λ0 at f0 = 12 GHz, composed by sinusoidal units of length 3.825
mm and a minimum gap of 6 mm, as proposed in [31, 32].

The filter profile is shown in Fig. 7 and is made up with 3 sections. The first one
consists of 8 units modulated by a Hanning window of height (peak-to-peak) hmin = 1.6
mm. The second section comprises 45 units of increasing height, from hmin to hmax = 8.6
mm, the last four being set to hmax, and with a minimum gap equal to gmin = 6 mm.
The final section is constituted by 4 units with a maximum height given by hmax, and
are modulated by a Hanning window (for more details, we refer the reader to [31]).
We observe that the smooth variation of the boundaries of the device makes it especially
suitable for high-power applications. However, from a computational viewpoint, the
high frequency variation of the sinusoidal profile turns out to be very challenging for
3D methods. This justifies the adoption of the HiMod reduced model as well as of the
dedicated E-plane 2D-FEM formulation for rectangular waveguides proposed in [27]. In
particular, the 2D formulation employs quadratic finite elements to approximate the
x-component of the magnetic field, with about 400, 000 DOFs. The HiMod reduction
discretizes the propagating direction with 451 equally space points, the transverse section
with 7 modes (TE10, TE12, TM12, TE14, TM14, TE16 and TM16), with a total number
of DOFs equal to 7660, after subdividing the frequency range 10 − 15 GHz with 201
samples (about 0.15s per sample).

In Fig. 8, the filter response has been modeled by comparing HiMod approximation
with that obtained by the commercial software HFSS (which simplifies the set-up of this
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Figure 6: Magnitude of the scattering parameters of the TE10 mode in one of the
Hecken tapers in [29]. Comparison between results with commercial software CST and
the HiMod reduced solution.

configuration with respect to CST) and by the 2D-FEM model. We remark that the
three numerical procedures accurately capture the response in the passband. However,
only HiMod and the 2D-FEM formulation (which is a less general procedure than Hi-
Mod in the context of this work) succeed in computing the extremely low magnitude of
paramater S21 in the stopband, virtually achieving full rejection. Moreover, among the
three approaches, HiMod requires the least amount of unknowns and is the fastest one.
From a more quantitative viewpoint, the HFSS simulation takes over three hours on a
standard PC, while the 2D-FEM and the HiMod simulation require three minutes and
less than one minute, respectively, without any code parallelization, only using sparse
matrices and open-source solvers.

5 Conclusions

A new method based on a Hierarchical Model (HiMod) reduction has been presented and
applied to the analysis of rectangular waveguide tapers and transitions with a smooth
profile. The method is based on a preliminary coordinate transformation that converts
the device into a parallelepiped filled by an inhomogeneous anisotropic material. In
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Figure 7: Rectangular-waveguide E-plane low-pass filter (y-z view) described in [31].

Figure 8: Response of the of the TE10 mode in filter in Fig. 7 for HFSS, a dedicated
E-plane 2D-FEM and HiMod.

the transformed geometry, a modal decomposition in the transverse plane combined
with 1D finite elements along the longitudinal direction is then adopted to model the
electromagnetic wave propagation.
We have verified that the actual advantage of the HiMod reduction resides in the very
small size of the associated algebraic system, without waving the accuracy. In the most
challenging considered configuration (see Fig. 7), 7 modes are sufficient to guarantee an
accurate reduced solution which outperforms the output provided by HFSS software.
Moreover, extremely accurate results have been obtained with an impressive speed-up
factor (about 200) when compared to standard 3D FEM, although no optimization has
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been applied to the code of the reduced model.
As a possible future development, we are interested in varying the number of modes

along the z-direction according to a pointwise HiMod formulation (see [33, 34]).
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A Modal functions in the rectangular waveguide

Here, we define the expressions for functions eTX
t,n = x̂eTX

x,n + ŷeTX
y,n , with TX = TE, TM

and eTM
z,n = ẑeTM

z,n in (9)-(10), which are the transverse and longitudinal modal functions,
respectively associated with a generic mode n.
Modes in the rectangular waveguide are defined by two indexes p = p(n) and q = q(n),
associated with the x and y coordinates, respectively (see (11)) and spanning the ranges
p = 0, 1 . . . and q = 0, 1, . . ., except for the choice p = q = 0.
As discussed in Section 2, we consider a waveguide whose cross section is centered in
the x − y plane, of size a0 and b0 along x and y, respectively. For n = 1, . . . , NM, with
NM = NTE +NTM, if the n-th mode is TE, it holds

eTE
x,n =

Bpq

kpq
kyq cos(kxpx̃) sin(kyqỹ), (59)

eTE
y,n = −Bpq

kpq
kxp sin(kxpx̃) cos(kyqỹ), (60)

while, if the n-th mode is TM, it follows

eTM
x,n =

Bpq

kpq
kxp cos(kxpx̃) sin(kyqỹ), (61)

eTM
y,n =

Bpq

kpq
kyq sin(kxpx̃) cos(kyqỹ). (62)

Moreover, for TM modes, we have also to define

eTM
z,m = Bpq sin(kxpx̃) sin(kyqỹ), (63)
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for m = 1, . . . , NTM. In (59)-(63), we have set

x̃ = x− a0/2, ỹ = y − b0/2, (64)

kxp =
pπ

a0
, kyq =

qπ

b0
, (65)

kpq =
√
k2
xp + k2

yq, Bpq =

√
εp0εq0

a0b0
, (66)

where ε is a function of p or q, being

εp0 =

{
1 for p = 0
2 for p > 0,

(67)

εq0 =

{
1 for q = 0
2 for q > 0.

(68)

The NM modes are selected as the first NM modes in the increasing sequence of the
associated eigenvalue kpq.
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