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Abstract

We consider the numerical solution of second order Partial Differential
Equations (PDEs) on lower dimensional manifolds, specifically on surfaces
in three dimensional spaces. For the spatial approximation, we consider
Isogeometric Analysis which facilitates the encapsulation of the exact
geometrical description of the manifold in the analysis when this is repre-
sented by B–splines or NURBS. Our analysis addresses linear, nonlinear,
time dependent, and eigenvalues problems involving the Laplace–Beltrami
operator on surfaces. Moreover, we propose a priori error estimates
under h–refinement in the general case of second order PDEs on the
lower dimensional manifolds. We highlight the accuracy and efficiency of
Isogeometric Analysis with respect to the exactness of the geometrical
representations of the surfaces.
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1 Introduction

In several instances, Partial Differential Equations (PDEs) are set up on on lower dimensional
manifolds with respect to the hosting physical space, namely on surfaces in three dimensions or
curves in two or three–dimensions ([1]). Applications include problems in Fluid Dynamics, Biology,
Electromagnetism, and image processing as reported for example in [8, 32, 23, 43, 45]. In addition,
PDEs on lower dimensional manifolds could be obtained as reduced mathematical formulations of
PDEs defined in thin geometries, e.g. for plates and shells structures [50].

The numerical approximation of these PDEs generally requires the generation of an approxi-
mated geometry compatible with the analysis, as it is the case for the Finite Element method (see
e.g. [15, 33, 42]). In particular, the approximation of the curvature of surfaces may significantly
affect the total error associated to the numerical approximation. Typically, schemes based on the
Finite Element method have been used for the approximation of PDEs on surfaces with partic-
ular emphasis in controlling and limiting the propagation of the errors associated to the discrete
geometrical representation. With this aim, surface Finite Element methods [22, 24] and geomet-
rically consistent Finite Element mesh adaptations [9, 38] have been considered. As alternatives,
approaches based on the implicit or immersed surfaces have been proposed, namely based on level
set formulations [5, 23] or diffuse interfaces strategies [43]. Still, for a broad range of geometries
(surfaces) of practical interest, the above mentioned approaches are not error free in the geometrical
representation.

As alternative to these approaches, in this paper we propose numerical approximation of PDEs
on lower dimensional manifolds by means of Isogeometric Analysis. Our approach is motivated by
the fact that a broad range of geometries of practical interest are exactly represented by B–splines
or NURBS ([40]).

Isogeometric Analysis is an approximation method for PDEs based on the isoparametric concept
for which the same basis functions used for the geometrical representation are then also used for
the numerical approximations of the PDEs [18, 34]. Typically, B–splines or NURBS geometrical
representations are considered for Isogeometric Analysis, even if, more recently, T–splines ([47])
have been successfully utilized. Since NURBS are the golden standard in Computer Aided Design
(CAD) technology, the use of Isogeometric Analysis facilitates the encapsulation of the exact geo-
metrical representation in the analysis and simplifies the establishment of direct communications
between design and numerical approximation of the PDEs. Moreover, NURBS–based Isogeometric
Analysis possesses several advantages besides the geometrical considerations, especially in terms
of smoothness of the basis functions and accuracy properties [2, 4, 28]. Nowadays, Isogeometric
Analysis have been successfully used in a broad range of applications in computational mechanics
and optimization, see e.g. [3, 18, 20, 31, 37]. In particular, Isogeometric Analysis have been con-
sidered for solving shell problems, as e.g. in [6], and, more recently, Isogeometric Analysis in the
framework of the Boundary Element method ([52]) has been used to take advantage of the exact
geometrical representation of surfaces [46].

In this work we provide for the first time a general formulation of the numerical approximation
of second order PDEs defined on lower dimensional manifolds described by NURBS, specifically
surfaces, by means of Isogeometric Analysis. We discuss the representation of the manifolds in a
general framework by means of geometrical mappings from the parameter space to the physical
domain; consequently, in view of the use of Isogeometric Analysis based on the Galerkin method
([42]), we recast the weak forms of the problems and the spatial differential operators in the param-
eter space. We provide a priori error estimates under h–refinement for the numerical approximation
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by means of Isogeometric Analysis, thus extending the results of [2] and [4] to the case of the second
order PDEs on lower dimensional manifolds; with this aim, an interpolation error estimate for the
NURBS space on the manifold is proposed. We show the accuracy and efficiency of the method
by solving several PDEs endowed with the Laplace–Beltrami spatial operator on surfaces. In par-
ticular, as few remarkable instances, we address the numerical solution of the Laplace–Beltrami
problem, the eigenvalue problem, a time dependent linear advection–diffusion equation, and the
Cahn–Allen phase transition equation ([11, 29]). For both the Laplace–Beltrami and the eigen-
value problems we compare the convergence rates of the errors obtained by means of Isogeometric
Analysis with those expected from the a priori error estimates and we highlight the advantages of
exactly representing the geometries at the coarsest level of discretization.

This work is organized as follows. In Sec. 2 we discuss the representation of lower dimensional
manifolds by NURBS and the role of the parametrization in the definition of geometrical map-
pings. In Sec. 3 we consider the PDEs on the manifolds for problems involving the second order
Laplace–Beltrami spatial operator. In Sec. 4 we discuss the numerical approximation schemes,
specifically Isogeometric Analysis for the spatial approximation; for the time dependent problems,
the generalized–α method ([14]) is considered and a SUPG stabilization scheme ([10]) is presented
because of its suitability to treat advection dominated problems. In Sec. 5 we provide the inter-
polation error and a priori error estimates for h–refined NURBS “meshes”. In Sec. 6 we report
and discuss the numerical results for PDEs on surfaces. Final considerations are reported in the
Conclusions.

2 Manifolds represented by NURBS

In this section we introduce in an abstract setting lower dimensional manifolds in the physical space,
e.g. curves and surfaces, represented by suitable geometrical mappings. We recall the definition
of generic functions and their derivatives on the manifold and we express them in terms of the
parametric coordinates upon which the geometrical mapping is built. Finally, we specifically select
manifolds defined by B–splines and NURBS and we briefly recall the basics of these geometrical
representations.

2.1 Manifolds and geometrical mapping

Let us consider a generic (Riemannian) manifold, say Ω ⊂ R
d with d ≥ 1, defined in the physical

space Rd [1]. Let us assume that the manifold is obtained by means of a geometrical mapping from
a parameter space, say R

κ, into the physical space R
d, with d ≥ κ ≥ 1. If d > κ the manifold is

lower dimensional with respect to the physical space. More precisely, given a parameter domain,
say Ω̂ ⊂ R

κ, and a vector–valued independent variable ξ = (ξ1, . . . , ξκ) ∈ R
κ, the manifold Ω ⊂ R

d

is defined by means of the geometrical mapping:

x : Ω̂ → R
d, ξ → x(ξ). (2.1)

For example, if d = 3 and κ = 1, the manifold Ω represents a curve in R
3, while if κ = 2, Ω is a

surface in R
3. Specifically, we consider compact, connected, and oriented manifolds Ω defined from

parameter domains Ω̂ of finite, positive measure with respect to the topology of Rκ (0 < |Ω̂| < +∞).
For the mapping (2.1), we define its Jacobian:

F̂ : Ω̂ → R
d×κ, ξ → F̂(ξ), F̂i,α(ξ) :=

∂xi
∂ξα

(ξ) i = 1, . . . , d, α = 1, . . . , κ. (2.2)
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We also introduce the first fundamental form of the mapping:

Ĝ : Ω̂ → R
κ×κ, ξ → Ĝ(ξ), Ĝ(ξ) :=

(
F̂(ξ)

)T
F̂(ξ) (2.3)

and finally its determinant:

ĝ : Ω̂ → R, ξ → ĝ(ξ), ĝ(ξ) :=

√
det
(
Ĝ(ξ)

)
. (2.4)

We observe that in the case for which κ = d, then F̂(ξ) ∈ R
d×d and ĝ(ξ) ≡ det

(
F̂(ξ)

)
(when

positive). We assume that the geometrical mapping (2.1) is “sufficiently” smooth, e.g. C1(Ω̂), and
invertible a.e. in Ω̂. Notice that we allow the mapping to be locally not invertible in subdomains
Q of Ω with zero measure in the topology of Rκ; specifically, we require that ĝ(ξ) > 0 a.e. in Ω̂

with ĝ(ξ) = 0 for ξ ∈ Q̂ ⊂ Ω̂ only if meas
(
Q̂
)
≡ 0, where Q̂ is the subdomain of Ω̂ mapping the

subdomain Q of Ω.
Finally, in view of the derivation of the a priori error estimate in Sec. 5, we introduce, following

Eqs. (2.2), (2.3), and (2.4), the Jacobian, the first fundamental form of the mapping, and its
determinant in the manifold Ω as, respectively:

F : Ω → R
d×κ, x → F(x), F(x) := F̂(ξ) ◦ x−1(ξ), (2.5)

G : Ω → R
κ×κ, x → G(x), G(x) := Ĝ(ξ) ◦ x−1(ξ), (2.6)

g : Ω → R, x → g(x), g(x) := ĝ(ξ) ◦ x−1(ξ). (2.7)

where we used the geometrical mapping (2.1).

2.2 Functions and differential operators on manifolds

Let assume that a “sufficiently” regular function is defined on the manifold Ω, e.g. ϕ ∈ C0(Ω) for
all x ∈ Ω; then, since we consider invertible geometrical mappings, we can write:

ϕ(x) = ϕ̂(ξ) ◦ x−1(ξ), (2.8)

where ϕ̂(ξ) := ϕ (x(ξ)). Moreover, we define the gradient on the manifold Ω of the function
ϕ ∈ C1(Ω), say ∇Ωϕ ∈ R

d, as the projection of the gradient operator associated to the physical
space onto the manifold. With this aim, we introduce the smooth prolongation of the function
ϕ(x) from Ω̂ into a tubular region in R

d containing Ω̂ [9, 21], say ϕ̃(x), and the projector tensor
P(x) ∈ R

d×d:
P(x) := I − nΩ(x)⊗ nΩ(x) for x ∈ Ω, (2.9)

with the unit vector nΩ(x) normal to the manifold Ω in R
d and I the identity tensor in R

d×d; in
this manner, we have:

∇Ωϕ(x) :=
[
P(x)∇ϕ̃(x)

]
for x ∈ Ω. (2.10)

For example, for a curve in R
d we have ∇Ωϕ(x) =

(
∇ϕ̃(x) · tΩ(x)

)
tΩ(x), where tΩ(x) is the

unit tangent vector to the curve, while for a surface in R
d, we obtain that ∇Ωϕ(x) = ∇ϕ̃(x) −(

∇ϕ̃(x) · nΩ(x)
)
nΩ(x)

1. Finally, we introduce the Laplace–Beltrami operator associated to the

1Notice that for a surface in R
3 the unit normal vector nΩ(x) is obtained by mapping n̂Ω(ξ) :=

t̂Ω,1(ξ)× t̂Ω,2(ξ)

∥t̂Ω,1(ξ)× t̂Ω,2(ξ)∥

with t̂Ω,α(ξ) :=
∂x

∂ξα
(ξ) for α = 1, 2.
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manifold Ω for a function ϕ ∈ C2(Ω) as:

∆Ωϕ(x) := ∇Ω · (∇Ωϕ(x)) , (2.11)

where the divergence operator ∇Ω· is defined as ∇Ω · v(x) = trace [∇Ωv(x)] for all v ∈
[
C1(Ω)

]d
.

By using the notation of Eq. (2.10), we obtain for the Laplace–Beltrami operator:

∆Ωϕ(x) = trace
[
P(x)∇2ϕ̃(x) P(x)

]
for x ∈ Ω, (2.12)

where ∇2· indicates the Hessian operator such that
(
∇2ϕ̃(x)

)
i,j

:=
∂2ϕ̃

∂xi∂xj
(x) for i, j = 1, . . . , d.

By using the geometrical mapping (2.1), the gradient on the manifold (2.10) can be rewritten
as:

∇Ωϕ(x) =
[
F̂(ξ) Ĝ−1(ξ)∇̂ϕ̂(ξ)

]
◦ x−1(ξ), (2.13)

where ∇̂ϕ̂ : Ω̂ → R
κ is the gradient operator in the parameter space. Similarly, for the Laplace–

Beltrami operator of Eq. (2.11), we have ([1]):

∆Ωϕ(x) =

[
1

ĝ(ξ)
∇̂ ·
(
ĝ(ξ) Ĝ−1(ξ) ∇̂ϕ̂(ξ)

)]
◦ x−1(ξ). (2.14)

Finally, in view of the definitions of integrals in the weak form of the PDEs, the differential dx (or
dΩ) can be written as dx = ĝ(ξ) dξ (or dΩ = ĝ(ξ) dΩ̂).

2.3 Geometrical mapping by NURBS

We assume that the geometrical mapping introduced in Eq. (2.1) defines a manifold Ω represented
by either B–splines or NURBS; for a detailed description we refer the reader to [40]. We observe
that in the framework of Isogeometric Analysis, the choice of T–splines [47] represents a valid
alternative and generalization.

The geometrical mapping (2.1) represented in terms of NURBS reads:

x(ξ) =

nbf∑

i=1

R̂i(ξ)Pi, (2.15)

where R̂i(ξ) are the NURBS basis functions defined in the parameter domain Ω̂ and Pi ∈ R
d are

the control points in the physical space for i = 1, . . . , nbf . The NURBS basis functions R̂i(ξ) are

defined from B–splines basis functions N̂i(ξ) and weights wi ∈ R as:

R̂i(ξ) :=
wi

nbf∑

i′=1

wi′ N̂i′(ξ)

N̂i(ξ) for i = 1, . . . , nbf ; (2.16)

we observe that B–splines geometries in R
d can be seen as a particular case of NURBS with

weights equal to the unity2. The (multivariate) B–splines basis functions N̂i(ξ) are obtained by
tensor product rule of univariate B–splines basis functions, say N̂α,i(ξα) for i = 1, . . . , nbf,α, where

2NURBS are obtained by projective transformations of B–splines defined in the physical space R
d+1.
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6 L. Dedè, A. Quarteroni

0 0.2 0.4 0.6 0.8 1
0

0.5

1

ξ

N
i(ξ

)

0 0.2 0.4 0.6 0.8 1
0

0.5

1

ξ

N
i(ξ

)

0 0.2 0.4 0.6 0.8 1
0

0.5

1

ξ

N
i(ξ

)

p = 1 p = 2 p = 3

Figure 1: Univariate, globally Cp−1–continuous, B–splines basis functions
{
N̂i(ξ)

}n

i=1
of order

p = 1, 2, and 3 obtained by the knot vectors Ξ =

{
{0}p+1 ,

1

5
,
2

5
,
3

5
,
4

5
, {1}p+1

}
, respectively;

Ω̂ = (0, 1).

α = 1, . . . , κ indicates the parametric direction ξα in R
κ with ξ = (ξ1, . . . , ξκ) and nbf = Πκ

α=1nbf,α.

The univariate B–splines basis functions N̂α,i(ξα) are recursively built by using the Cox–de Boor

recursion formula starting from a knot vector Ξα := {ξα,j}nbf,α+pα+1
j=1 with ξα,j ∈ R which, together

with the polynomial order pα, completely characterizes the properties of the basis functions. We
indicate the minimum polynomial order of the basis functions as p := min

α=1,...,κ
pα; in several instances,

pα = p for all α = 1, . . . , κ.

For example, in Fig. 1 we report open–knot, univariate B–splines basis functions of order p =

1, 2, 3 obtained by the knot vectors Ξ =

{
{0}p+1 ,

1

5
,
2

5
,
3

5
,
4

5
, {1}p+1

}
, respectively; we remark that

the basis functions are globally Cp−1–continuous in Ω̂ = (0, 1) for this specific choice of the knot
vector.

We observe that the parameter domain Ω̂ is obtained by the knot vectors Ξα for α = 1, . . . , κ as
Ω̂ = (ξ1,1, ξnbf,1+p1+1) × · · · × (ξκ,1, ξnbf,κ+pκ+1), which defines a NURBS patch; by convention, we

consider the case for which Ω̂ = (0, 1)κ, i.e. ξα,1 = 0 and ξnbf,α+pα+1 = 1 for all α = 1, . . . , κ. The

tensor product of the knots also defines a partition of the parameter domain Ω̂ into subdomains Ω̂e,
for e = 1, . . . , nel, which we regard as “mesh” elements in the parameter domain, nel being their
number; the set of these elements, i.e. the “mesh” of the parameter domain, is denoted as T̂h. The
geometrical mapping (2.15) of the elements Ω̂e into the physical space defines the elements Ωe for
e = 1, . . . , nel and, similarly, the corresponding “mesh” in the physical domain Th. In addition, we

introduce the notation
˜̂
Ωe to denote the support extension of Ω̂e, i.e. the union of the supports of

the basis functions R̂i(ξ) for i = 1, . . . , nbf whose supports possesses an intersection with Ω̂e of non
zero measure in the topology of Rκ ([2]); the mapping of the support extension in the parameter

domain
˜̂
Ωe into the physical space is denoted by Ω̃e. We schematically depict these concepts in

Fig. 2. Finally, we indicate with ĥe the characteristic size (diameter) of the element Ω̂e and with

ĥ the global “mesh” size ĥ := max
{
ĥe : Ω̂e ∈ T̂h

}
; correspondingly, we define the characteristic

size (diameter) of the element Ωe in the physical domain from Sec. 2.2 as:

he := ∥F̂∥
L∞(Ω̂e)

ĥe ∀e = 1, . . . , nel (2.17)
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Figure 2: Illustration of a geometrical mapping x(ξ) from the parameter domain Ω̂ into the manifold

Ω (physical domain), a “mesh” element Ω̂e and its support extension
˜̂
Ωe in the parameter domain,

and the corresponding “mesh” element Ωe and support extension Ω̃e into the physical space; the
example refers to a B-splines or NURBS surface obtained with a basis of order p = 2 without
internally repeated knots yielding nel = 49 “mesh” elements.

Figure 3: NURBS surfaces Ω in R
3: cylindrical shell of radius 1 and height 4 (left) and spherical

shell of radius 1 (right). The “mesh” elements are highlighted in black, the control net and control
points {Pi}nbf

i=1, in red.

and the global “mesh” size h := max {he : Ωe ∈ Th}. We observe that the definition of he coincides
with the one given in [2] for κ = d.

In Fig. 3 we report two examples of surfaces in R
3 obtained by NURBS, a cylindrical and a

spherical shell (we refer the reader to e.g. [18] and [40] for the construction of these geometries).
We observe that both the geometries are exactly represented by NURBS at the coarsest level of
discretization (nel = 4 and 8 “mesh” elements and nbf = 18 and 45 basis functions for the cylinder
and the sphere, respectively).

7



8 L. Dedè, A. Quarteroni

In several circumstances, more complicated geometries can be generated by combining multiple
NURBS patches.

3 PDEs on the manifold

With the aim of generality, we introduce a nonlinear parabolic PDE with second order spatial
derivatives corresponding to the Laplace–Beltrami operator. Then, as particular cases of such
general PDE, we present the equations we will address in this work, namely: an elliptic PDE, an
eigenvalue problem, a time dependent advection–diffusion equation and the Cahn–Allen equation
defined on the manifold. Then, in view of the numerical approximation, we rewrite the weak form
of the equations in the parametric space by means of the geometrical mapping introduced in Sec. 2.

3.1 A nonlinear parabolic PDE with Laplace–Beltrami operator

Let us denote with Γ = ∂Ω the boundary of the manifold Ω. We say that Ω possesses a boundary
if meas (Γ) ̸= 0 in the topology of Rκ−1; for example, by referring to Fig. 3 (left), the cylindrical
shell has a boundary Γ =

{
x = (x, y, z) ∈ R

3 : x2 + y2 = 1 and z = {0, 4}
}
, while the sphere does

not posses a boundary (meas (Γ) = 0). If meas (Γ) ̸= 0, then we can partition it into two non

overlapping subdomains, say ΓD and ΓN , such that ΓD ∪ ΓN ≡ Γ and
◦
ΓD ∩

◦
ΓN= ∅.

For the sake of simplicity and unless when necessary for clarity, we will omit from here on the
explicit dependence of the functions defined in the physical space R

d on the spatial variable x and,
similarly, for the functions in the parameter space R

κ, the explicit dependence on the independent
variable ξ.

By recalling the definition of the Laplace–Beltrami operator (2.11), we assume the following
expression for the time dependent nonlinear parabolic PDE, where u(t) represents its solution:

ν
∂u

∂t
(t)− µ∆Ωu(t) +V · ∇Ωu(t) + σ (u(t)) = f in Ω× (0, T ),

u(t) = γ on ΓD × (0, T ),

µ∇Ωu(t) · nΓ = 0 on ΓN × (0, T ),

u(0) = uin in Ω× {0},

(3.1)

where T > 0 is the final time and nΓ is the unit vector normal to the boundary Γ (note that
nΓ ·nΩ = 0 for all x ∈ Γ). For simplicity, the coefficients ν ≥ 0 and µ > 0 are assumed as constants
in R, the advection field V ∈ [L∞(Ω)]d is such that V ·nΩ = 0, ∇Ω ·V ∈ L2(Ω) and ∇Ω ·V = 0 a.e.
for x ∈ Ω, and the source term f ∈ L2 (Ω); the reaction term σ is assumed “sufficiently” regular,
i.e. as σ ∈ L∞ (Ω× (0, T )). Moreover, γ ∈ H1/2(ΓD), and the initial condition uin ∈ L2(Ω); for the
sake of simplicity, we assumed an homogeneous Neumann condition on ΓN . We observe that, if the
manifold Ω does not possesses a boundary (meas (Γ) = 0), the boundary conditions in Eq. (3.1)
become meaningless and they should be replaced by other conditions on the solution u(t) depending
on the choice of the data (see Sec. 3.2).

In view of the weak form of the problem (3.1), we introduce the affine manifold Vγ and the
function space V as:

Vγ :=
{
v ∈ H1(Ω) : v|ΓD

= γ
}
, V :=

{
v ∈ H1(Ω) : v|ΓD

= 0
}
. (3.2)

8
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Moreover, we introduce the following forms and functionals:

a(v, w) :=

∫

Ω
µ∇Ωv · ∇Ωw dΩ, b(v, w) :=

∫

Ω
vV · ∇Ωw dΩ,

c(w)(v) :=

∫

Ω
v σ(w) dΩ, m(v, w) :=

∫

Ω
v w dΩ,

q(v) :=

∫

Ω
v f dΩ,

(3.3)

and the weak residual:

Res (w(t)) (v) := q(v)− a(v(t), w(t))− b(v, w(t))

−c(w(t))(v)− ν m

(
v,

∂w

∂t
(t)

)
,

(3.4)

for any v ∈ V, w(t) ∈ Vγ , for all t ∈ (0, T ). Then, the weak form of problem (3.1) reads, for all
t ∈ (0, T ):

find u(t) ∈ Vγ : Res (u(t)) (v) = 0 ∀v ∈ V ,

with u(0) = uin.
(3.5)

We shall assume that the above problem is well–posed; for example, we observe that for ν = 1,
V = 0, and σ(u(t)) = σ0 u(t) for some σ0 > 0, under the regularity hypothesis on the other data,
we have a unique solution u ∈ L2 ((0, T );Vγ) ∩ C0

(
(0, T );L2(Ω)

)
by using similar arguments of

[42]. For further details see e.g. [17, 25, 26, 27].
With the aim of writing problem (3.5) in the parameter space, we recall the mapping of the

data based on Eqs. (2.1) and (2.8). In particular, we have: V̂(ξ) := V(x(ξ)), f̂(ξ) := f(x(ξ)),
γ̂(ξ) := γ(x(ξ)), and ûin(ξ) := uin(x(ξ)); we notice that σ̂(·) ≡ σ(·). Moreover, we introduce the
affine manifold V̂γ and the function space V̂ as:

V̂γ :=
{
v̂ ∈ H1(Ω̂) : v̂|

Γ̂D
= γ̂

}
, V̂ :=

{
v̂ ∈ H1(Ω̂) : v̂|

Γ̂D
= 0
}
, (3.6)

where, if meas (Γ) ̸= 0, Γ̂D :=
{
ξ ∈ ∂Ω̂ : x(ξ) ∈ ΓD

}
and Γ̂N = ∂Ω̂\Γ̂D. Also, we introduce the

following forms and functionals from Eqs. (2.8), (2.13) and (3.3):

â(v̂, ŵ) :=

∫

Ω̂
µ ∇̂v̂ ·

(
Ĝ−1 ∇̂ŵ

)
ĝ dΩ̂, b̂(v̂, ŵ) :=

∫

Ω̂
v̂ V̂ ·

(
F̂ Ĝ−1 ∇̂w

)
ĝ dΩ̂,

ĉ(ŵ)(v̂) :=

∫

Ω̂
v̂ σ̂(ŵ) ĝ dΩ̂, m̂(v̂, ŵ) :=

∫

Ω̂
v̂ ŵ ĝ dΩ̂,

q̂(v̂) :=

∫

Ω̂
v̂ f̂ ĝ dΩ̂,

(3.7)

and the weak residual:

R̂es (ŵ(t)) (v̂) := q̂(v̂)− â(v̂, ŵ(t))− b̂(v̂, ŵ(t))− ĉ(ŵ(t))(v̂)− ν m̂

(
v̂,

∂ŵ

∂t
(t)

)
, (3.8)

for any v̂ ∈ V̂, ŵ(t) ∈ V̂γ , and for all t ∈ (0, T ). Finally, the weak form of the problem (3.5) in the
parameter space reads, for all t ∈ (0, T ):

find û(t) ∈ V̂γ : R̂es (û(t)) (v̂) = 0 ∀v̂ ∈ V̂,

with û(0) = ûin;
(3.9)

9



10 L. Dedè, A. Quarteroni

we observe that, from Eq. (2.8), we have u(x, t) = û(ξ, t) ◦ x−1(ξ) and û(ξ, t) = u(x(ξ), t) for all
t ∈ (0, T ).

3.2 The Laplace–Beltrami equation

By referring to Eq. (3.1) and assuming the data and solution u as time independent, ν = 0, V = 0,
and σ = 0, we obtain the Laplace–Beltrami problem:

find u ∈ Vγ : a(v, u) = q(v) ∀v ∈ V , (3.10)

for some µ > 0. We observe that, if the manifold Ω is not endowed with a boundary, then the
Laplace–Beltrami problem (3.10) is ill–posed. For this reason, if meas (Γ) = 0, the solution space

Vγ is replaced e.g. by the space V0 :=

{
v ∈ H1(Ω) :

∫

Ω
v dΩ = 0

}
(see e.g. [39]).

By recasting problem (3.10) in the parameter space, we obtain:

find û ∈ V̂γ : â(v̂, û) = q̂(v̂) ∀v̂ ∈ V̂ , (3.11)

where we have used the notation introduced in Sec. 3.1.

3.3 The Laplace–Beltrami eigenvalue problem

From Eq. (3.1), by assuming that the data and solution u are time independent, and setting ν = 0,
V = 0, and σ(u) = −λu, assuming the parameter λ as unknown, we obtain the Laplace–Beltrami
eigenvalue problem3:

find u ∈ V and λ ∈ R : a(v, u) = λm(v, u) ∀v ∈ V ; (3.12)

specifically, we set µ = 1. We observe that, since the problem is symmetric, the eigenvalues are
real valued, i.e. λ ∈ R, with λ ≥ 0.

In the parameter space, Eq. (3.12) reads:

find û ∈ V̂ and λ ∈ R : â(v̂, û) = λ m̂(v̂, û) ∀v̂ ∈ V̂. (3.13)

3.4 A time dependent linear advection–diffusion equation

By using the notation of Sec. 3.1, we introduce the parabolic linear advection–diffusion equation in
the following weak form, for all t ∈ (0, T ):

find u(t) ∈ Vγ : m

(
v,

∂u

∂t
(t)

)
+ a(v, u(t)) + b(v, u(t)) = q(v) ∀v ∈ V ,

with u(0) = uin,

(3.14)

where we set σ(u(t)) = 0 and ν = 1. In view of the numerical approximation, we introduce the
following operators, say L(·) and Ladv(·), as:

L(w(t)) := ∂w

∂t
(t)− µ∆Ωw(t) +V · ∇Ωw(t), (3.15)

3For σ(u) = −λu, the form c(·)(·) in Eq. (3.3) reads c(w)(v) = −λm(v, u) for any v(x), w(t) ∈ V.

10
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Ladv(w(t)) := V · ∇Ωw(t), (3.16)

and the strong residual R(·) in Ω as:

R (w(t)) := f − L(w(t)), (3.17)

for all w(t) ∈ H2(Ω) for any t ∈ (0, T ).
In the parameter space, Eq. (3.14) reads, for all t ∈ (0, T ):

find û(t) ∈ V̂γ : m̂

(
v̂,

∂û

∂t
(t)

)
+ â(v̂, û(t)) + b̂(v̂, û(t)) = q̂(v̂) ∀v̂ ∈ V̂,

with û(0) = ûin,

(3.18)

while the operators and the residual in Eqs. (3.15), (3.16), and (3.17) are:

L̂(ŵ(t)) := ∂ŵ

∂t
(t)− µ

1

ĝ
∇̂ ·
(
ĝ Ĝ−1 ∇̂ŵ(t)

)
+ V̂ ·

(
F̂ Ĝ−1 ∇̂ŵ(t)

)
, (3.19)

L̂adv(ŵ(t)) := V̂ ·
(
F̂ Ĝ−1 ∇̂ŵ(t)

)
, (3.20)

R̂ (ŵ(t)) := f̂ − L̂(ŵ(t)), (3.21)

for all ŵ(t) ∈ H2(Ω̂) for any t ∈ (0, T ).

3.5 The Cahn–Allen equation

By denoting with u(t) the concentration of a component of a binary isothermal mixture, we describe
its evolution in time by means of the Cahn–Allen equation, a nonlinear, time dependent PDE. For
further details on the topic we refer the reader e.g. to [11, 12, 13, 29]. The Cahn–Allen equation
in weak form reads, for all t ∈ (0, T ):

find u(t) ∈ V : m

(
v,

∂u

∂t
(t)

)
+ a(v, u(t)) + c(u(t))(v) = 0 ∀v ∈ V ,

with u(0) = uin,

(3.22)

where, with reference to Eq. (3.1), we choose σ(u(t)) = Ψc,u(u(t)) = 2u(t) (u(t)− 1) (2u(t)− 1)

(for which we have that c(u(t))(v) =

∫

Ω
vΨc,u(u(t)) dΩ), V = 0, ν = 1, and f = 0. Moreover, if

meas (Γ) ̸= 0, we set ΓN ≡ Γ with ΓD = ∅. The Cahn–Allen equation (3.22) represents the gradient
flow in the L2(Ω) norm of the following energy functional (total free energy) for isothermal binary
mixtures on surfaces:

Ψ̃(t) = Ψ(u(t)) :=

∫

Ω

(
Ψc(u(t)) +

1

2
µ |∇Ωu(t)|2

)
dΩ, (3.23)

where Ψc(·) is the chemical energy, which, in this specific case, we have choosen as Ψc(u(t)) =
(u(t))2 (u(t)− 1)2; the functional Ψc,u(·) = σ(·) represents the chemical potential and is obtained

as the Frechét derivative of Ψc(·) with respect to the variable u(t). The free energy Ψ̃(t) represents

a Liapunov functional since
dΨ̃

dt
(t) ≤ 0 for all t ∈ (0, T ], being ∇Ωu(t) · n̂Γ = 0 on Γ.

11
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In the parameter space, the Cahn–Allen equation reads, for all t ∈ (0, T ):

find û(t) ∈ V̂ : m̃

(
v̂,

∂û

∂t
(t)

)
+ â(v̂, û(t)) + ĉ(û(t))(v̂) = 0 ∀v̂ ∈ V̂,

with û(0) = ûin,

(3.24)

with the free energy:

Ψ̃(t) = Ψ̂(u(t)) :=

∫

Ω̂

(
Ψc(û(t)) +

1

2
µ ∇̂û(t) ·

(
Ĝ−1 ∇̂û(t)

))
ĝ dΩ̂, (3.25)

being Ψ̂c(·) ≡ Ψc(·).

4 Numerical approximation

In this section we describe the numerical approximation of the PDEs introduced in Sec. 3.1 and
represented in compact form in Eq. (3.5). We discuss the approximation in a general setting, firstly
for the spatial approximation by means of Isogeometric Analysis and then, for time discretization,
the generalized–α method.

4.1 The spatial approximation: Isogeometric Analysis

For the spatial approximation of the general problem (3.5) we consider Isogeometric Analysis. In
this section we briefly recall the basic notions of the approximation in the framework of the Galerkin
method. For further details we refer the reader to [18, 34].

Isogeometric Analysis is a method for the spatial approximation of PDEs, based on the isopara-
metric concept for which the same basis used to represent the known geometry are then used to
approximate the unknown solution of the PDEs. NURBS or B–splines geometries (computational
domains) are represented by geometrical mappings in the form (2.15) from a parameter space to
the physical space. By using the isogeometric paradigm, we can define functions in the parameter
space in the form:

ûh(ξ, t) :=

nbf∑

i=1

R̂i(ξ)Ui(t), (4.1)

where R̂i(ξ) are the NURBS (or B–splines) basis functions (see Eq. (2.16)) and Ui(t) ∈ R are
the control variables (in fact, the problem unknowns) for i = 1, . . . , nbf , with nbf the number
of basis functions; for time dependent problems, the control variables Ui(t) are time dependent.
Since the geometrical mapping (2.15) is invertible (as discussed in Secs. 2.1 and 2.3)), we can
indifferently refer to functions in the parameter space or in the physical one; from Eq. (2.8) we
have uh(x, t) = ûh(ξ, t)◦x−1(ξ). For this reason, unless than necessary for clarity, we will henceforth
consider formulations in the parameter space.

From Eq. (4.1) we define the NURBS space on the parameter domain Ω̂ (a single patch):

N̂h := span
{
R̂i(ξ)

}nbf

i=1
(4.2)

and, in virtue of the geometrical mapping (2.15), the corresponding NURBS space on the physical
domain (the manifold) Ω:

Nh := span
{
R̂i(ξ) ◦ x−1(ξ)

}nbf

i=1
. (4.3)

12
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Then, we introduce the finite dimensional function spaces V̂γ,h := V̂γ ∩ N̂h and V̂h := V̂ ∩ N̂h from

Eqs. (3.6) and (4.1); for simplicity, we assume that the data γ̂ belongs to the NURBS space N̂h.
Similarly, by referring to the physical domain Ω, we introduce the function spaces Vγ,h := Vγ ∩Nh

and Vh := V ∩ Nh.
The weak form of problem (3.9) approximated by Isogeometric Analysis reads, for all t ∈ (0, T ):

find ûh(t) ∈ V̂γ,h : R̂es (ûh(t)) (v̂h) = 0 ∀v̂h ∈ V̂h,

with ûh(0) = ûin,h,
(4.4)

where ûin,h is the L2(Ω) projection of ûin onto V̂h. The spatial approximation of the problems
described in Secs. 3.2, 3.4, and 3.5 fit the general formulation of Eq. (4.4), while the eigenvalue
problem (3.13) reads:

find ûh ∈ V̂h and λh ∈ R : â(v̂h, ûh) = λh m̂(v̂h, ûh) ∀v̂h ∈ V̂h. (4.5)

We remark that the function spaces V̂γ,h and V̂h can be “enriched” by means of h– or p–
refinement of the geometric representation while identically preserving the geometrical mapping4.
The refinements allow the improvement of the accuracy of the approximate solution, while still rep-
resenting exactly the NURBS geometries defining the computational domain. A type of refinement
called k–refinement and specific for NURBS basis functions can be eventually used to efficiently
improve the accuracy by increasing the order p of the basis functions and their global continuity,
say k, across the elements Ω̂e in Ω̂ while containing the number of basis functions nbf . For further
details we refer the reader to [2, 4, 18, 19, 34]. Specifically, in Sec. 5 we provide a priori error
estimates for PDEs on manifolds for h–refined “meshes”.

We remark that numerical integration is performed by means of a quadrature formula with
(p+ 1)κ quadrature points in each element; a direct method ([41]) is considered for the solution of
the linear system associated to Eq. (4.4).

4.2 The time discretization scheme

For the approximation of time dependent problems, we consider the generalized–α method, a
predictor–multicorrector numerical scheme, which we briefly recall in this section; for further details
see also e.g. [14, 36].

Let start by introducing a partition of the time interval (0, T ) into time steps {tn}nts

n=0, where
t0 = 0 and tnts = T , with time steps ∆tn := tn+1− tn for n = 0, . . . , tnts−1. Also, we define U(t) :=

{Ui(t)}nbf

i=1, U̇(t) :=
{
U̇i(t)

}nbf

i=1
, R̂es

(
U̇(t),U(t)

)
:=
{
R̂es (ûh(t))

(
R̂i

)}nbf

i=1
from Eq. (3.8), Un :=

U (tn), and U̇n := U̇ (tn). By introducing the parameters αm, αf , and δ ∈ R, the generalized–α
method consists in solving the following problem at the time step tn+1 given U̇n and Un:

find U̇n+1,Un+1, U̇n+αm ,Un+αf
: R̂es

(
U̇n+αm ,Un+αf

)
= 0,

with: Un+1 = Un +∆tn

(
(1− δ) U̇n + δ U̇n+1

)
,

U̇n+αm = (1− αm) U̇n + αm U̇n+1, Un+αf
= (1− αf )Un + αf Un+1.

(4.6)

4The h– or p–refinements correspond to the mesh refinement and order elevation procedures of the Finite Element
or Spectral methods.
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The previous problem is solved iteratively with Un+1 obtained as Un+1,(j) for some j = 0, . . . , jmax

(with jmax > 1). In particular, at the predictor stage (j = 0), we set:

U̇n+1,(0) =
δ − 1

δ
U̇n, Un+1,(0) = Un. (4.7)

At the multicorrector stage, we repeat for j = 1, . . . , jmax the following steps:

1. evaluate the variables:

U̇n+αm,(j) = (1−αm) U̇n+αm U̇n+1,(j−1), Un+αf ,(j) = (1−αf )Un+αf Un+1,(j−1); (4.8)

2. assemble the residual vector and tangent matrix:

R̂esn+1,(j) := R̂es
(
U̇n+αm,(j),Un+αf ,(j)

)
,

K̂n+1,(j) := αm

∂R̂es
(
U̇n+αm,(j),Un+αf ,(j)

)

∂U̇n+αm

+ αf δ∆tn
∂R̂es

(
U̇n+αm,(j),Un+αf ,(j)

)

∂Un+αf

;

(4.9)

3. if, for a prescribed tolerance tolR > 0, the criterion
∥R̂esn+1,(j)∥
∥R̂esn+1,(0)∥

≤ tolR is fulfilled, set

U̇n+1 = U̇n+1,(j−1) and Un+1 = Un+1,(j−1) and terminate the procedure, otherwise continue;

4. solve the linear system:

K̂n+1,(j)∆U̇n+1,(j) = −R̂esn+1,(j); (4.10)

5. update the variables:

U̇n+1,(j) = U̇n+1,(j−1) +∆U̇n+1,(j), Un+1,(j) = Un+1,(j−1) + δ∆tn∆U̇n+1,(j), (4.11)

and return to step 1.

A family of second–order time accurate and unconditionally stable generalized–α methods for linear

problems is obtained by choosing αm =
1

2

(
3− ρ∞
1 + ρ∞

)
, αf = δ =

1

1 + ρ∞
, where ρ∞ ∈ [0, 1] governs

high frequencies dissipation [33]5; a typical choice is ρ∞ = 0.5, see e.g. [20, 31, 37].

The time step ∆tn can be either fixed (∆tn = ∆t0) or determined by an adaptive algorithm. In
the latter case, we select an adaptive scheme based on the number of iterations of the multicorrector
stage of the generalized–α method (see e.g. [31, 51]); in particular, based on numerical experience,

we set ∆tn = ∆tn−1 χ

√
j

jref + j0
for n = 1, . . . , tnts−1 and an initial time step ∆t0, where χ = 1.2,

jref = 2, and j0 = 0.8. As tolerance for the stopping criterion of the multicorrector stage we select
tolR = 10−4.

5The parameter ρ∞ represents the spectral radius of the amplification matrix of the system for ∆tn → ∞.
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4.3 SUPG stabilization for the advection–diffusion PDEs

Since we are interested in solving time dependent advection–diffusion equations in the transport
dominated regime, we consider the numerical stabilization of the PDEs in lower dimensional mani-
folds. In particular, we consider a SUPG stabilization technique similar to the one proposed in [39]
for PDEs on surfaces approximated by means of the Finite Element method.

The time dependent linear advection–diffusion problem (3.18) with SUPG stabilization ([10])
reads, for all t ∈ (0, T ):

find ûh(t) ∈ V̂γ,h : m̂

(
v̂h,

∂ûh
∂t

(t)

)
+ â(v̂h, ûh(t)) + b̂(v̂h, ûh(t))

+d̂h(v̂h, ûh(t))− q̂(v̂h) = 0 ∀v̂h ∈ V̂h,

with ûh(0) = ûin,h,

(4.12)

where the form d̂h(·, ·) represents the SUPG stabilization term. By recalling the definitions (3.20)
and (3.21), we define:

d̂h(v̂h, ŵh(t)) :=

nel∑

e=1

∫

Ω̂e

τe L̂adv (v̂h) R̂(ŵh(t)) ĝ dΩ̂, (4.13)

for all v̂h and ŵh(t) ∈ H2(Ω̂e), with e = 1, . . . , nel, and t ∈ (0, T ); the stabilization parameter τe
is assumed as piecewise constant over the elements Ω̂e

6. We introduce the characteristic velocity
Ve := ∥V̂∥

L∞(Ω̂e)
, the constant cp depending on the order p of the polynomial approximation7, and

the local Péclet number Pee :=
Ve he
2µ

. Following [30, 35, 48], we choose:

τe :=
1

2

[
1

∆t2
+

(
Ve

he

)2
(
1 +

(
cp
Pee

)2
)]−1/2

, (4.14)

where he is the characteristic size (diameter) of the element Ωe (2.17) and ∆t is the time step
for the time approximation; we will assume cp = p2. This choice of τe is obtained by locally

approximating the operator L̂−1(·), by assuming the use of second order time schemes (as the
generalized–α method), and by considering geometrical mappings of the elements Ωe from parents
domains (−1, 1)κ; the parameter τe assumes the same form in the parameter and physical spaces.

5 A priori error estimation on lower dimensional manifolds

We provide the a priori error estimates under h–refinement for the Laplace–Beltrami equation (3.10)
and the Laplace–Beltrami eigenvalue problem (3.12) thus extending the results of [2] (and [4]) to
the case of second order PDEs defined on lower dimensional manifolds. With this aim, we propose

6We notice that in the physical space we have, from Eqs. (3.16) and (3.17), dh(vh, wh(t)) :=
nel∑

e=1

∫

Ωe

τe Ladv (vh) R(wh(t)) dΩ for all vh and wh(t) ∈ H
2(Ωe), with e = 1, . . . , nel, and t ∈ (0, T ).

7The constant cp stems from an inverse inequality of the type ∥∆Ωvh∥L2(Ωe) ≤
cp

he

∥∇Ωvh∥L2(Ωe) for all vh ∈ Vh

and e = 1, . . . , nel.
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some preliminary estimates for the change of variables between the parameter and the physical
domains and the interpolation error estimate for the NURBS space on the physical domain (the
lower dimensional manifold); for simplicity, we limit to consider estimates up to the H1 norm. We
remark that, for the derivation of the error estimate, we follow the procedure and recall the results
presented in [2].

5.1 The interpolation error estimate

Let us recall the notation of Secs. 2.1 and 2.3 regarding the geometrical mapping by NURBS and
of Sec. 4.1 for the NURBS spaces. Moreover, we recall the definition of the H1 semi–norm on the

manifold |ϕ|H1(Ω) :=

(∫

Ω
|∇Ωϕ|2 dΩ

)1/2

from Eq. (2.10); the definition of high order semi–norms

follows consequently. Similarly, the L2 norm on the manifold reads: ∥ϕ∥L2(Ω) :=

(∫

Ω
|ϕ|2 dΩ

)1/2

.

In analogy with [2] for the case κ = d, we provide the following preliminary results for functions
defined on manifolds represented by NURBS.

Proposition 5.1. Let us consider an integer m = 0, 1, the general “mesh” element in the parameter
domain Ω̂e ∈ T̂h and its corresponding “mesh” element on the manifold Ωe ∈ Th. We obtain for
ϕ ∈ Hm(Ωe) and ϕ̂ ∈ Hm(Ω̂e):

|ϕ̂|
Hm(Ω̂e)

≤
∥∥∥∥
1

g

∥∥∥∥
1/2

L∞(Ωe)

m∑

j=0

[ ∥∥∥F̂
∥∥∥
j

L∞(Ω̂e)
|ϕ|Hj(Ωe)

]
, (5.1)

|ϕ|Hm(Ωe) ≤ Cshape ∥ĝ∥1/2
L∞(Ω̂e)

∥∥∥F̂
∥∥∥
−m

L∞(Ω̂e)

m∑

j=0

∣∣∣ϕ̂
∣∣∣
Hj(Ω̂e)

, (5.2)

where Cshape is a positive and dimensionless constant depending on the shape of the manifold Ω,
but not its size [2].

Proof. We start by proving the result (5.1) for m = 1, the case m = 0 following similarly. From

Eq. (2.13) and by observing that ∇̂ϕ̂(ξ) =
(
F̂ (ξ)

)T
∇Ωϕ(x(ξ)), we obtain (in analogy with [16]):

∣∣∣∇̂ϕ̂(ξ)
∣∣∣ ≤

∣∣∣F̂ (ξ)
∣∣∣ |∇Ωϕ(x)| , (5.3)

for all ξ ∈ Ω̂e with x = x(ξ) ∈ Ωe (in Euclidean norm). By elevating the terms of the inequality to
the square, integrating over the “mesh” element Ω̂e, and recalling the definition of H1 semi–norm,
we obtain: ∣∣∣ϕ̂

∣∣∣
2

H1(Ω̂e)
≤
∥∥∥F̂
∥∥∥
2

L∞(Ω̂e)

∫

Ω̂e

|∇Ωϕ|2 dΩ̂e. (5.4)

Since

∫

Ω̂e

|∇Ωϕ|2 dΩ̂e =

∫

Ωe

|∇Ωϕ|2
1

g
dΩe from Eq. (2.7), we obtain:

∣∣∣ϕ̂
∣∣∣
2

H1(Ω̂e)
≤
∥∥∥∥
1

g

∥∥∥∥
L∞(Ωe)

∥∥∥F̂
∥∥∥
2

L∞(Ω̂e)

∫

Ωe

|∇Ωϕ|2 dΩe, (5.5)

from which the result (5.1) follows.
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We proceed in a similar manner for the result (5.2). From Eqs. (2.5), (2.6), and (2.13) we have:

|∇Ωϕ(x)| ≤
∣∣F (x)G−1(x)

∣∣
∣∣∣∇̂ϕ̂(ξ)

∣∣∣ , (5.6)

for all x ∈ Ωe with ξ = x−1(ξ) ∈ Ω̂e (in Euclidean norm). We obtain that:

|ϕ|2H1(Ωe)
≤
∥∥F G−1

∥∥2
L∞(Ωe)

∫

Ωe

∣∣∣∇̂ϕ̂
∣∣∣
2
dΩe. (5.7)

and, since

∫

Ωe

∣∣∣∇̂ϕ̂
∣∣∣
2
dΩe =

∫

Ω̂e

∣∣∣∇̂ϕ̂
∣∣∣
2
ĝ dΩ̂e, we have:

|ϕ|2H1(Ωe)
≤ ∥ĝ∥

L∞(Ω̂e)

∥∥F G−1
∥∥2
L∞(Ωe)

∫

Ω̂e

∣∣∣∇̂ϕ̂
∣∣∣
2
dΩ̂e, (5.8)

from which we deduce that:

|ϕ|H1(Ωe) ≤ ∥ĝ∥1/2
L∞(Ω̂e)

∥∥F G−1
∥∥
L∞(Ωe)

|ϕ|
Hj(Ω̂e)

. (5.9)

In analogy with [2] we introduce from Eqs. (2.1) and (2.2) the locally rescaled geometrical mapping:

x̆ : Ω̂e → Ω̆e, ξ → x̆(ξ), x̆(ξ) = x(ξ)
∥∥∥F̂
∥∥∥
−1

L∞(Ω̂e)
, (5.10)

for all Ω̂e ∈ T̂h, where Ω̆e belongs to the physical space; correspondingly, we define its Jacobian:

̂̆
F : Ω̂e → R

d×κ, ξ → ̂̆
F (ξ),

̂̆
F i,α(ξ) :=

∂x̆i
∂ξα

(ξ) i = 1, . . . , d, α = 1, . . . , κ, (5.11)

for all Ω̂e ∈ T̂h. It follows from Eqs. (2.2) and (2.3) that F̂ =
̂̆
F
∥∥∥F̂
∥∥∥
L∞(Ω̂e)

, Ĝ =
̂̆
G
∥∥∥F̂
∥∥∥
2

L∞(Ω̂e)
,

where
̂̆
G :=

(̂̆
F
)T ̂̆

F , from which we deduce that:

F̂ Ĝ−1 =
̂̆
F
̂̆
G

−1 ∥∥∥F̂
∥∥∥
−1

L∞(Ω̂e)
. (5.12)

In analogy with Eqs. (2.5) and (2.6), we define F̆ : Ω̆e → R
d×κ with F̆ (x) :=

̂̆
F (ξ) ◦ x−1(ξ) and

Ğ : Ω̆e → R
κ×κ with Ğ(x) :=

̂̆
G(ξ) ◦ x−1(ξ), for all x ∈ Ω̆e; we obtain:

∥∥F G−1
∥∥
L∞(Ωe)

≤
∥∥∥F̆ Ğ−1

∥∥∥
L∞(Ω̆e)

∥∥∥F̂
∥∥∥
−1

L∞(Ω̂e)
. (5.13)

By setting Cshape :=
∥∥∥F̆ Ğ−1

∥∥∥
L∞(Ω̆e)

and using the bound (5.13) in Eq. (5.9), we obtain the re-

sult (5.2).
The choice of the constant Cshape is justified similarly to [2] by observing that F̂ is 0–homogeneous

with respect to F̆ and that from Eq. (5.12) we have the following bound:

Cshape ≤
∥∥F G−1

∥∥
L∞(Ωe)

∥∥∥F̂
∥∥∥
L∞(Ω̂e)

; (5.14)

hence, the constant Cshape only depends on the shape of the manifold and is uniformly bounded with
respect to the “mesh” size he, since the NURBS mapping (2.1) is preserved under h–refinement.
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18 L. Dedè, A. Quarteroni

We recall from [2] the interpolation error estimate for the NURBS space on the parametric
domain, which is obtained by using the concept of bent Sobolev space and combining the Eqs. (42)
and (65) reported in [2]. With this aim, we introduce from Eq. (4.2) the projection operator
ΠN̂h

: L2(Ω̂) → N̂h onto the NURBS space in the parameter domain (see Eq. (41) in [2]).

Proposition 5.2. Given the indexes k and l such that 0 ≤ k ≤ l ≤ p + 1 and k ≤ 1, the “mesh”

element Ω̂e ∈ T̂h, its support extension
˜̂
Ωe, and the function ϕ̂ ∈ H l(

˜̂
Ωe), we have:

∣∣∣ϕ̂−ΠN̂h
ϕ̂
∣∣∣
Hk(Ω̂e)

≤ Cshape ĥ
l−k
e

l∑

i=0

∑

Ω̂′

e∈T̂h

Ω̂′

e∩
˜̂
Ωe ̸=∅

∣∣∣ϕ̂
∣∣∣
Hi(Ω̂′

e)
, (5.15)

where ĥe is the characteristic size of the “mesh” element Ω̂e in the parameter domain and Cshape

is a positive and dimensionless constant depending on the NURBS parametrization but not on the
size of Ω̂e.

Finally, we provide the interpolation error estimate for lower dimensional manifolds Ω defined
by NURBS by introducing from Eq. (4.3) the projection operator ΠNh

: L2(Ω) → N̂h onto the
NURBS space in the physical domain, i.e. the “push–forward” of the NURBS projection operator,

for which ΠNh
ϕ(x) =

(
ΠN̂h

ϕ̂(ξ)
)
◦ x−1(ξ) for all ϕ ∈ L2(Ω) ([2]).

Theorem 5.1. Given the indexes k and l such that 0 ≤ k ≤ l ≤ p + 1 and k ≤ 1, the “mesh”
element Ωe ∈ Th, its support extension Ω̃e, and the function ϕ ∈ L2(Ω) ∩H l(Ω̃e), the interpolation
error estimate for the NURBS space (4.3) on the lower dimensional manifold reads:

|ϕ−ΠNh
ϕ|Hk(Ωe)

≤ Cshape h
l−k
e

l∑

i=0

[∥∥∥F̂
∥∥∥
i−l

L∞(
˜̂
Ωe)

|ϕ|
Hi(Ω̃e)

]
, (5.16)

where he is the characteristic size of the “mesh” element Ωe (2.17),
˜̂
Ωe is the support extension of

the “mesh” element in the parameter domain, and Cshape is a positive and dimensionless constant
depending on the shape of the manifold Ω but not its size.

Proof. We start by observing that from the definition of the NURBS projector ΠNh
and Eq. (5.2),

we have:

|ϕ−ΠNh
ϕ|Hk(Ωe)

≤ Cshape ∥ĝ∥1/2
L∞(Ω̂e)

∥∥∥F̂
∥∥∥
−k

L∞(Ω̂e)

k∑

i=0

∣∣∣ϕ̂−ΠN̂h
ϕ̂
∣∣∣
Hi(Ω̂e)

. (5.17)

By using the result (5.15) of Proposition 5.2 for the term
∣∣∣ϕ̂−ΠN̂h

ϕ̂
∣∣∣
Hi(Ω̂e)

, we obtain:

|ϕ−ΠNh
ϕ|Hk(Ωe)

≤ Cshape ĥ
l−k
e ∥ĝ∥1/2

L∞(Ω̂e)

∥∥∥F̂
∥∥∥
−k

L∞(Ω̂e)

l∑

i=0

∑

Ω̂′

e∈T̂h

Ω̂′

e∩
˜̂
Ωe ̸=∅

∣∣∣ϕ̂
∣∣∣
Hi(Ω̂′

e)
. (5.18)

We apply the result (5.1) of Proposition 5.2 to each of the terms
∣∣∣ϕ̂
∣∣∣
Hi(Ω̂′

e)
which yields:

∣∣∣ϕ̂
∣∣∣
Hi(Ω̂′

e)
≤ Cshape

∥∥∥∥
1

g

∥∥∥∥
1/2

L∞(Ω′

e)

i∑

j=0

[ ∥∥∥F̂
∥∥∥
j

L∞(Ω̂′

e)
|ϕ|Hj(Ω′

e)

]
, (5.19)
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for all Ω̂′
e ∈ T̂h, where Ω′

e is obtained from the geometrical mapping of Ω̂′
e. Then, by inserting

Eq. (5.19) into Eq. (5.18), and merging the double summation over the indexes i and j, for which
0 ≤ j ≤ i and 0 ≤ i ≤ l, we obtain:

|ϕ−ΠNh
ϕ|Hk(Ωe)

≤ Cshape ĥ
l−k
e

∥∥∥F̂
∥∥∥
−k

L∞(Ω̂e)

l∑

i=0

[ ∥∥∥F̂
∥∥∥
i

L∞(
˜̂
Ωe)

|ϕ|
Hi(Ω̃e)

]
, (5.20)

where we used the bound:

∑

Ω̂′

e∈T̂h

Ω̂′

e∩
˜̂
Ωe ̸=∅

[ ∥∥∥∥
1

g

∥∥∥∥
1/2

L∞(Ω′

e)

∥∥∥F̂
∥∥∥
i

L∞(Ω̂′

e)
|ϕ|Hi(Ω′

e)

]
≤
∥∥∥∥
1

g

∥∥∥∥
1/2

L∞(Ω̃e)

∥∥∥F̂
∥∥∥
i

L∞(
˜̂
Ωe)

|ϕ|
Hi(Ω̃e)

, (5.21)

for all i = 0, . . . , l, and the product ∥ĝ∥1/2
L∞(Ω̂e)

∥∥∥∥
1

g

∥∥∥∥
1/2

L∞(Ω̃e)

has been embedded in the constant

Cshape, similarly to the proof of Proposition 5.1 and Theorem 3.1 in [2]. We recall the definition of
characteristic “mesh” size he of the element Ωe on the manifold given in Eq. (2.17) to obtain from
Eq. (5.20):

|ϕ−ΠNh
ϕ|Hk(Ωe)

≤ Cshape h
l−k
e

∥∥∥F̂
∥∥∥
−l

L∞(Ω̂e)

l∑

i=0

[ ∥∥∥F̂
∥∥∥
i

L∞(
˜̂
Ωe)

|ϕ|
Hi(Ω̃e)

]
. (5.22)

Finally, by multiplying and dividing the right hand side of Eq. (5.22) by
∥∥∥F̂
∥∥∥
l

L∞(
˜̂
Ωe)

and embedding

the term
∥∥∥F̂
∥∥∥
l

L∞(
˜̂
Ωe)

∥∥∥F̂
∥∥∥
−l

L∞(Ω̂e)
into the constant Cshape we obtain the result (5.16).

In analogy with [2], a similar interpolation error estimation of Theorem 5.1 can be obtained
for NURBS spaces with boundary conditions. Moreover, we remark that the interpolation error
estimate (5.16) for lower dimensional manifolds assumes the same form of the result (61) of [2] in
the case κ = d (Theorem 3.1), where the differences between the two estimates have been embedded
in the constant Cshape. When κ = d, the interpolation error estimate (5.16) fully coincides with
the estimate of Theorem 3.1 in [2].

5.2 The Laplace–Beltrami equation

By using the result of Theorem 5.1, we provide the a priori error estimates in L2 and H1 norms
for the Laplace–Beltrami problem of Sec. 3.2 defined on a general lower dimensional manifold Ω.

Following e.g. [15, 44], by recalling the notation for the NURBS spaces introduced in Sec. 4.1
and assuming the Laplace–Beltrami problem (3.10) to be well–posed, we have:

|u− uh|H1(Ω) ≤ C inf
vh∈Vγ,h

|u− vh|H1(Ω) , (5.23)

where the positive constant C depends on the data of the problem, specifically the coefficient µ
(C = C(µ)). From the result (5.16) of Theorem 5.1, by assuming quasi uniform h–refinement, the
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20 L. Dedè, A. Quarteroni

“mesh” elements of size he ≃ h for all e = 1, . . . , nel, and the polynomial orders of the NURBS
basis min

α=1,...,κ
pα = p, we obtain the error estimate in semi–norm H1 for the case u ∈ Hp+1(Ω):

|u− uh|H1(Ω) ≤ C hp, (5.24)

where the positive constant C depends on µ, u, and the constant Cshape. Further, if we assume that
homogeneous Dirichlet boundary conditions (γ = 0) and u ∈ Hp+1(Ω)∩H2(Ω) for all the data, we
obtain from standard Aubin–Niestche arguments the error estimate in norm L2 (see e.g. [49]):

errL2 := ∥u− uh∥L2(Ω) ≤ C hp+1, (5.25)

from which we deduce the error estimate in norm H1:

errH1 := ∥u− uh∥H1(Ω) =
(
err2L2 + |u− uh|2H1(Ω)

)1/2
≤ C hp. (5.26)

Similar considerations follow in the case for which the Laplace–Beltrami problem (3.10) is defined on
lower dimensional manifolds Ω not endowed with boundary; in this case, the analysis is performed
by considering the function space V0 in place of Vγ according to Sec. 3.2, which yields a similar
result.

5.3 The Laplace–Beltrami eigenvalue problem

We provide the a priori error estimate for the numerical approximation of the Laplace–Beltrami
eigenvalue problem of Sec. 3.3 on the lower dimensional manifold Ω. We consider the error on
the eigenvalues of the problem, say |λn − λn,h|, where n indicates the n–the eigenvalue and λn,h

corresponds to its numerical approximation for n = 0, 1, . . . (see e.g. Eq. (4.5)); specifically, we
consider the ordering λ0 ≤ λ1 ≤ . . . ≤ λn ≤ . . . by recalling that the eigenvalues of the Laplace–
Beltrami eigenvalue problem (3.12) are real and non negative.

From [49] we have that, for the Laplace–Beltrami eigenvalue problem under consideration:

λn,h ≤ λn

1− ϱn,h
∀n ≥ 0, (5.27)

where from Eq. (3.3):

ϱn,h := max
v∈Vn

∥v∥
L2(Ω)=1

∣∣2m
(
v −ΠE

Vh
v, v
)
−m

(
v −ΠE

Vh
v, v −ΠE

Vh
v
)∣∣ ∀n ≥ 0, (5.28)

with Vn ⊆ V the n–dimensional subspace spanned by the eigenfunctions u1, . . . , un and being
ΠE

Vh
: V → Vh the Rayleigh–Ritz projector into the NURBS space on the physical domain

(manifold) which yields, for some ϕ ∈ V, a(vh, ϕ − ΠE
Vh
ϕ) = 0 for all vh ∈ Vh. Since the NURBS

space Nh is conforming with the function space V, by using the standard arguments presented in
[49] (or [7]) and the interpolation error estimate (5.16) of Theorem 5.1, we obtain:

λn ≤ λn,h ≤ λn + C (λn)
p+1 h2p ∀n ≥ 0, (5.29)

provided that the “mesh” size h is sufficiently small (with he ≃ h for all the elements Ωe ∈ Th)
and the polynomial orders of the NURBS basis such that min

α=1,...,κ
pα = p; the positive constant C
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uh, nel = 2(1× 3) uh, nel = 4(1× 3) uh, nel = 8(1× 3) u

Figure 4: Laplace–Beltrami problem on a cylindrical shell. h–refined “meshes” (top), corresponding
numerical solutions uh (bottom), and exact solution u (bottom–right).

depends on the data of the Laplace–Beltrami operator and the constant Cshape. It follows that the
error associated to the n–th eigenvalue, say errn, can be estimated as:

errn := λn,h − λn ∼ C (λn)
p+1 h2p ∀n ≥ 0, (5.30)

which highlights the convergence rate 2p for h–refined mesh in agreement with the error estimates
for the Finite Element method in the case κ = d; see e.g. [44, 49]. We remark that, when
λn is “large” the error errn could be significantly “large” also for fine “meshes” being the error
proportional to (λn)

p+1.

6 Numerical results: PDEs on surfaces

We consider the numerical solution of the problems defined in Sec. 3 for the specific cases of surfaces
as lower dimensional manifolds.

6.1 The Laplace–Beltrami equation

We numerically solve the Laplace–Beltrami equation (3.10) on two surfaces, we evaluate the errors
between the numerical and exact solutions and we estimate the convergence orders of such errors
for the polynomial orders p = 2 and 3 of the NURBS basis.

Firstly, we consider as computational domain Ω a quarter of the cylinder represented in Fig. 3 (left)
(corresponding to the quadrant with x ≥ 0 and y ≥ 0) with unitary radius and height L. We

choose µ = 1 and f(ϕ, z) = β

(
α2π2

L2
gφ,1(ϕ)− gφ,2(ϕ)

)
gz(z), where ϕ := atan

(
x

y

)
, gφ,1(ϕ) :=

21
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Figure 5: Laplace–Beltrami problem on a cylindrical shell. Convergence of the errors errH1 (—�)
and errL2 (—◦) and reference convergences rates p (- -) and p + 1 (. -) vs. the “mesh” size h for
p = 2 (left) and p = 3 (right).

(1− cos(ϕ)) (1− sin(ϕ)), gφ,2(ϕ) := (cos(ϕ) + sin(ϕ)− 4 sin(ϕ) cos(ϕ)), and gz(z) := sin
(
απ

z

L

)

for α ∈ N0 and β > 0; then, we set u(x) = γ(x) = 0 on Γ. The exact solution of the problem reads

u(ϕ, z) = β gφ,1(ϕ) gz(z) in cylindrical coordinates. Specifically, we select α = 3, β = 1/
(
3/2−

√
2
)
,

and L = 4. We solve the problem by meas of Isogeometric Analysis with NURBS basis functions
of order p = 2 and p = 3 for different “mesh” sizes starting from a mesh with 2 elements in the cir-
cumferential direction. The exact and numerical solution and corresponding “meshes” are reported
in Fig. 4; we highlight the smoothness of the approximated solutions in circumferential direction
even for a small number of “mesh” elements. The convergence rates of the errors are reported in
Fig. 5 for the polynomial orders p = 2 and 3; in particular, we obtain the convergence rates p+ 1
and p for the norms L2 and H1, respectively. The convergence rates are in agreement with the
expected theoretical ones reported in Sec. 5.2 since the exact solution is “sufficiently” regular, i.e.
u ∈ C∞(Ω) ∩Hp+1(Ω).

Then, we consider a Laplace–Beltrami problem with exact solution on the sphere of uni-
tary radius reported in Fig. 3 (right); since the surface is closed (Γ ≡ ∅), we impose the con-

straint

∫

Ω
u dΩ = 0. We set f(ϕ, θ) = sin(αϕ) sin(βθ)

[
α2

sin2(θ)
+ β2 − β

cos(θ) cos(βθ)

sin(θ) sin(βθ)

]
with

ϕ := atan2

(
x

y

)
, θ := acos

(z
r

)
, α > 0, β > 0, and µ = 1. The exact solution in spherical

coordinates reads u(ϕ, θ) = sin(αϕ) sin(βθ). In particular, we choose α = 3 and β = 4. We report
in Fig. 6 the exact and numerical solutions corresponding to “meshes” progressively h–refined; we
remark the smoothness of the numerical solution along both the parametric directions even for
the coarsest “meshes”. In Fig. 7 we highlight the convergence rates of the errors errL2 and errH1

which are in agreement with the theoretical ones, being the exact solution u ∈ C∞(Ω) ∩Hp+1(Ω)
as highlighted in Sec. 5.2.
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uh, nel = 2(4× 2) uh, nel = 4(4× 2) uh, nel = 8(4× 2) u(x)

Figure 6: Laplace–Beltrami problem on a sphere. h–refined “meshes” (top), corresponding numer-
ical solutions uh (bottom), and exact solution u (bottom–right).
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Figure 7: Laplace–Beltrami problem on a sphere. Convergence of the errors errH1 (—�) and errL2

(—◦) and reference convergences rates p (- -) and p+ 1 (. -) vs. the “mesh” size h for p = 2 (left)
and p = 3 (right).

6.2 The Laplace–Beltrami eigenvalue problem

We consider the numerical approximation of the eigenvalue problem (3.12) associated to the
Laplace–Beltrami operator on the sphere of unitary radius of Fig. 3 (right). The exact values
of the eigenvalues are λn = n(n + 1), each with multiplicity 2n + 1, for n = 0, 1, . . . ,∞ (see e.g.
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u4,1,h u4,2,h u5,1,h u6,1,h

Figure 8: Eigenvalue problem on a sphere. Eigenfunctions u4,1,h, u4,2,h, u5,1,h, and u6,1,h (from left
to right).
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Figure 9: Eigenvalue problem on a sphere. Convergence of the errors errn on the eigenvalues λn

vs. the “mesh” size h for n = 4 (—�), n = 5 (—◦), and n = 6 (—⋄) and reference convergences
rate 2p (- -) for p = 2 (left) and p = 3 (right).

[45]), to which correspond the eigenfunctions un,ln , with ln = 1, . . . , 2n+1. We numerically approx-
imate the problem by means of Isogeometric Analysis on a “mesh” with nel = 131, 072 elements
and basis functions of order p = 2; in Fig. 8 we report for example the computed eigenfunctions
u4,1,h, u4,2,h, u5,1,h, and u6,1,h corresponding to the eigenvalues λ4 = 20, λ5 = 30, and λ6 = 42,
respectively. In Fig. 9 we report the errors on the eigenvalues λ4, λ5, and λ6 (errn = |λn − λn,h|),
vs. the “mesh” size h when considering basis functions of order p = 2 and p = 3. As expected
by the theoretical result (5.30) of Sec. 5.3, the convergence rate obtained for the numerical results
correspond to 2p.

6.3 The time dependent linear advection–diffusion equation

We consider the time dependent linear advection–diffusion equation on the cylindrical shell reported
in Fig. 3 (left). By using the notation of Sec. 3.4 and using cylindrical coordinates, we set V(ϕ, z) =

V0√
1 + a2

(φ̂+aẑ), and f(ϕ, z) = e−b((φ−φ0)2+(z−z0)2), where ϕ := atan2

(
x

y

)
, V0, a, ϕ0, and z0 ∈ R;
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t = 0.75 t = 2.25 t = 6.75

t = 7.50 t = 9.00 t = 10.50

Figure 10: Time dependent advection–diffusion problem on a cylindrical shell. Evolution of the
solution in time.

we set homogeneous Neumann conditions on the boundary Γ = ΓN and uin(x) = 0. In particular,

we set µ = 5.0 · 10−4, V0 = 1, a = 0.2, b = 100, ϕ0 =
π

4
, and z0 = 0.5. We numerically solve

the problem by means of Isogeometric Analysis with the SUPG stabilization technique discussed
in Sec. 4.3. A NURBS representation with basis of order p = 2 and comprised of nel = 12, 288
“mesh” elements is considered. For the time discretization, the generalized–α method of Sec. 4.2 is
used with the fixed time step ∆t0 = 1.5 · 10−2. In Fig. 10 we report the evolution of the solution in
time; we highlight its helical distribution along the surface of the cylindrical shell induced by the
advective field.

6.4 The Cahn–Allen problem

We solve the Cahn–Allen problem defined in Sec. 3.5 on the sphere of unitary radius of Fig. 3 (right).
By using the notation of Sec. 3.5, we select µ = 5.0 · 10−4 and uin = u0 + ε, where u0 = 0.5 and
ε is a random distribution such that |ε| ≤ 0.1. We numerically solve the problem by means of
Isogeometric Analysis with NURBS basis functions of order p = 2 and a “mesh” comprised of
nel = 32, 768 elements; the time approximation is based on the generalized–α method with the
adaptive time stepping scheme initialized with the time step ∆t0 = 5.0 · 10−1. In Fig. 11 we
report the evolution of the concentration u(x, t) in time. The phase transition evolves towards the
steady state to a configuration with the phases fully separated with a minimum perimeter interface.
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t = 3.651 t = 6.592 t = 13.28 t = 29.99

t = 74.08 t = 137.7 t = 265.1 t = 606.8

t = 1, 421 t = 6, 314 t = 8, 298 steady

Figure 11: Cahn–Allen equation on a sphere. Evolution of the solution in time.

However, due to the fact that the Cahn–Allen equation does not represent a mass conservative
system, the solution evolves to a pure phase at the steady state, which corresponds to u = 0 in

the case under consideration, since

∫

Ω
uin dΩ < u0 = 0.5. In Fig. 12 we report the evolution of the

(Liapunov) free energy functional Ψ̃(t) for which we observe that
dΨ̃

dt
(t) ≤ 0.

7 Conclusions

In this work we showed the efficacy of Isogeometric Analysis for the numerical approximation
of PDEs defined on lower dimensional manifolds, specifically on surfaces. We considered different
linear and nonlinear, elliptic and parabolic PDEs with second order spatial operators of the Laplace–
Beltrami type; examples include the eigenvalue problem, the time dependent advection–diffusion
equation, and the Cahn–Allen equation. We highlighted the capability of Isogeometric Analysis of
facilitating the encapsulation of the exact surface representations in the analysis at their coarsest
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Figure 12: Cahn–Allen equation on a sphere. Evolution of the free energy Ψ̃(t) in time.

level of discretization, especially for geometries as cylindrical and spherical shells represented by
NURBS. Moreover, we provided a priori error estimates under h–refinement for the numerical
approximation of second order PDEs on general lower dimensional manifolds in the case of linear
and eigenvalues problems associated to the Laplace–Beltrami operator. Specifically, the convergence
rates of the errors are numerically confirmed for benchmark tests cases which highlight the effect
of the accurate geometrical description on the computation of the numerical solutions.

Acknowledgements

We acknowledge Dmitry Alexeev for providing some preliminary insights into the topic and Claudia
Colciago and Anna Tagliabue for the fruitful discussions.

References

[1] M. Berger. A Panoramic View of Riemannian Geometry. Springer–Verlag, Berlin and Heidel-
berg, 2003.

[2] Y. Bazilevs, L. Beirão da Veiga, J.A. Cottrell, T.J.R. Hughes, and G. Sangalli. Isogeometric
Analysis: approximation, stability, and error estimates for h–refined meshes. Mathematical
Models and Methods for Applied Sciences 16(7):1031–1090, 2006.

[3] Y. Bazilevs, V.M. Calo, J.A. Cottrell, T.J.R. Hughes, A. Reali, and G. Scovazzi. Variational
multiscale residual–based turbulence modeling for large eddy simulation of incompressible
flows. Computer Methods in Applied Mechanics and Engineering 197(1–4):173–201, 2007.

[4] L. Beirão da Veiga, A. Buffa, J. Rivas, and G. Sangalli. Some estimates for h – p – k–refinement
in Isogeometric Analysis. Numerische Mathematik 118(2):271–305, 2011.

[5] M. Beltramı́o, L.–T. Cheng, S. Osher, and G. Sapiro. Variational problems and partial dif-
ferential equations on implicit surfaces. Journal of Computational Physics 174(2): 759-780,
2001.

27
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