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Abstract

We consider the numerical solution of second order Partial Differential
Equations (PDEs) on lower dimensional manifolds, specifically on surfaces
in three dimensional spaces. For the spatial approximation, we consider
Isogeometric Analysis which facilitates the encapsulation of the exact
geometrical description of the manifold in the analysis when this is repre-
sented by B—splines or NURBS. Our analysis addresses linear, nonlinear,
time dependent, and eigenvalues problems involving the Laplace—Beltrami
operator on surfaces. Moreover, we propose a priori error estimates
under h-refinement in the general case of second order PDEs on the
lower dimensional manifolds. We highlight the accuracy and efficiency of
Isogeometric Analysis with respect to the exactness of the geometrical
representations of the surfaces.
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1 Introduction

In several instances, Partial Differential Equations (PDEs) are set up on on lower dimensional
manifolds with respect to the hosting physical space, namely on surfaces in three dimensions or
curves in two or three—dimensions ([1]). Applications include problems in Fluid Dynamics, Biology,
Electromagnetism, and image processing as reported for example in [8, 32, 23, 43, 45]. In addition,
PDEs on lower dimensional manifolds could be obtained as reduced mathematical formulations of
PDEs defined in thin geometries, e.g. for plates and shells structures [50].

The numerical approximation of these PDEs generally requires the generation of an approxi-
mated geometry compatible with the analysis, as it is the case for the Finite Element method (see
e.g. [15, 33, 42]). In particular, the approximation of the curvature of surfaces may significantly
affect the total error associated to the numerical approximation. Typically, schemes based on the
Finite Element method have been used for the approximation of PDEs on surfaces with partic-
ular emphasis in controlling and limiting the propagation of the errors associated to the discrete
geometrical representation. With this aim, surface Finite Element methods [22, 24] and geomet-
rically consistent Finite Element mesh adaptations [9, 38] have been considered. As alternatives,
approaches based on the implicit or immersed surfaces have been proposed, namely based on level
set formulations [5, 23] or diffuse interfaces strategies [43]. Still, for a broad range of geometries
(surfaces) of practical interest, the above mentioned approaches are not error free in the geometrical
representation.

As alternative to these approaches, in this paper we propose numerical approximation of PDEs
on lower dimensional manifolds by means of Isogeometric Analysis. Our approach is motivated by
the fact that a broad range of geometries of practical interest are exactly represented by B—splines
or NURBS ([40]).

Isogeometric Analysis is an approximation method for PDEs based on the isoparametric concept
for which the same basis functions used for the geometrical representation are then also used for
the numerical approximations of the PDEs [18, 34]. Typically, B-splines or NURBS geometrical
representations are considered for Isogeometric Analysis, even if, more recently, T—splines ([47])
have been successfully utilized. Since NURBS are the golden standard in Computer Aided Design
(CAD) technology, the use of Isogeometric Analysis facilitates the encapsulation of the exact geo-
metrical representation in the analysis and simplifies the establishment of direct communications
between design and numerical approximation of the PDEs. Moreover, NURBS—based Isogeometric
Analysis possesses several advantages besides the geometrical considerations, especially in terms
of smoothness of the basis functions and accuracy properties [2, 4, 28]. Nowadays, Isogeometric
Analysis have been successfully used in a broad range of applications in computational mechanics
and optimization, see e.g. [3, 18, 20, 31, 37]. In particular, Isogeometric Analysis have been con-
sidered for solving shell problems, as e.g. in [6], and, more recently, Isogeometric Analysis in the
framework of the Boundary Element method ([52]) has been used to take advantage of the exact
geometrical representation of surfaces [46].

In this work we provide for the first time a general formulation of the numerical approximation
of second order PDEs defined on lower dimensional manifolds described by NURBS, specifically
surfaces, by means of Isogeometric Analysis. We discuss the representation of the manifolds in a
general framework by means of geometrical mappings from the parameter space to the physical
domain; consequently, in view of the use of Isogeometric Analysis based on the Galerkin method
([42]), we recast the weak forms of the problems and the spatial differential operators in the param-
eter space. We provide a priori error estimates under A-refinement for the numerical approximation
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by means of Isogeometric Analysis, thus extending the results of [2] and [4] to the case of the second
order PDEs on lower dimensional manifolds; with this aim, an interpolation error estimate for the
NURBS space on the manifold is proposed. We show the accuracy and efficiency of the method
by solving several PDEs endowed with the Laplace—Beltrami spatial operator on surfaces. In par-
ticular, as few remarkable instances, we address the numerical solution of the Laplace—Beltrami
problem, the eigenvalue problem, a time dependent linear advection—diffusion equation, and the
Cahn—Allen phase transition equation ([11, 29]). For both the Laplace-Beltrami and the eigen-
value problems we compare the convergence rates of the errors obtained by means of Isogeometric
Analysis with those expected from the a priori error estimates and we highlight the advantages of
exactly representing the geometries at the coarsest level of discretization.

This work is organized as follows. In Sec. 2 we discuss the representation of lower dimensional
manifolds by NURBS and the role of the parametrization in the definition of geometrical map-
pings. In Sec. 3 we consider the PDEs on the manifolds for problems involving the second order
Laplace—Beltrami spatial operator. In Sec. 4 we discuss the numerical approximation schemes,
specifically Isogeometric Analysis for the spatial approximation; for the time dependent problems,
the generalized—a method ([14]) is considered and a SUPG stabilization scheme ([10]) is presented
because of its suitability to treat advection dominated problems. In Sec. 5 we provide the inter-
polation error and a priori error estimates for h-refined NURBS “meshes”. In Sec. 6 we report
and discuss the numerical results for PDEs on surfaces. Final considerations are reported in the
Conclusions.

2 Manifolds represented by NURBS

In this section we introduce in an abstract setting lower dimensional manifolds in the physical space,
e.g. curves and surfaces, represented by suitable geometrical mappings. We recall the definition
of generic functions and their derivatives on the manifold and we express them in terms of the
parametric coordinates upon which the geometrical mapping is built. Finally, we specifically select
manifolds defined by B-splines and NURBS and we briefly recall the basics of these geometrical
representations.

2.1 Manifolds and geometrical mapping

Let us consider a generic (Riemannian) manifold, say 2 C R? with d > 1, defined in the physical
space R? [1]. Let us assume that the manifold is obtained by means of a geometrical mapping from
a parameter space, say R”, into the physical space R?, with d > k > 1. If d > & the manifold is
lower dimensional with respect to the physical space. More precisely, given a parameter domain,
say Oc R", and a vector-valued independent variable & = (&1,...,&;) € R", the manifold Q C RY
is defined by means of the geometrical mapping:

x : Q> RY € x(8). (2.1)

For example, if d = 3 and x = 1, the manifold  represents a curve in R?, while if k = 2, Q is a

surface in R3. Specifically, we consider compact, connected, and oriented manifolds €2 defined from

parameter domains € of finite, positive measure with respect to the topology of R” (0< \Q| < +00).
For the mapping (2.1), we define its Jacobian:

6Xi
9o

F:QoRY  £5FE), Fio€)=—2¢) i=1,....d a=1,... & (22
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We also introduce the first fundamental form of the mapping;:

G:O-E g0, G@ = (Fe) e (23)

and finally its determinant:

G:OoR, E5gE), (€)= det (Gle)). (2.4)

We observe that in the case for which x = d, then F(&) € R*? and §(¢) = det (ﬁ({)) (when

positive). We assume that the geometrical mapping (2.1) is “sufficiently” smooth, e.g. C'(Q), and
invertible a.e. in €2. Notice that we allow the mapping to be locally not invertible in subdomains
Q of Q with zero measure in the topology of R”; specifically, we require that g(&¢) > 0 a.e. in Q

with g(&) = 0 for &€ € Q C Q only if meas (@) = 0, where Q is the subdomain of  mapping the
subdomain @ of €.

Finally, in view of the derivation of the a priori error estimate in Sec. 5, we introduce, following
Egs. (2.2), (2.3), and (2.4), the Jacobian, the first fundamental form of the mapping, and its
determinant in the manifold €2 as, respectively:

F:QoRY, x5 F(x), Fx):=F¢ox (&), (2.5)
G: Qo R™, x5 G(x), Gx):=G)ox ¢, (2.6)
g: Q=R x—=gx), g(x):=g&)ox(&). 2.7
where we used the geometrical mapping (2.1).

X)

2.2 Functions and differential operators on manifolds

Let assume that a “sufficiently” regular function is defined on the manifold €, e.g. ¢ € C° (Q) for
all x € Q; then, since we consider invertible geometrical mappings, we can write:

$(x) = ¢(€) ox~ (), (2.8)
where qub(S) = ¢ (x(&)). Moreover, we define the gradient on the manifold Q of the function
¢ € CH(Q), say Vo € RY, as the projection of the gradient operator associated to the physical
space onto the manifold. With this aim, we introduce the smooth prolongation of the function
$(x) from Q into a tubular region in R? containing Q [9, 21], say ¢(x), and the projector tensor
P(x) € R4

P(x) := I — ng(x) ® ng(x) for x € Q, (2.9)
with the unit vector ng(x) normal to the manifold Q in R? and I the identity tensor in R¥*%; in
this manner, we have:

Voo(x) = [P(x) vg(x)] for x € Q. (2.10)
For example, for a curve in R? we have Vo@(x) = <V$(X) : tQ(X)) to(x), where to(x) is the

unit tangent vector to the curve, while for a surface in R?, we obtain that Vo¢(x) = V(E(x) -

(V(E(x) . nQ(x)) ng(x)!. Finally, we introduce the Laplace Beltrami operator associated to the

_ t. X t
"Notice that for a surface in R® the unit normal vector ng(x) is obtained by mapping fig (£) := 2.1(8) X ta.2(8)

[t (€) X ta2(€)]
ox

with to,q(€) := 7.

(&) for a=1,2.
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manifold Q for a function ¢ € C%(Q) as:
Ad(x) :=Va - (Vao(x)), (2.11)

where the divergence operator Vq- is defined as Vg - v(x) = trace [Vqv(x)| for all v € [Cl(Q)]d.
By using the notation of Eq. (2.10), we obtain for the Laplace-Beltrami operator:

Aq¢(x) = trace [P(x) V2o(x) P(x)} for x € Q, (2.12)

_ P
%,J T aXian

By using the geometrical mapping (2.1), the gradient on the manifold (2.10) can be rewritten
as:

where V2. indicates the Hessian operator such that <V2$(x)) (x) fori,7=1,...,d.

Vao(x) = [F(€) G(§)VH(&)] ox' (), (2.13)

where @qAS : Q — R” is the gradient operator in the parameter space. Similarly, for the Laplace—
Beltrami operator of Eq. (2.11), we have ([1]):

1 =~ ~ ~ o~
Aqo(x) = [AV- OGOV } ox1(¢). 2.14
60 = | = V- (1O GO Vo©) | ox©) (2.14)
Finally, in view of the definitions of integrals in the weak form of the PDEs, the differential dx (or
dY) can be written as dx = g(&) d€ (or d2 = g(&) dS2).

2.3 Geometrical mapping by NURBS

We assume that the geometrical mapping introduced in Eq. (2.1) defines a manifold 2 represented
by either B-splines or NURBS; for a detailed description we refer the reader to [40]. We observe
that in the framework of Isogeometric Analysis, the choice of T—splines [47] represents a valid
alternative and generalization.

The geometrical mapping (2.1) represented in terms of NURBS reads:

x(¢) = ZE(E) P;, (2.15)

where ]3%(5) are the NURBS basis functions defined in the parameter domain Q and P; € R? are
the control points in the physical space for i = 1,...,nr. The NURBS basis functions R;(§) are
defined from B-splines basis functions N;(€) and weights w; € R as:

W;

Ri(§) == Ni(€)  fori=1,... myy; (2.16)

> wi Ni(€)
=1

we observe that B-splines geometries in R? can be seen as a particular case of NURBS with
weights equal to the unity?. The (multivariate) B-splines basis functions NV;(§) are obtained by
tensor product rule of univariate B-splines basis functions, say Nqi({a) for i =1,...,nyf4, where

NURBS are obtained by projective transformations of B—splines defined in the physical space R
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Figure 1: Univariate, globally CP~!continuous, B-splines basis functions {Nz(é)} . of order

1234
p = 1,2, and 3 obtained by the knot vectors = = {{0}p+1,5,5,5,5,{1}p+1}, respectively;
Q=(0,1).
a =1,...,x indicates the parametric direction &, in R" with £ = (&1,...,&s) and nyy = I5_1npf.q-

The univariate B—splines basis functions ]Va,i(fa) are recursively built by using the Cox—de Boor

recursion formula starting from a knot vector 2, := {{a; }?ifl’aﬂ ! With &a,j € R which, together
with the polynomial order p,, completely characterizes the properties of the basis functions. We

indicate the minimum polynomial order of the basis functions as p := min pg; in several instances,
a=1,...,k

po=pforalla=1,... k.
For example, in Fig. 1 we report open—knot, univariate B-splines basis functions of order p =

1234
1,2, 3 obtained by the knot vectors E = {«{0}”Jrl BB
the basis functions are globally CP~'—continuous in Q= (0,1) for this specific choice of the knot
vector.

{1} }, respectively; we remark that

_ We observe that the parameter domain Q is obtained by the knot vectors =, fora =1,...,k as
Q= (§1,1,&nppa4p1+1) X o+ X (§k1,Enp g tpe+1), Which defines a NURBS patch; by convention, we

consider the case for which () = (0,1)%, ie. a1 =0 and &y, 4po+1 =1 foralla=1,...,x. The

tensor product of the knots also defines a partition of the parameter domain Q into subdomains ﬁe,
for e = 1,...,n¢, which we regard as “mesh” elements in the parameter domain, n.; being their
number; the set of these elements, i.e. the “mesh” of the parameter domain, is denoted as ﬁ The
geometrical mapping (2.15) of the elements ﬁe into the physical space defines the elements €. for
e =1,...,n¢ and, similarly, the corresponding “mesh” in the physical domain 7. In addition, we

introduce the notation ﬁe to denote the support extension of ﬁe, Le. the union of the supports of
the basis functions R;(€) for i = 1,...,ny whose supports possesses an intersection with €2, of non
zero measure in the topology of R* ([2]); the mapping of the support extension in the parameter

domain ﬁe into the physical space is denoted by Q.. We schematically depict these concepts in
Fig. 2. Finally, we indicate with h. the characteristic size (diameter) of the element 2. and with

h the global “mesh” size h = max {ﬁe : ﬁe € 7A71}, correspondingly, we define the characteristic

size (diameter) of the element . in the physical domain from Sec. 2.2 as:

he = ||ﬁ||LOO(§e) /I;’e Ve = 1. ne (217)

6
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x(5)

5 ] Q

ol
|

o

e > X_l(é)
S

Figure 2: Tllustration of a geometrical mapping x(&) from the parameter domain Q into the manifold

Q (physical domain), a “mesh” element ﬁe and its support extension ﬁe in the parameter domain,
and the corresponding “mesh” element {2, and support extension €2, into the physical space; the
example refers to a B-splines or NURBS surface obtained with a basis of order p = 2 without
internally repeated knots yielding n. = 49 “mesh” elements.

y  -1-1

Figure 3: NURBS surfaces  in R?: cylindrical shell of radius 1 and height 4 (left) and spherical
shell of radius 1 (right). The “mesh” elements are highlighted in black, the control net and control
points {P;}:"], in red.

and the global “mesh” size h := max {he : Q. € T, }. We observe that the definition of h. coincides
with the one given in [2] for k = d.

In Fig. 3 we report two examples of surfaces in R?® obtained by NURBS, a cylindrical and a
spherical shell (we refer the reader to e.g. [18] and [40] for the construction of these geometries).
We observe that both the geometries are exactly represented by NURBS at the coarsest level of
discretization (ne = 4 and 8 “mesh” elements and ny; = 18 and 45 basis functions for the cylinder
and the sphere, respectively).
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In several circumstances, more complicated geometries can be generated by combining multiple
NURBS patches.

3 PDEs on the manifold

With the aim of generality, we introduce a nonlinear parabolic PDE with second order spatial
derivatives corresponding to the Laplace-Beltrami operator. Then, as particular cases of such
general PDE, we present the equations we will address in this work, namely: an elliptic PDE, an
eigenvalue problem, a time dependent advection—diffusion equation and the Cahn—Allen equation
defined on the manifold. Then, in view of the numerical approximation, we rewrite the weak form
of the equations in the parametric space by means of the geometrical mapping introduced in Sec. 2.

3.1 A nonlinear parabolic PDE with Laplace—Beltrami operator

Let us denote with I' = 92 the boundary of the manifold 2. We say that Q possesses a boundary
if meas (') # 0 in the topology of R*!: for example, by referring to Fig. 3 (left), the cylindrical
shell has a boundary I' = {x = (x,y,2) € R : x>+y’=1landz= {0, 4}}, while the sphere does
not posses a boundary (meas (I') = 0). If meas(I') # 0, then we can partition it into two non

overlapping subdomains, say I'p and 'y, such that 'p UT'y =T and 12,3 N fN: Q.

For the sake of simplicity and unless when necessary for clarity, we will omit from here on the
explicit dependence of the functions defined in the physical space R? on the spatial variable x and,
similarly, for the functions in the parameter space R", the explicit dependence on the independent
variable &.

By recalling the definition of the Laplace-Beltrami operator (2.11), we assume the following
expression for the time dependent nonlinear parabolic PDE, where u(t) represents its solution:

ug;‘(t) — pAgu(t) + V- Voult) + o (u(t) = f  in Q x (0,T),

u(t) =~ onI'p x (0,7), (3.1)
uVaou(t) -npr =0 on I'y x (0,7),

u(0) = wip, in Q x {0},

where T' > 0 is the final time and nr is the unit vector normal to the boundary I' (note that
nr-ng = 0 for all x € I'). For simplicity, the coefficients v > 0 and p > 0 are assumed as constants
in R, the advection field V € [L>®(€2)]% is such that V-ng = 0, V-V € L?(Q) and V-V = 0 a.c.
for x € Q, and the source term f € L?(Q); the reaction term o is assumed “sufficiently” regular,
ie. as o € L™ (Q x (0,T)). Moreover, vy € H'/?(I'p), and the initial condition w;, € L?(€); for the
sake of simplicity, we assumed an homogeneous Neumann condition on I'y. We observe that, if the
manifold © does not possesses a boundary (meas (I') = 0), the boundary conditions in Eq. (3.1)
become meaningless and they should be replaced by other conditions on the solution u(¢) depending
on the choice of the data (see Sec. 3.2).

In view of the weak form of the problem (3.1), we introduce the affine manifold V, and the
function space V as:

Vy = {UEHl(Q) : vlr, =7}, V= {UEHI(Q) : vlp, =0} . (3.2)
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Moreover, we introduce the following forms and functionals:
a(v,w) = /Q,uVQv - VowdS2, b(v,w) := /Q’UV - Vaouw dS2,
c(w)(v) := /Qva(w) s, m(v,w) = /Q vwdS, (3.3)
o) = [ vf g,
Q

and the weak residual:
Res (w(t) () = q(v) — alv(t), w(t)) - b(v, w(t))

~elule)) - vm (0. 570 (34)

for any v € V, w(t) € V,, for all t € (0,T). Then, the weak form of problem (3.1) reads, for all
te(0,7):

find u(t) € V5 : Res(u(t))(v) =0 Yv eV,

(3.5)

with ©(0) = wp.
We shall assume that the above problem is well-posed; for example, we observe that for v = 1,
V =0, and o(u(t)) = op u(t) for some op > 0, under the regularity hypothesis on the other data,
we have a unique solution v € L*((0,T); V) N C° ((0,T); LQ(Q)) by using similar arguments of
[42]. For further details see e.g. [17, 25, 26, 27].

With the aim of writing problem (3.5) in the parameter space, we recall the mapping of the
data based on Egs. (2.1) and (2.8). In particular, we have: V(&) := V(x(&)), f(&) = f(x()),
F(&) == v(x(§)), and Uin (&) = win(x(£)); we notice that o(-) = o(-). Moreover, we introduce the
affine manifold 177 and the function space V as:

V= {a e H\@) : o, = a}, V= {ae H\Q) : ol = o}, (3.6)

where, if meas (I') # 0, T'p := {5 €0 : x(¢) € FD} and Iy = dQ\I'p. Also, we introduce the
following forms and functionals from Egs. (2.8), (2.13) and (3.3):

(5, @) ;:/Au%- (G 9a) gao. o, @) ::/Am?. (FG Tw) ga,
Q Q

D) (F) = /A 55(@)§d0, (5, B) = /A GH5d0, (3.7)
Q Q

i) := [ 97740,

and the weak residual:

— g g~ ~ ) _ (. 0w
Res (w(t)) (v) := q(v) —a(@,w(t)) = b(v, w(t)) —c(w(t))(®) —vm <v, at(ﬂ) o (38)
for any 0 € V, W(t) € ]77, and for all ¢ € (0,7T). Finally, the weak form of the problem (3.5) in the
parameter space reads, for all ¢ € (0,7):
find i(t) € V, : Res(a(t)) (@) =0 VoeV, 59)
3.9
with ©(0) = Uip;
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we observe that, from Eq. (2.8), we have u(x,t) = u(€,t) o x 1(£) and u(€,t) = u(x(€),t) for all
te(0,7).
3.2 The Laplace—Beltrami equation

By referring to Eq. (3.1) and assuming the data and solution u as time independent, v =0, V = 0,
and o = 0, we obtain the Laplace—Beltrami problem:

find u e V, @ a(v,u) = q(v) Yo eV, (3.10)

for some > 0. We observe that, if the manifold 2 is not endowed with a boundary, then the
Laplace-Beltrami problem (3.10) is ill-posed. For this reason, if meas (I') = 0, the solution space

V, is replaced e.g. by the space Vy := {v c HY(Q) : / vdQ = 0} (see e.g. [39]).
Q
By recasting problem (3.10) in the parameter space, we obtain:

finda eV, : a@®,a) =q@) Voe, (3.11)

where we have used the notation introduced in Sec. 3.1.

3.3 The Laplace—Beltrami eigenvalue problem

From Eq. (3.1), by assuming that the data and solution u are time independent, and setting v = 0,
V =0, and o(u) = —\u, assuming the parameter A as unknown, we obtain the Laplace-Beltrami
eigenvalue problem?:

findueVand A€ R : a(v,u) = Am(v,u) Yv e V; (3.12)

specifically, we set u = 1. We observe that, since the problem is symmetric, the eigenvalues are
real valued, i.e. A € R, with A > 0.
In the parameter space, Eq. (3.12) reads:

finddeVand AeR : a@,0) = Am(0,4) VoeV. (3.13)

3.4 A time dependent linear advection—diffusion equation

By using the notation of Sec. 3.1, we introduce the parabolic linear advection—diffusion equation in
the following weak form, for all ¢t € (0,7):

find u(t) €V, : m <v, ?;Z(t)) + a(v,u(t)) + b(v,u(t)) = q(v) YveV,

with ©(0) = wp,

(3.14)

where we set o(u(t)) = 0 and v = 1. In view of the numerical approximation, we introduce the
following operators, say L£(-) and Lgg,(+), as:

Llw()) = ‘2;:

*For o(u) = —Awu, the form ¢(-)(-) in Eq. (3.3) reads c¢(w)(v) = —Am(v,u) for any v(x), w(t) € V.

(t) — uAquw(t) + V- Vouw(t), (3.15)

10
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Logy(w(t)) :=V - Vauw(t), (3.16)
and the strong residual R(-) in 2 as:

R (w(t)) = f— L(w(t)), (3.17)

for all w(t) € H*(Q) for any t € (0,T).
In the parameter space, Eq. (3.14) reads, for all ¢t € (0,7):

find a(t) €V, : (@, ‘z;;(t)) +a(,at) + b@,a(t)) = o)  Voe,

(3.18)
with @(0) = im,
while the operators and the residual in Egs. (3.15), (3.16), and (3.17) are:
L(@(t)) = %‘f(t) —u ; v (gé—l %(t)) +V. (13 G! %(f)) : (3.19)
Lodo(@(t)) ==V - (ﬁ G! %(t)) , (3.20)
R(@(t)) == f — L(B(t)), (3:21)

for all @(t) € H*(Q) for any t € (0,T).

3.5 The Cahn—Allen equation

By denoting with u(¢) the concentration of a component of a binary isothermal mixture, we describe
its evolution in time by means of the Cahn—Allen equation, a nonlinear, time dependent PDE. For
further details on the topic we refer the reader e.g. to [11, 12, 13, 29]. The Cahn—Allen equation
in weak form reads, for all ¢t € (0,7):

findu(t) €V : m (v, é;:(t)) + a(v,u(t)) + c(u(t))(v) =0 Yv €V,

with ©(0) = wp,

(3.22)

where, with reference to Eq. (3.1), we choose o(u(t)) = Wequ(u(t)) = 2u(t) (u(t) — 1) (2u(t) — 1)
(for which we have that c(u(t))(v) = / vWeq(u(t))d), V=0,rv =1, and f = 0. Moreover, if

Q
meas (I') # 0, we set I'y =T with I'p = (). The Cahn—Allen equation (3.22) represents the gradient
flow in the L?*(Q) norm of the following energy functional (total free energy) for isothermal binary
mixtures on surfaces:

B(t) = W(u(t)) == /Q (\I/C(u(t)) + % M\vﬂu(m?) 4o, (3.23)

where W, (-) is the chemical energy, which, in this specific case, we have choosen as W.(u(t)) =
(u(t))? (u(t) — 1)?; the functional W, ,(-) = o(-) represents the chemical potential and is obtained
as the Frechét derivative of W.(-) with respect to the variable u(t). The free energy W(t) represents

av ~
a Liapunov functional since E(t) <0 for all t € (0,77, being Vqu(t) -npr =0 on I'.

11



12 L. Dede, A. Quarteroni

In the parameter space, the Cahn—Allen equation reads, for all ¢ € (0,7):

find a(t) €V : (a, Z? (t)) La@,a) + @)@ =0 Yoe v,

with @(0) = G,

(3.24)

with the free energy:

B(t) = B(u(t)) = /ﬁ (\Ifc(ﬂ(t)) + %ﬁa(t) (& %(t))) 50, (3.25)

being \Tlc() =U.(-).

4 Numerical approximation

In this section we describe the numerical approximation of the PDEs introduced in Sec. 3.1 and
represented in compact form in Eq. (3.5). We discuss the approximation in a general setting, firstly
for the spatial approximation by means of Isogeometric Analysis and then, for time discretization,
the generalized—a method.

4.1 The spatial approximation: Isogeometric Analysis

For the spatial approximation of the general problem (3.5) we consider Isogeometric Analysis. In
this section we briefly recall the basic notions of the approximation in the framework of the Galerkin
method. For further details we refer the reader to [18, 34].

Isogeometric Analysis is a method for the spatial approximation of PDEs, based on the isopara-
metric concept for which the same basis used to represent the known geometry are then used to
approximate the unknown solution of the PDEs. NURBS or B—splines geometries (computational
domains) are represented by geometrical mappings in the form (2.15) from a parameter space to
the physical space. By using the isogeometric paradigm, we can define functions in the parameter
space in the form:

nbf

~

ah(Ea t) = Z Rz(é) Ui(t>7 (41)
i=1
where El(ﬁ) are the NURBS (or B-splines) basis functions (see Eq. (2.16)) and U;(t) € R are
the control variables (in fact, the problem unknowns) for ¢ = 1,...,n,f, with ny; the number
of basis functions; for time dependent problems, the control variables U;(t) are time dependent.
Since the geometrical mapping (2.15) is invertible (as discussed in Secs. 2.1 and 2.3)), we can
indifferently refer to functions in the parameter space or in the physical one; from Eq. (2.8) we
have uy,(x,t) = 1y, (€,t)ox 1 (€). For this reason, unless than necessary for clarity, we will henceforth
consider formulations in the parameter space.
From Eq. (4.1) we define the NURBS space on the parameter domain Q (a single patch):

—~ ~ ny f
N}, := span {RZ(E)} ) (4.2)
1=
and, in virtue of the geometrical mapping (2.15), the corresponding NURBS space on the physical
domain (the manifold) €2
np f

- (4.3)

Niy = span { Ri(€) o x™'(6) }

12



Isogeometric Analysis of PDEs on surfaces 13

Then, we introduce the finite dimensional function spaces 9%h = 177 NN n, and lA)h =VN /{\/}L from
Eqgs. (3.6) and (4.1); for simplicity, we assume that the data 7 belongs to the NURBS space J\Afh.
Similarly, by referring to the physical domain 2, we introduce the function spaces V, , := V, NN},
and Vj, :== VNN,

The weak form of problem (3.9) approximated by Isogeometric Analysis reads, for all ¢ € (0,7):

find Gy (t) € Vyp ¢ Res(@h(t) (Tn) =0 VO, € Vi, "
with 5,(0) = i 1, '

where U, p, is the L*(Q) projection of 1, onto ﬁh. The spatial approximation of the problems
described in Secs. 3.2, 3.4, and 3.5 fit the general formulation of Eq. (4.4), while the eigenvalue
problem (3.13) reads:

find uy, € 9}1 and \p, € R a(i}\h,ah) =\ fl\l(ﬁh,ﬂh) Yo, € 9}1. (4.5)

We remark that the function spaces 17%h and ]7h can be “enriched” by means of h— or p—
refinement of the geometric representation while identically preserving the geometrical mapping?.
The refinements allow the improvement of the accuracy of the approximate solution, while still rep-
resenting exactly the NURBS geometries defining the computational domain. A type of refinement
called k-refinement and specific for NURBS basis functions can be eventually used to efficiently
improve the accuracy by increasing the order p of the basis functions and their global continuity,
say k, across the elements ﬁe in O while containing the number of basis functions ny;. For further
details we refer the reader to [2, 4, 18, 19, 34]. Specifically, in Sec. 5 we provide a priori error
estimates for PDEs on manifolds for A-refined “meshes”.

We remark that numerical integration is performed by means of a quadrature formula with
(p+ 1)" quadrature points in each element; a direct method ([41]) is considered for the solution of
the linear system associated to Eq. (4.4).

4.2 The time discretization scheme

For the approximation of time dependent problems, we consider the generalized—a method, a
predictor—multicorrector numerical scheme, which we briefly recall in this section; for further details
see also e.g. [14, 36].

Let start by introducing a partition of the time interval (0,7) into time steps {t,},",, where
to = 0 and t,,, = T, with time steps At,, :=t,11 —t, forn =0,...,t,,.—1. Also, we define U(¢) :=

(U}, U(t) == {U'i(t)}fffl , Res (U(t),U(t)) = {Ee\s (@n(t)) (J?z) }"Z from Eq. (3.8), Uy, :=
U (t,), and U,=U (tn). By introducing the parameters a,,, oy, and § € R, the generalized—o
method consists in solving the following problem at the time step t,41 given U, and U,:

find ﬁn—i—ly Unqia, ﬁn—i—ama Un+af : R/,ES (I:In—i-ozmy Un—i—af) =0,
with: Upyy = U, + Al ((1 5 U, + 5Un+1) , (4.6)

Un+am = (1 - am) Un +am ﬁn—i—h Un—i-af = (1 - O5f) U, + af Upti-

“The h— or p-refinements correspond to the mesh refinement and order elevation procedures of the Finite Element
or Spectral methods.

13



14 L. Dede, A. Quarteroni

The previous problem is solved iteratively with U1 obtained as U, ;1 (;) for some j =0,. .., jmax
(with jmaz > 1). In particular, at the predictor stage (j = 0), we set:

. 0—1 .
Un-l—l,(()) = T Uy, Un—l—l,(O) =U,. (47)

At the multicorrector stage, we repeat for j = 1,..., jimqee the following steps:

1. evaluate the variables:

Upian) = 0=am) Untam Unii o), Unga,g) = (1—ap) Untap Upgr o1); (4.8)
2. assemble the residual vector and tangent matrix:

Resn+17(j) = Res <Un+am,(j)7Un+af,(j)> y

ORes (Un+am7(j), Un.g_af,(j)) ORes (Un-f—am,(j)’ Un+06fv(j)) .

K N =@ . +ard At ;
n+1,(5) m aUn—i—am f n aUn-‘,—ozf
(4.9)
. . o |[Resuig)l .
3. if, for a prescribed tolerance tolr > 0, the criterion ——————~— < tolg is fulfilled, set

o IRes,i1 o
Upt1 =U,q,(j-1) and Uyt = U, 44 (j—1) and terminate the procedure, otherwise continue;

4. solve the linear system:
K11,) AUpny1,) = —Res,11,(j); (4.10)

5. update the variables:
Unii) = Unpro) + AU )y Uiy = U oy + 086 AU ), (411)
and return to step 1.

A family of second—order time accurate and unconditionally stable generalized—a methods for linear
problems is obtained by choosing o, = % (LZ:), aF=0= Hlpoo’ where po € [0, 1] governs
high frequencies dissipation [33]%; a typical choice is ps = 0.5, see e.g. [20, 31, 37].

The time step At,, can be either fixed (At,, = Aty) or determined by an adaptive algorithm. In
the latter case, we select an adaptive scheme based on the number of iterations of the multicorrector
stage of the generalized—« method (see e.g. [31, 51]); in particular, based on numerical experience,

we set At, = At,_1x # forn=1,...,t,,,—1 and an initial time step Atg, where y = 1.2,
Jref +]0

Jref = 2, and jo = 0.8. As tolerance for the stopping criterion of the multicorrector stage we select
tolp = 107*.

*The parameter po, represents the spectral radius of the amplification matrix of the system for At, — oo.

14



Isogeometric Analysis of PDEs on surfaces 15

4.3 SUPG stabilization for the advection—diffusion PDEs

Since we are interested in solving time dependent advection—diffusion equations in the transport
dominated regime, we consider the numerical stabilization of the PDEs in lower dimensional mani-
folds. In particular, we consider a SUPG stabilization technique similar to the one proposed in [39]
for PDEs on surfaces approximated by means of the Finite Element method.

The time dependent linear advection—diffusion problem (3.18) with SUPG stabilization ([10])
reads, for all t € (0,7):

N S (.. Ou PPN ~_
find up(t) € Vo + m (vh, ;:(t)) + a(Vp, up(t)) + b(0p, up(t))

Fdn (@, () — G@O) =0 Vo, € Y, (4.12)

with ah(O) = ain,ha

where the form c/i\h(-, -) represents the SUPG stabilization term. By recalling the definitions (3.20)
and (3.21), we define:

Nel
~

B (1) =3 [ 7 L () R (1) G (4.13)

for all vy, and wy(t) € H2(ﬁe), with e = 1,...,n¢, and t € (0,7); the stabilization parameter 7,
is assumed as piecewise constant over the elements .%. We introduce the characteristic velocity

Ve = H\A/'H Lo (D)’ the constant ¢, depending on the order p of the polynomial approximation”, and
Veh
the local Péclet number Pe. := ; ©. Following [30, 35, 48], we choose:
I
—-1/2
1)1 V.\? e \°
== |+ = 1 P 4.14
ey At2+<he> ( +<Pee> , (4.14)

where h. is the characteristic size (diameter) of the element Q. (2.17) and At is the time step
for the time approximation; we will assume ¢, = p?. This choice of 7. is obtained by locally
approximating the operator 2_1(-), by assuming the use of second order time schemes (as the
generalized—a method), and by considering geometrical mappings of the elements 2. from parents
domains (—1,1)"; the parameter 7, assumes the same form in the parameter and physical spaces.

5 A priori error estimation on lower dimensional manifolds

We provide the a priori error estimates under h-refinement for the Laplace—Beltrami equation (3.10)
and the Laplace-Beltrami eigenvalue problem (3.12) thus extending the results of [2] (and [4]) to
the case of second order PDEs defined on lower dimensional manifolds. With this aim, we propose

®We notice that in the physical space we have, from Eqs. (3.16) and (3.17), du(vn, wn(t)) :=

Nel
Z/ Te Lado (vn) R(wn(t)) dQ for all v, and wy(t) € H*(Q), with e =1,...,ne, and t € (0,T).
—Ja.

"The constant ¢, stems from an inverse inequality of the type lAqunllrzn,) < Z—p IVaur|lL2(q,) for all v, € V4

and e=1,...,N.
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16 L. Dede, A. Quarteroni

some preliminary estimates for the change of variables between the parameter and the physical
domains and the interpolation error estimate for the NURBS space on the physical domain (the
lower dimensional manifold); for simplicity, we limit to consider estimates up to the H' norm. We
remark that, for the derivation of the error estimate, we follow the procedure and recall the results
presented in [2].

5.1 The interpolation error estimate

Let us recall the notation of Secs. 2.1 and 2.3 regarding the geometrical mapping by NURBS and
of Sec. 4.1 for the NURBS spaces. Moreover, we recall the definition of the H' semi-norm on the

1/2
manifold [¢[g1(q) = </ |Vaol? dQ) from Eq. (2.10); the definition of high order semi-norms
Q

1/2
follows consequently. Similarly, the L? norm on the manifold reads: | ¢|| 2(Q) = < / |p|? dQ) .
Q

In analogy with [2] for the case k = d, we provide the following preliminary results for functions
defined on manifolds represented by NURBS.

Proposition 5.1. Let us consider an integer m = 0, 1, the general “mesh” element in the parameter

domain Q € ﬂ and its corresponding “mesh” element on the manifold Q. € T,. We obtain for
¢ € H™() and ¢ € H™(Q):

R 1111/2
|¢’Hm(§e) < Hg

S IFL i, Wl | 6.1

L>(Qe) j=0

1/2 SlT™ |~
olirnisny < Conare 181,25 [P~ ) 201800 52)
e ]:0 €

where Cspape 15 a positive and dimensionless constant depending on the shape of the manifold €0,
but not its size [2].
Proof. We start by proving the result (5.1) for m = 1, the case m = 0 following similarly. From

Eq. (2.13) and by observing that Vé(€) = (ﬁ({)) Vap(x(€)), we obtain (in analogy with [16]):

Vo(e)| < |P©)] IVas (), (5.3)

for all £ € ﬁe with x = x(&) € 2, (in Euclidean norm) By elevating the terms of the inequality to
the square, integrating over the “mesh” element Qe, and recalling the definition of H' semi-norm,
we obtain:

2 e
< .
‘QZ)‘Hl(Qe) o HFHLOO(Q ) / |VQ¢| dQ (5 4)
Since / \szﬁ\? dﬁe —/ ‘Vmﬁ]? ldQe from Eq. (2.7), we obtain:
Qe . p

1

¥l <5

Lo () H HL°°(§e) QeWW’Q e, (5.5)

from which the result (5.1) follows.

16
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We proceed in a similar manner for the result (5.2). From Egs. (2.5), (2.6), and (2.13) we have:

Vas(x)| < |F(x) G x)] [Vo(e) (5.6)
for all x € Q, with &€ =x"1(¢) € Qe (in Euclidean norm). We obtain that:
2o < [FGHP va| a0
|¢|H1(Qe) = H HLoo(Qe) Q. ‘VQZ)‘ e: (57)
2 2
and, since / ‘ng‘ dQe = /A ’ngﬁ‘ g dSQ., we have:
Qe Qe
. —1y2 o~
i < N8l 1P G ey [ 93] dfh (5.8)
from which we deduce that:
1/2 _
blinn < 1812 6., I1F G ey 141500 (5.9)
In analogy with [2] we introduce from Egs. (2.1) and (2.2) the locally rescaled geometrical mapping:
Y y -1
X 0o, £oxE),  x©=x@ |F| . . (5.10)

for all (AZG € ’77“ where Q. belongs to the physical space; correspondingly, we define its Jacobian:

ISP < o 0%, .
F Qo RYS g5 F(€), Fialf) = 8; € i=1,...d a=1... (511
for all Q. € Ty Tt follows from Egs. (2.2) and (2.3) that F = F FH L, G=G FH L
L>(Qe) L> ()

< NT <
where G := (F ) F', from which we deduce that:

~ ~ 2201 1 ~—1
FGl'=FG HFH .
12 (@,)

In analogy with Eqs. (2.5) and (2.6), we define F' : Q. — R™>* with F(x) := F(&) ox'(¢) and
G : Q. — R with G(x ) é( ) ~1(¢), for all x € €2,; we obtain:

2 N 519

|FG™ -
Le=(Qe)

<

o)

and using the bound (5.13) in Eq. (5.9), we obtain the re-

. B A1
By setting Cpape 1= HFG HLOO(Qe)

sult (5.2).
The choice of the constant Cspqpe is justified similarly to [2] by observing that F' is 0-homogeneous
with respect to F' and that from Eq. (5.12) we have the following bound:

Cshape < HF G~

; (5.14)

1HLO@(Qe) ‘ﬁHLw(ﬁe)

hence, the constant Cypqpe only depends on the shape of the manifold and is uniformly bounded with
respect to the “mesh” size h,, since the NURBS mapping (2.1) is preserved under h-refinement. [J

17



18 L. Dede, A. Quarteroni

We recall from [2] the interpolation error estimate for the NURBS space on the parametric
domain, which is obtained by using the concept of bent Sobolev space and combining the Eqgs. (42)
and (65) reported in [2]. With this aim, we introduce from Eq. (4.2) the projection operator
g L? ( ) — N, onto the NURBS space in the parameter domain (see Eq. (41) in [2]).

Proposition 5.2. Given the indexes k‘Nand l such that 0 < k < <p+ 1 and k <1, the “mesh”
element SAZE € 7A}L, its support extension Qe, and the function QAS € Hl(ﬁe), we have:

- N Tl—k
‘d)_ HNh(ZS Hk(ﬁ ) - shapeh Z Z ’ ‘Hz Q/ ) (515)
=0 QLeT;
Q.NQ#£0

where Ee s the characteristic size of the “mesh” element (Ale in the parameter domain and Cgpape
is a positive and dimensionless constant depending on the NURBS parametrization but not on the

size of Q.

Finally, we provide the interpolation error estimate for lower dimensional manifolds €2 defined
by NURBS by introducing from Eq. (4.3) the projection operator I, : L*(Q) — N, onto the
NURBS space in the physical domain, i.e. the “push—forward” of the NURBS projection operator,

for which Iy, ¢(x) = (H/\Afﬁ(g)) ox (&) for all ¢ € L*(Q) ([2]).
Theorem 5.1. Given the indexes k and | such that 0 < k <[l < p+1 and k < 1, the “mesh”

element Q. € Tp, its support extension fle, and the function ¢ € L*(Q) N Hl(ﬁe), the interpolation
error estimate for the NURBS space (4.8) on the lower dimensional manifold reads:

! a
16— T 0l e,y < Conape B F S U\ﬁH ) |¢|Hi@)} , (5.16)
i=0

where he is the characteristic size of the “mesh” element Qe (2.17), ﬁe is the support extension of
the “mesh” element in the parameter domain, and Cspape @5 a positive and dimensionless constant
depending on the shape of the manifold Q) but not its size.

Proof. We start by observing that from the definition of the NURBS projector Ily; and Eq. (5.2),
we have:

6~ T, bl gy < Coane 1812 ., [ i ) (5.17)
N ®Plik(Qe) = “shape 9 Lo () Lo°(Qe) - N Hi(Se) ’
By using the result (5.15) of Proposition 5.2 for the term ’qb Hth) 6y we obtain:
_ Tl—k 1/2
6= 1l Dz < Conae B 19122 0 (B2 Z Z G, (5.18)
nge;ﬁ@

We apply the result (5.1) of Proposition 5.2 to each of the terms ‘gg @) which yields:
B 1 9 (5.19)
(Z) - < Csha e || |:HFH ¢ i (Q :| N 5.19

H(Q) P Loo() Lo () HI(&)

18



Isogeometric Analysis of PDEs on surfaces 19

for all 5\2; € '7A71, where ), is obtained from the geometrical mapping of @'e Then, by inserting
Eq. (5.19) into Eq. (5.18), and merging the double summation over the indexes i and j, for which
0<j<iand 0 <<, we obtain:

6 = T, 6k, < Conape h kHFHM) l MFH 16, } (5.20)

where we used the bound:

i 11112 IR
Pl mi(or <H HF =~ Dl i s 5.21
[ H LOO(Q/ Loo( ’ |H Q )] g Loo(ﬁe) Loo(Qe) | |H (Qe) ( )
anﬂg;ﬁw
1/2 1 1/2

has been embedded in the constant
%) 9l 5,

Cshape, similarly to the proof of Proposition 5.1 and Theorem 3.1 in [2]. We recall the definition of
characteristic “mesh” size he of the element €. on the manifold given in Eq. (2.17) to obtain from

Eq. (5.20):

for all ¢ = 0,...,[, and the product ||g||

|6 —1In, @l i, <Cshapehl "”HFHLOOQ) NFH |¢>\H1 ] (5.22)

~I[!
Finally, by multiplying and dividing the right hand side of Eq. (5.22) by HF HL &.) and embedding
~11— ‘

__into the constant Cypape we obtain the result (5.16). O

the term HFH HFH
Lo Q ) Loo(Qe)

In analogy with [2], a similar interpolation error estimation of Theorem 5.1 can be obtained
for NURBS spaces with boundary conditions. Moreover, we remark that the interpolation error
estimate (5.16) for lower dimensional manifolds assumes the same form of the result (61) of [2] in
the case k = d (Theorem 3.1), where the differences between the two estimates have been embedded
in the constant Cyspape. When x = d, the interpolation error estimate (5.16) fully coincides with
the estimate of Theorem 3.1 in [2].

5.2 The Laplace—Beltrami equation

By using the result of Theorem 5.1, we provide the a priori error estimates in L? and H' norms
for the Laplace—Beltrami problem of Sec. 3.2 defined on a general lower dimensional manifold €.

Following e.g. [15, 44], by recalling the notation for the NURBS spaces introduced in Sec. 4.1
and assuming the Laplace-Beltrami problem (3.10) to be well-posed, we have:

| = unlprg) < C vhiefgh |u = vnl 1oy » (5.23)

where the positive constant C' depends on the data of the problem, specifically the coefficient
(C =C(w)). From the result (5.16) of Theorem 5.1, by assuming quasi uniform h-refinement, the

19



20 L. Dede, A. Quarteroni

“mesh” elements of size he ~ h for all e = 1,...,n., and the polynomial orders of the NURBS
basis nrllin Po = p, we obtain the error estimate in semi-norm H' for the case u € Hp+1(Q):
a=1,....x

‘u — uh|H1(Q) S C hp, (524)

where the positive constant C' depends on p, u, and the constant Cipqpe. Further, if we assume that
homogeneous Dirichlet boundary conditions (y = 0) and v € HPT(Q) N H*(Q) for all the data, we
obtain from standard Aubin-Niestche arguments the error estimate in norm L? (see e.g. [49]):

errpe i= [[u — up||p2(q) < C hPtl (5.25)
from which we deduce the error estimate in norm H':
) ) 1/2 »
errp = |lu — upl| () = (6T"FL2 + |u — uh‘Hl(Q)) < ChP. (5.26)

Similar considerations follow in the case for which the Laplace-Beltrami problem (3.10) is defined on
lower dimensional manifolds 2 not endowed with boundary; in this case, the analysis is performed
by considering the function space Vy in place of V, according to Sec. 3.2, which yields a similar
result.

5.3 The Laplace—Beltrami eigenvalue problem

We provide the a priori error estimate for the numerical approximation of the Laplace—Beltrami
eigenvalue problem of Sec. 3.3 on the lower dimensional manifold 2. We consider the error on
the eigenvalues of the problem, say |\, — A, 1|, where n indicates the n-the eigenvalue and A, j,
corresponds to its numerical approximation for n = 0,1,... (see e.g. Eq. (4.5)); specifically, we
consider the ordering A\g < A\; < ... < A\, < ... by recalling that the eigenvalues of the Laplace—
Beltrami eigenvalue problem (3.12) are real and non negative.

From [49] we have that, for the Laplace-Beltrami eigenvalue problem under consideration:

A
App < ——— Vn > 0, (5.27)
1- On,h
where from Eq. (3.3):
- E E E
On,h = zl}le%f |2m (v — 1Ly, v, v) —m (U =1Ly, v,v — thv)‘ Vn > 0, (5.28)
||U||L2(Q)—1

with V, C V the n—dimensional subspace spanned by the eigenfunctions uy,...,u, and being

th : YV — Vj the Rayleigh—Ritz projector into the NURBS space on the physical domain

(manifold) which yields, for some ¢ € V, a(vp, ¢ — thgb) = 0 for all vy, € V;,. Since the NURBS
space N}, is conforming with the function space V, by using the standard arguments presented in
[49] (or [7]) and the interpolation error estimate (5.16) of Theorem 5.1, we obtain:

A < Aoh S A +C WP R®P W >0, (5.29)

provided that the “mesh” size h is sufficiently small (with h. ~ h for all the elements Q. € Tp,)
and the polynomial orders of the NURBS basis such that min p, = p; the positive constant C

a=1,...,Kk
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Figure 4: Laplace-Beltrami problem on a cylindrical shell. h-refined “meshes” (top), corresponding
numerical solutions uy, (bottom), and exact solution u (bottom-right).

depends on the data of the Laplace-Beltrami operator and the constant Cypgpe. It follows that the
error associated to the n—th eigenvalue, say err,, can be estimated as:

errn = Mh — A~ C (M)PTHRP ¥R >0, (5.30)

which highlights the convergence rate 2p for h-refined mesh in agreement with the error estimates
for the Finite Element method in the case Kk = d; see e.g. [44, 49]. We remark that, when
An is “large” the error err, could be significantly “large” also for fine “meshes” being the error
proportional to (A, )Pt

6 Numerical results: PDEs on surfaces

We consider the numerical solution of the problems defined in Sec. 3 for the specific cases of surfaces
as lower dimensional manifolds.

6.1 The Laplace—Beltrami equation

We numerically solve the Laplace—Beltrami equation (3.10) on two surfaces, we evaluate the errors
between the numerical and exact solutions and we estimate the convergence orders of such errors
for the polynomial orders p = 2 and 3 of the NURBS basis.

Firstly, we consider as computational domain € a quarter of the cylinder represented in Fig. 3 (left)
(corresponding to the quadrant with x > 0 and y > 0) with unitary radius and height L. We

012772 X
choose 1 = 1 and (6.2) = 5 (13- 001(60) = 902(0) ) anla), where 6 = atan (*). goa(0) =
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p=2 p=3

err
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10 10 10

Figure 5: Laplace—Beltrami problem on a cylindrical shell. Convergence of the errors errg: (—U0O)
and erryz (—o) and reference convergences rates p (- -) and p+ 1 (. -) vs. the “mesh” size h for
p =2 (left) and p = 3 (right).

(1= cos(@)) (1= sin(6)), go2(6) = (cos(9) +sin(9) — 4 sin(9) cos(6)), and g,(z) := sin (a7~ )
for &« € Ng and 5 > 0; then, we set u(x) = y(x) = 0 on I'. The exact solution of the problem reads
uw(¢,2) = 5 9p,1(®) g2(z) in cylindrical coordinates. Specifically, we select « =3, 5 =1/ (3/2 - \@),
and L = 4. We solve the problem by meas of Isogeometric Analysis with NURBS basis functions
of order p = 2 and p = 3 for different “mesh” sizes starting from a mesh with 2 elements in the cir-
cumferential direction. The exact and numerical solution and corresponding “meshes” are reported
in Fig. 4; we highlight the smoothness of the approximated solutions in circumferential direction
even for a small number of “mesh” elements. The convergence rates of the errors are reported in
Fig. 5 for the polynomial orders p = 2 and 3; in particular, we obtain the convergence rates p + 1
and p for the norms L? and H', respectively. The convergence rates are in agreement with the

expected theoretical ones reported in Sec. 5.2 since the exact solution is “sufficiently” regular, i.e.
u € C™(Q) N HPTHQ).

Then, we consider a Laplace—Beltrami problem with exact solution on the sphere of uni-

tary radius reported in Fig. 3 (right); since the surface is closed (I' = ()), we impose the con-

: _ L . o? 9 cos(6) cos(B0) )
straint /QudQ = 0. We set f(¢,0) = sin(ag)sin(56) Sn’(0) + B —BW with

¢ = atan2 (X), 0 = acos <E>, a > 0,8 >0, and 4 = 1. The exact solution in spherical
y r

coordinates reads u(¢, ) = sin(a¢) sin(56). In particular, we choose a = 3 and § = 4. We report
in Fig. 6 the exact and numerical solutions corresponding to “meshes” progressively h-refined; we
remark the smoothness of the numerical solution along both the parametric directions even for
the coarsest “meshes”. In Fig. 7 we highlight the convergence rates of the errors erry2 and errgm
which are in agreement with the theoretical ones, being the exact solution u € C°°(Q) N HP™(Q)
as highlighted in Sec. 5.2.
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Figure 6: Laplace—Beltrami problem on a sphere. h-refined “meshes” (top), corresponding numer-
ical solutions u;, (bottom), and exact solution u (bottom-right).
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Figure 7: Laplace-Beltrami problem on a sphere. Convergence of the errors erryi (—U0O) and errp2
(—o) and reference convergences rates p (- -) and p+1 (. -) vs. the “mesh” size h for p = 2 (left)
and p = 3 (right).

6.2 The Laplace—Beltrami eigenvalue problem

We consider the numerical approximation of the eigenvalue problem (3.12) associated to the
Laplace—Beltrami operator on the sphere of unitary radius of Fig. 3 (right). The exact values
of the eigenvalues are A\, = n(n + 1), each with multiplicity 2n + 1, for n = 0,1,...,00 (see e.g.
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VOO0

U4,1,h U4,2,h Us,1,h Ue,1,h

Figure 8: Eigenvalue problem on a sphere. Eigenfunctions w41 4, %424, U514, and ug 1 p (from left
to right).
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Figure 9: Eigenvalue problem on a sphere. Convergence of the errors err, on the eigenvalues A,
vs. the “mesh” size h for n =4 (—O), n = 5 (—o), and n = 6 (—<) and reference convergences
rate 2p (- -) for p = 2 (left) and p = 3 (right).

[45]), to which correspond the eigenfunctions w,, ;,, with l,, = 1,...,2n+1. We numerically approx-
imate the problem by means of Isogeometric Analysis on a “mesh” with n, = 131,072 elements
and basis functions of order p = 2; in Fig. 8 we report for example the computed eigenfunctions
U4l by Ua2h, Us 1k, and ug 1, corresponding to the eigenvalues Ay = 20, A5 = 30, and \¢ = 42,
respectively. In Fig. 9 we report the errors on the eigenvalues A4, A5, and Ag (erry, = |Ap — Appl),
vs. the “mesh” size h when considering basis functions of order p = 2 and p = 3. As expected
by the theoretical result (5.30) of Sec. 5.3, the convergence rate obtained for the numerical results
correspond to 2p.

6.3 The time dependent linear advection—diffusion equation

We consider the time dependent linear advection—diffusion equation on the cylindrical shell reported
in Fig. 3 (left). By using the notation of Sec. 3.4 and using cylindrical coordinates, we set V(¢,z) =

Vo o, - —~b((6—0)>+(2-20)2) <X>
——— (¢p+az), and ,Z) =e 0 0)"), where ¢ := atan2 [ — |, Vi, a, ¢o, and zg € R;
m (¢ ) f(d) ) ¢ y 0 ¢O 0
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Figure 10: Time dependent advection—diffusion problem on a cylindrical shell. Evolution of the
solution in time.

we set homogeneous Neumann conditions on the boundary I' = I'y and w;,(x) = 0. In particular,
we set u = 5.0 - 1074 Vo =1, a =02 b= 100, ¢g = %, and zg = 0.5. We numerically solve
the problem by means of Isogeometric Analysis with the SUPG stabilization technique discussed
in Sec. 4.3. A NURBS representation with basis of order p = 2 and comprised of n, = 12,288
“mesh” elements is considered. For the time discretization, the generalized—a method of Sec. 4.2 is
used with the fixed time step Aty = 1.5-1072. In Fig. 10 we report the evolution of the solution in
time; we highlight its helical distribution along the surface of the cylindrical shell induced by the
advective field.

6.4 The Cahn—Allen problem

We solve the Cahn—Allen problem defined in Sec. 3.5 on the sphere of unitary radius of Fig. 3 (right).
By using the notation of Sec. 3.5, we select u = 5.0 - 10™* and u;, = ug + €, where ug = 0.5 and
¢ is a random distribution such that |¢] < 0.1. We numerically solve the problem by means of
Isogeometric Analysis with NURBS basis functions of order p = 2 and a “mesh” comprised of
ne; = 32,768 elements; the time approximation is based on the generalized—a method with the
adaptive time stepping scheme initialized with the time step Atg = 5.0 - 107!, In Fig. 11 we
report the evolution of the concentration u(x,t) in time. The phase transition evolves towards the
steady state to a configuration with the phases fully separated with a minimum perimeter interface.
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Figure 11: Cahn—Allen equation on a sphere. Evolution of the solution in time.

However, due to the fact that the Cahn—Allen equation does not represent a mass conservative
system, the solution evolves to a pure phase at the steady state, which corresponds to v = 0 in

the case under consideration, since / Uin A2 < ug = 0.5. In Fig. 12 we report the evolution of the
Q

~ A
(Liapunov) free energy functional ¥(¢) for which we observe that E(t) <0.

7 Conclusions

In this work we showed the efficacy of Isogeometric Analysis for the numerical approximation
of PDEs defined on lower dimensional manifolds, specifically on surfaces. We considered different
linear and nonlinear, elliptic and parabolic PDEs with second order spatial operators of the Laplace—
Beltrami type; examples include the eigenvalue problem, the time dependent advection—diffusion
equation, and the Cahn—Allen equation. We highlighted the capability of Isogeometric Analysis of
facilitating the encapsulation of the exact surface representations in the analysis at their coarsest
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Figure 12: Cahn—Allen equation on a sphere. Evolution of the free energy \If(t) in time.

level of discretization, especially for geometries as cylindrical and spherical shells represented by
NURBS. Moreover, we provided a priori error estimates under h-refinement for the numerical
approximation of second order PDEs on general lower dimensional manifolds in the case of linear
and eigenvalues problems associated to the Laplace-Beltrami operator. Specifically, the convergence
rates of the errors are numerically confirmed for benchmark tests cases which highlight the effect
of the accurate geometrical description on the computation of the numerical solutions.
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