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Abstract

We consider the monodomain model, a system of a parabolic semilinear reaction-diffusion
equation coupled with a nonlinear ordinary differential equation, arising from the (simpli-
fied) mathematical description of the electrical activity of the heart. We derive a posteriori
error estimators accounting for different sources of error (space/time discretization and lin-
earization). We prove reliability and efficiency (this latter under a suitable assumption) of
the error indicators. Finally, numerical experiments assess the validity of the theoretical

results.

1 Introduction

The main goal of this paper is the a posteriori numerical analysis of the monodomain model,
a system of a parabolic semilinear reaction-diffusion equation coupled with a nonlinear ordinary
differential equation, arising from the mathematical description of the electrical activity of the
heart. The monodomain model represents a simplified version of the more realistic bidomain
model which has been object in recent years of an intense research activity, see e.g. [9] and
references therein. For the purpose of the paper, we first recall [12], where a careful a priori
analysis of the Galerkin semidiscrete space approximation of the bidomain system is performed,
investigating convergence properties and stability estimates for the semidiscrete solution. This
result, coupled with the argument regarding the time-discretization analysis provided in [10],
allows for an exhaustive a priori error analysis for the bidomain model. Moreover, in [8] the
authors introduce a space-time adaptive algorithm for the solution of the bidomain model by
resorting to a stepsize control for the temporal adaptivity, whereas spatial adaptivity is performed
by virtue of a posteriori local error estimators. However, a complete a posteriori error analysis
is missing.

With the aim of contributing to fill this gap, in this paper we focus on the simpler mon-
odomain model and provide a detailed a posteriori analysis. In particular, we consider a
Newton-Galerkin approximation of the monodomain system and look for a posteriori indica-
tors of the error involving the L?(0,T; H(€)) norm. Inspired by the seminal work [17] and by
the recent papers [11} |1], we derive a posteriori error bounds by providing a suitable splitting of
the total residual into three operators, accounting for different sources of error entailed by the

discretization process. Specifically, we introduce a linearization residual, a time discretization
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residual, and a space discretization residual, with the additional difficulty with respect, e.g., to
[1] represented by the coupled structure of the system of differential equations.

The a posteriori analysis is complemented with an a priori analysis which relies on previous
results obtained in [13], where error estimates with respect to the L>(0,T; L?(£2)) norm of the
error are obtained. Here, we derive a priori estimates for the semidiscrete problem in a different
norm involving the L?(0,T; H*(£)) one.

The a posteriori error estimators obtained in this paper can be employed to derive fully space-
time adaptive algorithms that can be of particular importance, for instance, in the solution of
inverse problems like the identification of ischemic regions (i.e. areas in which the coefficient of
the system are altered from the reference values) by means of boundary voltage. An iterative
algorithm (as the one proposed in [3] for a simplified model) would greatly benefit from an
adaptive approach that would drastically reduce the computational cost.

The paper is organized as follows: in Section [2| we introduce the Newton-Galerkin full dis-
cretization of the monodomain model, whereas Section [3|is devoted to the a priori estimates for
the problem. In Section [4 we introduce the residual operators associated to the discrete solution
and prove the equivalence between the error and the residual (in suitable norms). In Section
[] we define three a posteriori estimators and employ them to prove an upper bound for the
approximation error. We also provide, under a suitable assumption, a lower estimate for the
error in terms of the same indicators, thus assessing their efficiency. Finally, Section [6] reports
some numerical experiments assessing the validity of the derived estimates and investigating
convergence rates both of the error and of the estimators as the discretization parameters are
reduced.

2 A Newton-Galerkin scheme for the approximation of the

monodomain model

Let Q € R%, d = 2,3, be an open bounded domain. Consider the monodomain model (see
9} [14])

ou—V - (MVu) + f(u,w) =0 in Qx (0,7),
Mo,u =0 on 002 x (0,7,
uli—o = U in Q, (2.1)
Ow + g(u,w) =0 in Qx (0,7),
Wli=0 = wo in Q,

being u the trasmembrane electrical potential in the cardiac tissue and M : Q@ — R%*? the
conductivity tensor. In particular, according to the biological application, we assume that M
is constant in time, and in each point & € Q the tensor M(x) is a symmetric positive definite
matrix, with positive eigenvalues u;, i = 1,...,d. Moreover, we suppose that u;(x) are uniform
in space and denote by tmin and fine; the minimum and the maximum eigenvalue, respectively.
The associated eigenvectors may instead vary in space, and we assume that the overall matrix
function M (x) is smooth. The nonlinear term f(u,w) models the current induced by the motion
of ions across the membrane, and is addressed as ionic current. According to a well established
phenomenological approach (see, e.g., |14]), f is a function of the potential u and of a recovery
variable w, whose dynamics is governed by a coupled nonlinear ordinary differential equation

involving a nonlinear term g. We focus in particular on the Aliev-Panfilov model of the cardiac



tissue, according to the version reported, e.g., in [4]; namely, the nonlinear terms f and g are as

follows:
flu,w) = Au(u — a)(u — 1) + vw, g(u,w) = e(Au(u — 1 — a) + w), (2.2)

with A,e > 0, 0 < a < 1. Such a problem is showed to be well-posed: in particular, we refer
to 2], which extends the results contained in [13] to the model of interest, and guarantees the

following existence, uniqueness and comparison result:

Proposition 2.1. Let the initial data ug € C*T(Q), wo € C*(Q) satisfy the bound 0 < ug < 1
and 0 < wy < A(%W, consider M € C%(2) and let the following compatibility conditions hold:
MYug - v =0, being O € C*t*. Then, there exists a unique classical solution (u,w) of ,
u € OC2F1H/2() % [0,T]) and w € C*1F/2(Q x [0,T]). Moreover, it holds that

A(1 + a)?

0<u(z,t)<1, 0<w(zxt)< y

Y(z,t) € Q x (0,T).

Remark 2.1. When considering wg € C?7%(Q), one can easily conclude (see [2]) that also
w € C?rel+e/2(Q x [0,T]). In particular, both u(-, ) and w(-,t) belong to the Sobolev’s space
H?(Q) for each t € [0,T].

Remark 2.2. If the conductivity tensor M is only in L°°(2) (as in the case of an ischemic
heart), we can nevertheless show (|2]) the existence and uniqueness of the weak solution (u,w)
st. u € L20,T; HY(Q)) N L>=(0,T; L3(Q)), dyu € L2(0,T; H*), w € L*(0,T; L?(?)), dw €
L2((0,T) x ), where H* = (H'(£2))*. Moreover, the same bounds on u,w hold as above and
it is possible to guarantee additional regularity on the solution, namely u € C**/2(Q x [0,T]),
w € COHe/2(Q % [0,T7)).

The weak formulation of (2.1)) reads

/8tug0dx+/MVu~V<pdm+/f(u,w)godm:O Vo € HY(Q),
Q Q Q (23)

/ Oywipdx +/ glu,wypde =0  Vop € L*(Q).
Q Q
For each time interval (t,,t5) C (0,7), we introduce the following functional spaces:

X(ta,ty) = {u s.t. u € L*(ta, ty; H(Q)) N L (ta, ty; L*(Q)), 00w € L2 (ta, ty; H*)}
Y (ta,ty) = {w s.t. w € L®(ty,ty; L2(Q)), 0w € L*((ta,ty) x )},

which are Banach spaces endowed with the norms:

[N

2 2 2
ety = (1l oty + 10 sz + 190 00

1

2 2 2
olly .ty = (1003w 2200y + 1000032 0y 222 -

To ease the notation, we denote with X and Y the spaces X (0,7) and Y'(0,T), respectively.
We now introduce a time semidiscretization of the problem by employing an implicit Euler

scheme: consider a partition of the time interval

{tn}gzo C [OaT]; to=0, iy =T; ty—th_1=7>0,



and define the semidiscrete solution as the couple of collections ({u™}2_q, {w™}_,), being u™ €
HY(Q), w" € L?(Q) with n =0, ..., N such that

u’ =wup;  w’ = wo; (2.4)
n _ ,n—1
/ %gpdz +/ MNVu™ - V(pder/ fw™, w™)pde =0 Yo € HY(Q), (2.5)
Q Q Q
w™ — wn—l
/ ———dx —|—/ g(u™, w™)pdr =0 Vip € L*(Q). (2.6)
Q T Q

Consider the operators F!: HY(Q) x L%(Q) — (H'(Q))*, F2: HY(Q) x L*(2) — L*(Q), which

are defined interval-wise as follows: for ¢ € (¢,,_1, t;,]

_ ,n—1
<.7-'1(u,w),<p>:/ %g@dm—f—/MVu-Vgodm-i—/f(u,w)gpdm
Q T Q Q

w — wn—l

(F2(u,w), ) = / ————da +/ g(u, w)rpdz.
Q T Q
The functionals ! and F? are (Fréchet) differentiable with respect to the H*(£2) norm in the
variable u and with respect to the L?(2) norm in the variable w, respectively. This allows to
define a Newton scheme for the solution of the nonlinear system — as follows:

1: Set up = w1, wy =u"t k= 1;

2: while exit criterion is not satisfyed do

3:  compute du, dw by solving

F&(“Z—lv“’?—l) ]:&)(uZ—l’wl?—l) du _ _}-1(“2—17“’2—1) in H* x LQ(Q)' (2.7)
Fi‘(uﬁfl’w?ﬂ) ]:3;(“271,7”1?71) ow _‘7:2(“271’“%71)

4:  update: up =up_; +ou, wp =wp_; +ow, k=k+1;
5: end while
6: return u" = uy, w" = wy.
Computing the expression of the derivatives of ! and F2, and substituting du = ull —u}_,,
dw = wy — wy_,, the system can be rewritten as

’U,n n—1
/ Uk iz + / MV - Vida + / a1 wf )l + fuluf g wp_y)up] pde = /  pde
QT Q Q o 7
+ / [ty uly + fuluf g wf iy — fuly,wf )] pdz Yo € HY(R)
(2.8)
—rdx + [gu(uk—huk—l)uk + guw(ug_1, uk—l)wk] pdr = —dx
QT Q o T

b [ Toulg 0y + gl wi )iy~ gy, wf )] dds Vo€ L),
. (2.9)
Following [17], we introduce an affinely equivalent, admissible, and shape-regular tessellation
T, for each instant ¢,,. For each element K of 7,*, we denote by hx its diameter, and require

hx < h. We moreover require the following conditions to hold:

i) Vn <1, there exists a common refinement ’7,1" of both 7,;* and 7, !;

ii) 3ps, p* > 0 independent of n and h s.t., defined
hic

p(K’,K):{h, KeT! KeT": KCK’},
K



then p, < p(K',K) < p*VK € T, Vn=1,---,N;
Taking advantage of 71”, we introduce the Finite Element discrete space V;* C H' ()
Vit = {up € C(Q),vn|x € P1(K) VK € T;"}

and the L? orthogonal projection II7 : L2(Q) — V.

The fully discrete solution of consists in the pair of collections ({uj, ;. }, {u}, 1}), with
n=0,...,Nand k =0,..., K,, being K,, the maximum number of iterations performed in each
timestep (possibly varying with n). In particular, {up ; } and {w} ; } are such that:

o u) =T10ug, w) = Y wy, the projections of the initial data on 70 = TP

n n—1

e for each n =1, -+, N, we initialize the Newton algorithm with Up o = Hhuhﬂn_l;

e foreachn=1,--- N, foreach k =1, --- , K,, the couple (uﬁﬁk,w};,k) € Vit x V' solves

the system (2.8)-(2.9) for all (¢pn, ) € Vi x V™.

3 A priori estimates for the space semidiscretization

In this section we consider a priori error estimates for the space semidiscretized problem
under the assumption that the same tessellation 7}, is considered in each instant, together with
the discrete space V}, of linear finite elements. We refer to the space semidiscrete solution as to

the couple of functions (up,ws) : [0,T] — Vi, x V}, satisfying up(0) = u?, w,(0) = w)) and

/ Dyunonda + / MVuy, - Vonda + / Flun,wn)onde =0 Yon € Vi,
/ Orwppde +/ g(up, wp)Ppde =0 Yo, € Vi
Q Q

Taking advantage of standard inverse estimates and approximation results (see [5]), it is possible

to prove the following result:

Theorem 3.1. There exists a unique solution (up,wp) of problem in (CY(0,T;Vy))2
Moreover, for any fized ho there exists a positive oo such that (up,wp) € Ss, Vo, t € Q x [0,T],
being Ss, = [—d0, 1 + do] X [—0o, A(%ra)? + 0o]. Finally, there exists a constant ¢ depending on
u, w, ug, Wy, f, 9,2, T and independent of h such that

N

2 2
Ll = wnl e iz + 10 = 0n 2o ey | < 2. (3.2)

The proof of this theorem relies on techniques introduced in [16]: with minor modifications,
it is possible to adapt the proof of |13, Theorem 4.4] to the present context where the Aliev-
Panfilov electrophysiological model is considered. We are moreover interested in establishing the

convergence rate of the X and Y norms of the error. This is the object of the following result:

Theorem 3.2. There exists a constant ¢ depending on u,w, ug, Wy, f,g,2, T and independent
of h such that

1
2 2 2
{”U - uh”X(O,T) + flw— wh”Y(O,T)} < ch. (3.3)



Proof. Consider the equations of system (12.3]), test them with the functions up, — ¢ and wp — ¥y
respectively, being ¢y, ¥ € Vi, and sum them. Repeating the same procedure on system (3.1
and subracting the two equations obtained, we get

1d

2 2
535 (=l + 0 = wnlaiey) + 190 = ) ey = [ Ou = un) = on)io

+ /Q Or(w — wp)(w — Yy )dx + /Q V(u—up) - V(u—pp)dx (3.4)
[ () = fun ) = o)+ [ (960, 0) = gl wn) = 1)

Consider now ¢, = II,u and 1, = II,w, being IIj, the L? orthogonal projection on Vj, operator,

and observe that
/ O (u — up)(u — Ipu)de = / O (u — pu)(u — Hpu)de + / O (MMpu — up) (uw — pu)de
Q Q Q
= o —[lu— Thul 720

A similar result hold for the second term on the rihgt-hand side of (3.4]). By Cauchy-Schwarz

and Young inequalities, we conclude that

1 2 2 1 2
57 (lu = unlZag) + o = will gy ) + 51V (= un) 20y =

2 2 1 2
57 (= TaulFaqy + o = MawlFagg) ) + 51 (e = Tow) 32 ) + | B,

being

B, = [ (Fww) = flunwn)) o = W+ [ (g(uw) = glun, ) (wn = Tyw)da.

Integrating from 0 to ¢, and employing the fundamental theorem of calculus, together with the
choice up(0) = u) = Hpug, wy,(0) = w) = Hpwo, we get
2 2 i 2
Ju(t) = un ()12 (q) + [lw(t) = wh (B2 q) + /0 IV (u(s) = un(s))l72(q)ds
2 2 2 2
< luo — Mnuol2(q) + llwo — Hpwoll 2 gy + [[u(t) = Tau(t)|[ 12 (q) + [w(t) — Mpw(t)|[12(q)
t t
2
+ [ () = (o)) s +2 [ 1, ()1

(3.5)
It immediately follows that

2 2 2 2
v = unll oo 075220 F 1w = WhllLeo (0.1 02(0)) < w0 — Mntiol|2(q) + [lwo — Hawol|72 (g,

2 2 2
Fllu = pull Lo o722 (0)) + 10 = a0l 700 (0., 22 ()) + e = Wl 0,111 (02))
T
—1—2/ | By, (8)]ds.
0

Now, we observe that, since both (u,w) and (up,wp) belong to Ss, for a suitable value of dy
(see Theorem [3.1)) and since the functions f, g are Lipschitz continuous on S5, with constants



bounded by ¢;5, > 0, it holds
T T
/ | B, (s)|ds <cs, / /(u —up)(u — ) + (w —wp)(w — Hpu)deds
0 0o Ja
T
+ cs, / / (u —up)(w — Mpw) + (w — wp) (w — Mpw)dzds
0o Jo

T
<cs, /0 <u = Mpullp2(q) + lw = Mpwl| 2 (q) + 2/9(u —pu)(w — th)dlﬂ> ds

<2¢5,T <||u = Thull oo (0 12y + 10 — thHiw(O,T;L%Q))) :
In conclusion, we have
l[u— “h”ioo(o,T;Lz(Q)) + [Jw — whHiW(O,T;Lz(Q)) S lluo — Hhu0||2L2(Q) + [Jwo — th0||2L2(Q)
= Tl e o gy + 10 = Tl e o p2 gy + = Tl o o -

Applying standard approximation properties of V;, taking advantage of the fact that both u(-, )
and w(-,t) belong to H?(Q) for t € [0,T] (see Remark , we can conclude that the following

suboptimal estimate holds:

N

2 2
(Il = wnl} o rizacay + 10 = Wl o oy |- < ch

In view of this estimate, from we infer that [|u — upl| 12 1,510y < ch-

To conclude, we need to consider the terms involving the derivative in time. This requires
the introduction of the elliptic projection operator associated to the bilinear form fQ MVu-Vu+
min [ uv, i.e., the map Ry, : H'(Q) — V}, such that

/ M(u— VRpu) - Vordx + timin / (u— Rpu)ppdx =0 Yo € Vi,. (3.6)
Q Q
According to the properties of Ry, (see, e.g., [15]), we know that Vu € H'(Q) it holds

lu = Rpull 2oy < hllull g1(q)- (3.7)

By employing the first equation in system , for each ¢ € H*(Q) it holds
@) = [ duunlio = Rug)da + [ Do, Rupda
= /Qatuh(gof Rhcp)dx—/QMVuh - VRppdr — /f(uh,wh)Rhgodo:.
According to (2.3)), and in view of (3.6), we can conclude that Vo € H* (1)
O =), i) == [ M=) Vdz = [ (Fu,0) = fun, wn)ods
- /Q MNup, - V(p — Rpp)de — /Q f(up,wp) (o — Rpp)de — /Q(?tuh(ga — Rpp)dx
== /Q MV (u—up) - Vdz — /Q(f(u,w) — f(un,wn))pdz

+ lmin /Q up (¢ — Rpp)dx — /Q flup,wr)(p — Rpp)dx — /Q Orup(p — Rpp)dx.
Via Cauchy-Schwarz inequality we obtain
(Or(u = un), @) <tmaa|u— uh”Hl(Q)”‘PHHl(Q) + Kg([lu— uhHL2(Q) + [Jw — whHL?(Q))”‘PHLZ(Q)
+ Nmin”uh“m(g)H‘P - RhSOHL?(Q) + |Q|% Hf(uh»wh)”Loo(Q)”SD - Rh‘P”LZ(Q)
+ [10eunll p2q)lle — Ruell p2(q)-



Now, we show that ||at“h||L2((o,T)xQ) is bounded by a constant independent of h. Indeed,
considering ¢p, = d:uy, in the first equation of (3.1)), we obtain

||8tuh||iz(Q H\/ Vuh‘ y /fuh,wh)[“)tuhdx—o

L / / f(up,wp)Orupdx dt = 0.

Integrating from 0 to 7', we get

||8tuh||iQ((O,T)><Q)+HVMVU‘h(') ‘

~||VarTu ||

L*(Q)

Thus, it holds that

2 2
||3tuh||L2((o,T)xQ) < ”f(ufuwh)HLZ((O,T)xQ)HatuhHL?((O,T)XQ) + Hmaz| Q)
and by solving the second-order inequality, we conclude that
1 2 2 %
||8tUh||L2((07T)XQ) < 3 Hf(uh,wh)”p((o,T)xQ) + (Hﬂuh,wh)nﬁ((of)xﬂ) ' ( ) sC

(3.8)
In view of (3.8]), employing (3.7)), the above estimate for |ju — uh”Lz(O,T‘Hl(Q)V together with
the estimates for [|u — un|| o (o 1, 12(0)) a0d [w — wallp 0, 7,12(q)) in Theorem we get

[0 (u — uh)”L2(O,T;H*) < ch.
An analogous argument holds for [|0;(w — w )|l p2((o,1)xq): @nd the thesis follows. O

Remark 3.1. When stating the discrete problem , we have neglected any error introduced
by the computation of the integral fQ MV uy, - Vwpdx. When M is a polynomial function, the
integration can be performed exactly by choosing a suitable quadrature rule. In case M is not a
polynomial but still sufficiently smoot (e.g., M € C1T%(Q)), the quadrature error do not affect
the results contained in Theorems and as can be verified by an application of Strang’s
lemma. When considering the case of a piecewse smooth coefficient M (which occurs, e.g., when
modeling an ischemic cardiac tissue), one should adopt a different strategy, as suggested, e.g.,
in [6].

4 Residual operators

We now move towards the introduction of a posteriori estimators. Consider the fully discrete
solution ({uj .}, {w} ;.}) as introduced in Section 1, being again {7} },, possibly different tessel-
lations among the different discrete instants. Collecting all the final indices K, in a multi-index

k = [K,]N_,, the associated linear interpolated solution (uh 3, wg Z) is a couple of continuous

functions on [0, T, defined timestep-wise as follows: for each t € (¢t,—1,tn], n=1,..., N,
t—t t, — 1t t—1tn— tn —1t
) = g, T e = e, e ()

We now define for almost each instant ¢ the residual operator R(t) in the product space (H' () x
L2(Q))* = H* x L*(Q), being H* the dual space of H'(Q):

(R(t), (9, 1)) =(Br(t), 0) + (Ra(t) Vo € H'(Q),9 € L*(Q)
(R, /ﬁtuh ~odr — /MVu(k) Vedx — /f uglkl,wékl Yodx (4.2)
(R2 /Gtw(k)wdxf/g(uglkl,wzkl)wdx.



It is now possible to prove a result of equivalence between the X, Y norms of the error and

the dual norms of the residual operators. More precisely, it holds:

Theorem 4.1. The functions | Ry (t)|| . and [[Ra(t)||12(q) are square integrable on each interval
(ta,ts) C (0,T), and moreover
2 3
Y(ta,tb)}

(4.3a)

(k)
-

1
2 2 2
(IR e + IRl e} < { = a2

eflo-itf
2 2
IR 50,10 + B2 000 b o

where ¢, and ¢* depend on L, tmaz, Wmin, f»g and T.

X (ta,tp)

1
2 2 2 2
ol W (R T A (P A

=

Proof. By employing equation (2.3]) together with the expressions of R;(t) and Ry (t) we have,
Vo € HY(Q), Vo € L*(Q), a.e. t € (0,T)

/ O(u — ugki)cpdm + / MYV (u— uglki) -Vpdx + / (f(u,w) — f(ul(lkq),,w;l 7),))90(1:10
@ (4.4)

/atw wmwdH/S)( (u, w) — g(ufy), wii) )z = (Ri(t), ) + (Ra(t), v).

Fixing ¢» = 0 and employing the Cauchy-Schwarz inequality and the fact that f is Lipschitz

continuous with constant Ky,

(k) u® H
< — + K —
|<R1(t)v<p>| = (Hat(u uh’fr) e + Umax Up - HIQ) Fllu Il 20
(k)
] ) L2(9)> ol oy
Thus, computing the L? norm on (t,,%,) we obtain
(k) (k)
||R1||L2(t,,,,tb;H*) < (‘ at(u — Uy, T) L2 (b s ) + Umaz ||U — Uy, e L2 (ta i HY) (4 5)
+K;Hu7ugll +Kwa w >
L2((ta,ts)xX2) Lz((ta,tb)xQ)
Analogously, when taking ¢ = 0, we get
R < (ot - wf® [P
|| 2||L2((ta,tb)><Q) —= ( t(w whﬂ') L2((ta,ts)X) g||¥ — Up 7 L2((ta,ty) X Q) (4 6)

+KHw7

L2((ta,tb)><9)) ’

being K|, the Lipschitz constant of g. Summing (4.5 and (4.6) we obtain (4.3a)).
To prove (4.3b), consider and take p = u — uﬁlkl, Y =w-— w,(lkl; by mean value theorem

it holds that 3(&1,m1) = (u, w)+( (uhT—u wakT 1), (&2,m2) = (u,w) + (o (u}lkl—u wgkl 1),

T Applied to the real valued function h: ¢ € R — h(¢) = fQ flu+¢ ugki w), w+ C(wzkl - w))(ugkz_ u)dz,
it guarantees that there exists ¢* € [0,1] s.t. h(1) — R(0) = h/(Cx).



such that

A (O

+ / (Ful€rm) (w = uff)) + Ful€x,m)(w — wi)) (u — ufl))d
Q

+ Hw - w,(Lkl

2
MV (u—uf) v yd
T2 () L2(Q) ) +/ (=) - Vi = )de

+ [ @ulEam) = ad2) + o) = D) (0 = wf¥)do
= (Ry,u—up) + (Royw — w)l)).
Consider now the quadratic form Q : H'(Q2) x L?(Q) — R,
Qmm) = [ (~Aulerm)m® = (Fulér.m) +u(6a: ) mn = g 62, m)?) d,
which allows to rewrite the previous equation as

th <H L?(Q) / MV ufuglkl) V(u— ugbkl)d:n

= Q(u ué“l,w wie)) + (Ri,u—ufl?) + (R, w — ).

+ [ - w

Tlliz2 @)

It clearly holds that [Q(m,n)| < Amaz([|mll12(q) + (7]l 12(q)), being Amaz a continuous function
of fu(€&1,m), fw(&1,m), 9u(§2,M2), 9w (&2, n2). Hence, Apq. depends both on = and ¢, but thanks
to a priori bounds on (£1,71) and (&2, 7n2) (inherited from Proposition and Theorem , we
can ensure it is bounded from above on Q x (0,T') by a positive constant A. Via Cauchy-Schwarz

and Young inequalities,

H H - w;) 2 + fmin |1 — ; < u u—ul® ’
th Lz Q) h,T Lz(Q) mn h.7 Hl(Q) >~ min h,T Lz(ﬂ)
A H“* *” b (IR + I Rall3 (e )
L2(Q LZ(Q) 2Mmin H L2(Q)
4 Hmin ,umzn <H H 27)— )
Tl () L2(Q)
hence
Ld ™ H | Pomin N
2dt (Hu “hr L2<m+ YT Ol 2y T2 1T
) 2 o 1 2 2
(A+/14m1n <H L2( ) + Hw wh,T L2(9)> + 2/,&7,”” <||R1||H* + ||R2||L2(Q)> .

Let us now take a fixed ¢t € (0,7) and integrate from 0 to ¢, obtaining

2 (k) 2

- ® ’2 . <
T S [CRS  RA Pl A
20+ ) (=D, + w6 )

/O 2(A+ 1 )( (u— hT)( s) Lz(Q)Jr (w th)( s) L) S

2
+ Hwo - w,(lkl(())‘

t 1 Kk
[ (I + R ) s+ (o - i00)

min

L2()

Via Gronwall’s inequality, we obtain

(-], + -]

L2(Q)

) <)t ([lug = W g + o = Whewo 3

1

L2(9)

+—— (IR0 + 12l 00x) )

min

10



(k)

whence the bound on Hu —uy (k)

and Hw —w,

. Moreover, from (4.7))

L>=(0,t,L2(Q)) Lo (0,t,L2(2))

we get
My — 317 < 9(A _tH_<k>2 H_(k)2
Homan [ Ehor || Lo gy = (A pmin) { [Ju = tnr reazz@) 1T | e 0,220
1 2 2 ® |2 ® |12
e e+ 1) (o0 ¢ o= 00, )

Finally, taking ¥ = 0 in (4.4), by Cauchy-Schwarz inequality we get

(w—uf )|

By (u — uﬁl‘fj)(t)H <fimas + KfH(u - ug‘ji)(t)‘

e H1(Q) L (Q)
o T
+ Ky |[(w wh,T)() LZ(Q)+” 1l
thus
8 — (k) < max - o Ky tH B ¥
[ortu = uit) sy e l® = o oy IV T g

+ Kf\/{wa — w,(ﬁ

R .y
Lo (0,4:12(9)) + 1l 1||L2(0,t;H )

A similar strategy allows to conclude that an analogous bound holds for 9;(w — wékT)), hence

every part of the norms Hu — uzkl - w,(Lki is bounded as in the thesis. O

Y (0,t)

X(0,t) ’

According to the strategy proposed in [1], it is now possible to perform a decomposition
of the residual operators, by distinguishing the contribution from space discretization, time
discretization and linearization as follows :

n

n—1
u —Uu
(RIE), ) = — /Q T S P /Q MVup s - Vda

Tn,
- /Q [f(uh,anlvwh,anl) + fu(uh,anla wh,an)(Uh,Kn - uh,an) ( )
Jrfw(uZ,Kn—lawZ,K,,,—l)(w;LL,Kn - w;LL,Kn—l)] wdz;
. Xk n Kk Kk
Bi(09) = - [ MY~ ufge,)- Tidz = [ [7(ad2, wfk)
Q Q (4.8b)
_f(“Z,meZL,Kn)} pdx;
BEO0) = = [ [F0R e 0hre,) = £t s, 100, 1) 0, — i, )
Q (4.8¢)
_fw(uZ,Kn—lvwZ,Kn—l)(wZ,Kn - wZ,Kn—l) - f(uZ,Kn—lva,Kn—l)] pdz;
n n—1
Wi K, ~ WhK,_ n n
(RE(1), ) = */Q - ~tpd */Q [9(uh g 1 Wh K, 1)
+ gu(up 1, —1>Wh 1, 1) (U K, — Uh K, —1)
9w (Up 1, 1> Wh 1, 1) (Wh g, — wg,xnﬂ)] pdx;
- k k n n
(F30).0) = = [ [ouf0lt) — o0, i, )] i (1.90)
B, 0) = [ T e, 0 ,) = 9l 08, 1) 0, — 01, 1)
Q (4.9¢)

—gw(u}i,xnfpwZ,anl)(wZ,Kn - wﬁ,Knﬂ) - g(uz,anuw;f,an)] Ydx.

11



It is immediate to verify that Ry (t) = R (t)+ R (t) + R¥(t) in H* and Ry(t) = RS (t) + R} (t) +
R5(t) in L*(£2); moreover, in view of the discrete problem (2.8)-(2.9), the following orthogonality
property holds:

(RY(t),on) =0 Von € Vi

} (4.10)
<R2l<t)awh> =0 Y € V.

5 A posteriori estimators

We denote by g{j the set of all faces of 7, and distinguish between the set of boundary faces
& oo and the set &, , of the interior ones. Each face £ € &}, is shared by two distinct
elements, which we denote as Kg; and Kg; we define the jump of the conormal derivative

across E as

keve - Vuplp = (kkp,ve1 - VUunlke, — kkp.VE2 'Vuh|KE,2)|E7

where vg 1 and vg o are outer the normals of E with respect to K1 and Kg 2, hence vg 1 =
—vE,2. For each face E of &' 5 (which belongs to a single element K of the tessellation), we set

keve - Vunlp = (kkpve - Vunlkg)| g -

We now introduce the following computable quantities which will appear in the a posteriori
estimates:

Space indicators

N

n 2 2
me={ 3 klBrilTag0 + Y. helBeli g + | Rao
KeTn Eeép

|2
L2(Q)

n _ n—1
( Uh, K, — U K, .
Tn

Rk 1= +V - (MVuy g ) — [f(uZ,Kn—la Wh k1)

— Pl -1 0h i, (Wi, = R, —1) = U1 R, ) (Wh i, = Wi, )] )|

RE = [ICEUE . VuYhL]E

K

n n—1
Wh K, ~ WhK,_,
Rogo = —

- - [Q(UZ,KW,A»WZ,KTLA) - gu(uZ,anlawZ,Kﬂ,fl)(uz,Kn - UZ,KW,A)
n
- gw(uZ,Kn—hwZ,Kn—l)(wZ,Kn - wZ,Kn—l)] .

Time _indicators

1
2

gn = (3HM1/2V(uh’Kn R o

k k n n
Pr(t) = = (£l wlf) = Fui e, wi )

k k n n
Py(t) = f(g(uﬁ,i,wé,l) - g(uh,Kn7wh,Kn))'

1 2 1 2
o LS AR 1 XC) A

12



Linearization indicators

1
7= (IR + Hanim)Y
Q1 = = (Fuh e, it s, ) = Julth s, 1507 g, 1) (Wi, = Wi, 1)

- fw(“ n—1> h K, )(wZ,Kn - wZ,K”—l) - f(uZ,Kn—lv wZ,Kn—l))-
Q2 = —<9(UZ,Kna wZ,Kn) - QU(uz,anhwZ,anl)(uZ,Kn - UZ,KHA)

- gw(UZ,Kn—p U’;LL,K”—O(”LUZ,KH - wZ,Kn—l) - Q(UZ,Kn—p wZ,Kn—l))'
The first main result of this section is the following a posteriori upper bound:

Theorem 5.1. For each discrete solution ({u}ik},{wﬁ,k} withn =1,...,.N, k=1,..., K,,
collecting all K,, in the multi-index k = [K,]N_, and definining uglkl,w,(LkT) as in (4.1), it holds
that for eachn=1,... N:

) 2 3
(= ikl o= 2]} 5 {0 = Tl + o = ol

RRNGR)

n
2
30 ml ) + ) + GE)D )
m=1
where the symbol < denotes that an inequality holds up to a positive multiplicative constant

independent of the space discretization parameter h.

In order to prove Theorem we need a preliminary results dealing with the spatial residual

operators only.

Lemma 5.1. There exist two positive constants c, ¢t independent of n s.t., for almost every
t € (tp-1,tn) and for eachm =1,..., N, it holds:

1, 2 2 n
S = (IR G + RSO ay)” < el (5.2)

Proof. We follow the strategy outlined in |17, Lemma 5.1] (see also [1]). In particular, since R (¢)
and Rk (t) are constant in time within each interval (¢,_1,t,), estimates can be proved by
similar arguments as the ones employed for elliptic problems. We now consider ¢ € (¢,,—1,t,) and
neglect the dependence of R?, R} on t. Integrating by parts the expression of R} , we obtain
that for each ¢ € H'(Q)

(R}, @) = Z /RK,1<,0dx+ Z /REcpd:E.
K

~ = JE
KeT,;! Eegpy

We now introduce the Clément interpolation operator I, : H'(Q) — V;" (see |7], [5]); proceeding
in a standard way (see, e.g., |[18]) and employing the orthogonality properties in (4.10) we have

(R, )| = [(RY, Ing) + (R}, ¢ — Inp)| <

/RKl (¢ — Inp)dx| + /RE (¢ — Inp)dx

KeTn Ee&p

1
<a Z hKHRK,lHL2(K)||V‘PHL2(@})+C2 Z h%HREHL?(E)HVSD||L2(5§)7
KeTyr Begy

13



where Wk (respectively, wg) is the union of all the elements of 7~'h" containing at least a vertex
of K (respectively, E). This entails that

1
1B e <CT L D0 BxllRicall oy + D halIREl L2

KeTr E€Ep
By an application of the Cauchy-Schwarz inequality it follows that HRSH L2(Q) < |Raz2ll /2 @)
hence the estimate from above in (5.2) holds with ¢f = (max{1, (CT)?})2.

In order to prove the lower bound, we introduce
Wn=a Y hixéxRxi—B Y hposRe,

KeTm Ee&p
with a, 8 > 0, ¢k, ¢ the baricentrical bubble functions respectively on K and wg = Kg1 U
Kpg . Analogously to |17, Lemma 5.1], we can show that

2 2
(REWo) > [ D Wil RNy + Y hellRell (s
KeTr Ee&p

and

[N

2 2
Wall g1y < Ct Z h%(”RK”L?(K) +c2 Z hel|lRellzzm) |

KeT Ee&p
which entails that
3
1 2 2
IR || = oA > ikl Rellzzgey +c2 Y helReliam | - (5.3)
KeTm EeEp

Regarding R%, the following equality clearly holds

185150y = [ RS Roads = [Razlsqo,

. . . . 1 . 1
and this, together with ([5.3)) allows to conclude the lower bound in (5.2)) with o= (mm {1, oz })

It is now possible to prove the upper bound (5.1).

Proof of Theorem[5.1} In view of (4.3b]), we only need to prove that, for each n = 1,..., N, it
holds

IR 1y i)+ IB2 N2 (1 0y 0y S 7o (08 4 (077 + (7)?) - (5.4)
According to Lemma [5.1]

2 2
IR O[5 + | BE O oy S 0F)° VEE (tum1,tn),
and since by definition both R} and R% are constant in each interval (t,,_1,%,), we conclude that

2 2 .
HR?HL?(tn,l,tn,H*) + ||R3||L2((tn,1,t,,)xﬂ) < (i) (5.5)

Moreover, it is immediate to verify via Cauchy-Schwarz inequality that

IRE@) . + [BED gy S ()2 VEE (b1, tn),

14
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which, integrating on (t,_1,t,) yields

HRkHLQ(tn LtnHS) T HRZHLQ((tn L)X ) ~ S (7). (5.6)

Eventually, again by the Cauchy-Schwarz inequality and employing (4.1), for each t € (t,—1,t5)

T T k k n n
VRT(E) ) - + IR 2y < mas oy | P ) — O )

)

k ul
V(UELZ - hK

L2(©)

k
+ Hg uh Taw}(y, 7)-) g(uh,Kn7wh,Kn)

L2(Q)
P 1 (k)
< n fmaz ||V (UR ke, — Uk, Lz(Q Hf uh7'7wh7') F(uh k., Wi k) L2(Q)
k k
+ Hg U;law;(«bl) 9(th k> Whxc,) L2(Q)

Tn 37

2
Since [, (@> = Tn_ we get
e

Tn 2

2 2
||RI||L2(tn—17tn7H*) + HR;—”LQ((tnflytn)XQ) § ?

VO, =)

2

k n n
||l k) = g, ) (5.7)

L2((tn—1,tn)xQ)
(1) n n |7
+|lg uh T, wy, T) 9(up K, s Wh k,)

en
L2((tn— l,t")XQ) ( )

By means of the triangular inequality, (5.5)), (5.6) and (5.7) we obtain (5.4)), and hence (5.1). O

5.1 Efficiency of the estimators

The upper estimate provided in holds for any choice of k, i.e., the total number of
Newton iterations K, performed in each interval (¢,_1,t,) can be selected arbitrarily. We now
prove a result of efficiency for our a posteriori estimators, which holds true when a specific
condition on the indices K, is satisfied. In particular, for each n > 1, we assume as in [11}
equation (3.12)] that there exists K, such that

i < ong, (5.8)
1

being o < o where c¢; is the constant appearing in Lemma Such an hypothesis can be
understood as a stopping cryterion for the Newton algorithm associated to each timestep n. In
particular, prescribes that an iteration K, is considered acceptable if the correspondent
computable indicator of the linearization error is sufficiently smaller than the one associated to
the space error.

Moreover, we need to introduce the following assumption on the nonlinear terms f and g: 3A > 0

(without loss of generality, we assume A < fi,4,) such that, Yuy, us, wy, ws € R,

(f(u1,w1) = fuz, w2)) (w1 — u2) + (g(u1, w1) — g(uz, wa)) (w1 — w2)

5.9
2 )\ ((Ul — ’LLQ)2 + (’(1)1 — ’U)2)2) . ( )

This assumption is verified under small modifications of the original problem by a large class of
models, including Aliev-Panfilov, see Remark

Theorem 5.2. Let f, g satisfy (5.9) and let ({“Z,k}{w;f,k}): n=0,...,N,k=0,...,K, be the
fully discrete solution of (2.1]) obtained by the Newton scheme (2.8)-(2.9), satisfying assumption
(5.8) on the choice of K,,. Then,

1

(1) || T (5.0)
Y(tnfl ,tn)

h,T

vl + 0p2 + 62t < {lu-

X(tn—1,tn) H

15



being ugkl, w,(lkz the interpolants defined in (4.1]).

Proof. First of all, we exploit the assumption (5.9) on f, g to obtain a useful inequality. Consider

the temporal residual operators R}, R} with test functions ¢; = ugkl —up g, = = e —
uz,;{ln,l)7 = w;(lkl —Wp g, = _t%:t (wy g, — wZ,_Kl,L,I):
, , ® _ 0 _ | © _ |
(RT, 1) + (RZ, 1) > tmin V(uhﬁ —up K,) o) + A (Hu}” —up K, @ + Hwh,T —wp g, L2(Q)>
ta =\ (| » NPETE n NPETE
= )\< Tn > <HU’L’K" T K| gy T Hwh’K" kK L2(9)> '

We recall that
(R, 1) + (R3, 1) = (R1, 1) + (Ra, 1) — (R}, 1) — (RY, 1) — (RY, 1) — (RS, 91);

when integrating in time, we can bound the right-hand side by considering two terms at a time
as follows:

tn

[ e+ maetas [ (17l

t-,L71 th—1

e1llima + B2l 2o 191 oy ) dt

tn
< / (1Rl + DRl ) (Il + 1961l ) )
th—1

tn
< /t tnT;t (1Rl + I Rall o ) (Huz,m ey e, iR Lz@) dt
n n—1 2 n n—1 2 1z
=2 <Huh’K” T K| ) + Hwh’K" = Oh L2(9)>
tn
A (LR E Ay
n n—1 2 n n—1 2 Yz
<2 <Huh,Kn —Un K,y (@) + Hwh,Kn —Wh K, , L2(9)>

1/2
t 2
" (ty, —t) 2 2 1/2
</t —1 T2 dt <||R1||L2(tn717tn;H*) + ||R2||L2(t71717tn§L2(Q)))

n

— 9 9 1/2
<2 ZcH|lerr|| Hu" —up + Hw” —wl
— \/g XY h, Ky h,Kn,_1 Hl(Q) h, Ky, h,Kn—1 L2(Q) ’
(1) || Ol ’
where we set ||err|| vy = Hu —uy + Hw —wy, . and we made use of
THX (b —1,tn) Y (n—1,tn)

(%.34) and of the Jensen inequality A + B < v/2(A% + B2)2. Moreover, via (5.2) we get

tn tn
| e+ hvnlar< [ (IR lealm o + 1R e Il o)

n—1 n—1
bn g — ¢ _ _

< [0 (1R e+ 1 ) (e = 2y * s = 0y )
C— 9 9 1/2 - 2 - 2 1/2

<2 /tﬂ e (|| + 1B o) (\ R I (P m))

< toam n . n—1 2 n _ ,n—1 2 12

< TNy Huh,Kn Up, K, HI(Q)Jerh,K” Wy K, _, L2@) .
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Eventually, by the definition of R¥, RS and Y,

/tn (R, 1) + <R’5,¢1>‘dt§/

tn71 tn 1

/Qlapldx—i-/ngld:c

tn
< [ (1@l ey llerlzaey + 1Qalaellnll ) e

tnfl
t 1/2
o, —t 9 9 1/2 1 2 3 2
Y L (F N Y
< [ (10 + 1@l w) (e, iy * [~ 0RE
1 2 1 2 1z
n n 77/ n 'I'L
= TnVk (HUmKn Uho Ko || g1 g + Hwh,Kn Wh K, _, L2(Q)) .
This allows to conclude that
1
2 2 29
1 n—1 “\/Tn
)\7 (Huh K, — Z K, HI(Q) + "wZ7K7L h K1 L2(Q)) - \/> ||€rr||xy+7—nc nk +Tn’y]€ .

(5.11)
We focus now on the spatial estimator 1. According to the proof of Lemma for the
particular choice of test functions ¢y = W,,, 12 = Rq 2, it holds that

(NI

(R o)+ (B 02 2 002 (Ieallina + 10l < et

whence )

1 n 2 2 2
S (Il o+ 2l ey ) < (R a) + (R, ).
By the decomposition of the residual, R? = Ry — R] — R¥ and R} = Ry — RT — R%. Moreover,
T T k n n
|<R17@2>+<R27w2>|gﬂmaa¢/ ‘v Uélf“h;{ vgﬁz‘dI+/ ’ uhT, f(uh,Kn7wh,Kn)] (pQ‘d:c
k) (k n n
/ ’ “EI lv ( ) g(uh,Knvwh,Kn)} ¢2’ dx

k n
V(uﬁll uh,Kn)

< Hmaz ‘|V(p2||L2(Q)

L2(©)

L2(Q)) ||%02||L2(Q)
) Wl

) (el + Wl

where Ky and K, are the Lipschitz constants of f and ¢ and Ky, = maz{maez, K¢, Kg}.

K H(k)_n ‘ k) _n
+ f( uh,‘r U’h,Kn LQ(Q)+ wh,T wh,Kn

K

]
+ g( uh,'r uh7K7), LQ(Q)+ th wh

it

< s, ([

+|
RLPEEN)

Exploiting the Cauchy-Schwarz and the Jensen inequalities and the definition of ~},

1

2 2 2
n

L?(ﬂ)) ’

I ., 2 2 3 n K k
oo 52 (1R IRl 208 + 285, ([l el = wi i,

"HY(Q)
and since u{®) —u? = fa=t (U} o —ul5E ), we have
hr ~ Unk, = o \Unk, T UK, )
1 n 2 2 % n
o <2 (1l + IRl + 201
N (5.12)
+2tn_tK Hn nl 2 _|_H n nl 2 :
- fa \||¥h,K, — Un K, HL(Q) Wh K, ~— Wh K, )
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Now, we take advantage of the strategy used in the proof of the lower bound in [17], in particular,

(0%
choosing a positive «, we multiply the inequality (5.12)) by (a+1) (H#> and integrate from
t,_1 to t,. We observe that

t «@
" t—1tn—
[ e (Y o,
tn—1 Tn
t «
Y A A t, — 1t 1
-l 1 dt = 71—

tn t—tn_1 ¢ 2 2 3
[ a0 (52 (1Rl + 1Al i <

tn—1 n

N|=

a+1
VTn TR (”Rlum(tn LtnsHS) T HRQHL?((tﬂ Litn )><Q)>

Thus, we obtain (applying (4.3a)) and (5.11)))

1 n a+1
- <\/Tp—=c"||err + TV
CT nlle = nm || HXY n Yk

2

2 n n—1 2 1z
+ T ———Kyg Huh,K “Up K, L2(Q)

a4+ 2

—1
n Hwn D
£2(Q) h, Ky h,Kn—1

a+1
</Tp—=c"||err + TR

6K 2\/Tn * n n
ﬁ < \\/[;C llerr(| xy + Tuctnp +Tn’Yk) .

Taking advantage of the assumtpion (5.8)) and dividing by /7., we get

¢ ( O‘T_Lil + igf’;;) lerrllxy + v7n (6Kf(if(:;)c ) +a) n. (5.13)

Since by assumption (5.8)) i — o0 > 0, selecting

i
o = max O,M _9
A1 —¢io)

1
— VTl <
Ct

we can ensure that

6E yg(o +cT) 1
AMa+2) o< ¢t
Thus, we deduce
Vi S llerrllyys (5.14)

from now on, we omit the explicit expression of the constants in front of each term in the
inequality. As an immediate consequence, again by (5.8)), we infer

VTYE S VTomg S ||67"7”||XY~ (5.15)
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We now focus on 0}. By definition,

% M2y n—1 2 (k) (k) n 4 .
( H ( K, uh,Kn—l) L2(Q) ; f(uh ‘r’wh ‘r) f(uthn’wh’K”) L2((tn—1,tn)X Q)
1 (k) (k) n [ ’
+7 U 7w T u ’w
9 Whr) = 9(uR ke, Wi ) L2<< o)X

n

< }HMUQV(U" —ul ) ’ Hu —a | + Hw(k) —up e | dt
— 3 h7Kn h, K1 LZ(Q) Tn h,T h>Kn LQ(Q) h,T h,Kn LZ(Q)
1 1/2 n n—1 2 ng n u 1 2 n w’ 1 2
= §HM PV g, — K, ) L2(9) T3 ‘uh’K" Yh K| 12 + Hwh’K" h K| 120
K2 2 2
fg n 1 n 1
< 3 (’Uh,Kn ZK" ) H1(9)+ Hwh,Kn ZK,L N LZ(Q)).
Therefore, in view of (5.11))
1
n ng n n 1 2 n n 1 2 2
U §7\/§ ( Un K, ~ UnK,_ @) + Hwh,Kn Wh K, L2@)
V3K 2\/Tn e
<t (S llertly + meln + g
n
and eventually (using ((5.14)) and ( -
K2 (2.7
Vit < S (fvg" el + VR + VAR S el (G.10)
Eventually, collecting the results ((5.14]), (5.15)), (5.16]) we conclude that
1
VT ()7 + (03) + (0)%) < v (0 + 07 +92) S llerrllxy- (5.17)
O

Remark 5.1. Assumption (|5.9)) is in general not satisfied by f and ¢ as in . In particular,
inequality (5.9 . holds with a p0851b1y negatlve constant, —K. This can be deduced by mean
value theorem, exploiting the fact that f, g in are continuously differentiable and take values
on a bounded subset of R? due to the uniform a priori bounds on the solutions prescribed in
Proposition However, we can introduce a change of variable in the original problem : for
a positive A, we set & = e~ E+Vty and @ = e~ E+Nty, It holds 9yt = — (K + N)i+e~ E+Ntg,q,

and (@, @) is the solution of

Ot — V - (MVa) + f(a,w) =0 in Q% (0,7)
+ g, @) =0 in Q x (0,7),

where f = e~ (E+Vt f(e(K+Ntg o(K+Ntp) 4 (K + \) and § (analogously defined) satisfy (5.9).

Remark 5.2. In the particular case where the source of error coming from the linearization
process is disregarded, the simplified counterpart of Theorem holds with the only estimators
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7™, 0™ defined as

n n—1
n Up — U n n ,mn n 2
n ( Z h || 2 - b V- (MVup) + f(up, wyy) + Z hi|[[Vup, - ne]llz2 g
KeTp " L2(K)  pegp
wl —w? ! ? :
+ et g(ujy, )
> |17 .

KeTn

1 1/2 n—1 2 1 2
" = <3HM T I [ ORI ()] s

[N

1 P12
+ E”(g(uhf) - g(uh))”H((tnl,tn)xQ)) )

(5.18)
. —t n— t—t,,_ —t n— t—ty,_ .
being up,, = tT—tuz by —=up and wy, = tT—th Ly —=wy. An efficiency result

analogous to Theorem holds with the same estimators, clearly without requiring (5.8]).

6 Numerical experiments

We now numerically assess the validity of the derived a posteriori estimates. We consider the
following two-dimensional setup: the domain  is the square (0, 1)?, whereas the time interval
is set equal to (0,16). All the experiments are performed in an isotropic tissue, whence M is a
scalar coefficient. We consider the initial data

_(@=1)244?
0.25 wo =0,

Uug = €
whereas the value of the constants of the problem are reported in Table 1. We report in Figure

M A € a
1 8 02 0.15

Table 1: Values of the main parameters of the model

several snapshots of the evolution of the electrical potential u throughout time. The results are
obtained via the Newton-Galerkin scheme in —, making use of the same computational
mesh 7}, for each instant, with maximum diameter h = 0.0125 and a fixed timestep 7 = 0.025.
As an exit criterion for the Newton iterations we check if the distance between two following
iterations (measured in H' and L? norm respectively for u and w) is below a suitable tolerance,
which we set as tol = 10714, In accordance with experimental observations (see, e.g., [9]), the
nonlinear dynamics shows a first quick propagation of the stimulus in the tissue and, after a

plateau phase, a slow decrease of the electrical potential.

6.1 Spatial and temporal analysis

We now verify the validity of the estimates stated in Theorem Due to the lack of an
analytical expression for the solution of , we need to build a high-fidelity numerical solution
(@,w). In particular, we employ a reference fine mesh with h,.; = 4- 1073 and a time step
Tref = 2+ 1073 to solve the Newton scheme —7 where tol = 1071% is employed to make
negligible the linearization error (see Remark . Employing (@, w) it is possible to compute
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Figure 1: Snapshots of the evolution of the electrical potential. In Figures (a)-(f) the contour
plots are shown in some selected instants t1,...,ts. Figure (g) reports the value of the electrical
potential in a specific point P; the instants tq,...,ts are remarked.

the error associated to different discrete solutions, obtained with different values of h and 7, and
to assess the validity of the a posteriori error estimates introduced in Theorem [5.1] employing in
particular the estimators defined in (5.18).

In Figure 2| we report the numerical verification of the upper bound for two different
choices of the discretization parameters i and 7. Each line is piecewise constant on every interval
(tn—1,tn). The red line represents the norm of the error on the interval (0,t,) (see the left-hand
side of for its precise definition) computed with respect to the high-fidelity solution, whereas
the blue line shows the sum of the estimators in each interval until ¢,, (see the left-hand side of
(5.1)). In this case the upper bound holds with constant 1.

Moreover, in Figure[3]we investigate the convergence rates for both the a posteriori estimator

and the error norm with respect to the mesh size h and the timestep 7. The results are obtained
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Figure 2: Assessment of the upper bound

10°
h T tol
0.1 0.2 10~14
0.05 0.1 10~14
10’ 0.025  0.05 1074
0.0125 0.025 10~ ™
0.00625 0.0125 1014
—©—Error
—&—Residual
——rth
102

Figure 3: Convergence analysis in h and 7

by linearly reducing both h and 7 at the same time. The convergence history reported in Figure
shows that the error decays with linear rate, as expected from the a priori estimate in Theorem

and the a posteriori estimator decays with the same (linear) rate.

6.2 Linearization analysis

We now numerically assess the validity of the a posteriori estimate concerning the lineariza-
tion error. In order to reduce as much as possible the numerical error induced by spatial and
temporal approximations, we perform the the numerical experiments with the same discretiza-
tion parameters (hyef = 41073, 7.5 = 2 - 1073) employed to build the high-fidelity numerical
solution. Selecting an instant ¢,,, we compute several iterations of the Newton scheme —
until the convergence criterion is satisfied with tol = 107!5. The iterative scheme produces a

sequence {u;f,Kn,w}f,Kn}k:gw’K. Then, for each k we compute ;' and compare it with the
linearization error. In Figure [4 we report the described comparison at ¢, = 2.5 and ¢,, = 10. We
observe that for each k£ =1,..., K the estimator is above the error, and they decrease with the
same rate.
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Figure 4: Assessment of the a posteriori indicator ;' for the linearization error

7 Conclusions

We considered the numerical approximation of the monodomain model, a system of a parabolic
semilinear reaction-diffusion equation coupled with a nonlinear ordinary differential equation.
The monodomain model arises from the (simplified) mathematical description of the electrical
activity of the heart. In particular, we derived a posteriori error estimators accounting for dif-
ferent sources of error (space/time discretization and linearization). Moreover, after obtaining
an a priori error estimate, we showed reliability and efficiency (this latter under a suitable as-
sumption) of the error indicators. Lastly, a set of numerical experiments assess the validity of

the theoretical results.
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