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Abstract

We analyze a free-surface problem described by time-dependent Navier-Stokes equations. Surface tension,
capillary effects and wall friction are taken into account in the evolution of the system, influencing the motion
of the contact line — where the free surface hits the wall — and of the dynamics of the contact angle. The
differential equations governing the phenomenon are first derived from the variational principle of minimum
reduced dissipation, and then discretized by means of the ALE approach. The numerical properties of the
resulting scheme are investigated, drawing a parallel with the physical properties holding at the continuous
level. Some instability issues are addressed in detail, in the case of an explicit treatment of the geometry,
and novel additional terms are introduced in the discrete formulation in order to damp the instabilities.
Numerical tests assess the suitability of the approach, the influence of the parameters, and the effectiveness
of the new stabilizing terms.

Keywords: capillary, Geometric Conservation Law, Arbitrary Lagrangian-Eulerian, generalized Navier
boundary condition, contact angle

1. Introduction

The simulation of free-boundary problems is of major relevance in many fluid-dynamics applications,
both at the large scale, like in the study of water waves [1] and the design of watercraft [2], and at the
microscopic scale, e.g. in the microfluidics of capillary tubes [3, 4] or labs-on-a-chip [5, 6]. In these settings,
the fluid under inspection interacts with other fluids or solids, and thus it is fundamental to correctly track
the evolution of the interfaces between the different phases. Different approaches can be found, in the
literature, for the modeling and the simulation of multiphase problems, and they can be classified in three
main categories, depending on their treatment of the interfaces: the diffuse-interface models, the interface-
capturing methods and the interface-tracking techniques. The phase-field model [7, 8, 5] is representative of
the first category: regions occupied by different phases are identified by different integer values of a scalar
function, and the interface has a finite thickness, spanning the region where this function smoothly passes
from a level to another. This kind of smoothing of the interface allow an accurate physical characterization
(including phase transitions) and helps in the development and the proof of theoretical results, but does
not provide a sharp position of the interface. On the other hand, in interface-capturing methods, like the
level-set method [9, 10] or the volume-of-fluid method [11, 12], a precise description of the interface is given
at any time, as a codimension-1 manifold immersed in the domain. However, these methods require the
solution of both the fluid phases separated by the interface, and at the discrete level it is crucial to properly
handle the elements of the computational domain through which the interface passes, since the grid is not
conforming to the interface. Eventually, the third category of methods includes the techniques to track the
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interface as an actual boundary of the domain, which is thus moved accordingly. The computation of the
domain motion is a major point of these techniques, and the Arbitrary Lagrangian-Eulerian approach (ALE)
[13, 14] is widely adopted to this aim. Since the interface is not immersed in the domain, in many cases one
can actually restrict the computational domain to a single phase of interest.

When more than two phases simultaneously interact, particular attention has to be paid to triple lines,
where different interfaces intersect. Indeed, the overall evolution of the system is highly influenced by the
physical relations occurring on these lines. In case one of the phases under consideration is a solid, the triple
line is called the contact line, and if a naive approach is adopted, one may draw paradoxical conclusions on
the physical laws holding thereat. This issue is known as the moving-contact-line problem, and it has been
addressed in various ways, in the literature (see, e.g., [15, 6, 16, 17]).

In the present work, we analyze a free-surface problem for a Newtonian fluid inside a capillary tube,
described by time-dependent, incompressible Navier-Stokes equations and discretized via the Finite Element
method (FEM), with an ALE approach accounting fro the domain motion. At the free surface, the interaction
with a gas is included by means of a surface-tension condition, connecting the curvature of the interface and
the stress exchanged between the fluids. The effects of wall friction and contact line forces are gathered in
the generalized Navier boundary condition (GNBC), imposed on the solid wall. This condition includes the
imposition of an equilibrium contact angle, that is the angle between the free surface and the wall. Such an
angle is a primary feature of the shape of capillary menisci and resting droplets, and its imposition by the
GNBC has been widely adopted and motivated in the literature of the last decade [15, 17, 6].

The goal of this work is to investigate the properties of the discretization of the problem under inspection,
and to propose a solution to possible stability issues. To this aim, we deeply inspect the structure of the
problem, starting from the derivation of the equations at hand from the physical variational principles
governing it. This variational approach is shared by other works that can be found in the literature (see,
e.g., [18, 19]). Our contribution in this regard is the employment and a mild generalization of the Principle
of minimum reduced dissipation [20], which represents a general framework for the derivation of differential
problems, without resorting to any microscopical consideration. Keeping a parallel between the discrete
settings and the laws holding at the continuous level, we will be able to identify the possible sources of
instability, in the numerical scheme, and to propose a strategy to control them. This represents a novelty
with respect to the results obtained in [15].

The present paper is organized as follows. In Sec. 2, the physical phenomenon under inspection is
presented, together with the equations governing it. Domain motion is then addressed, and some shape
calculus definitions and results are stated. Then, in Sec. 3, the differential problem describing the system is
derived from physical variational principles, considering both the case of a closed system, and the possibility
of mass exchanges with the environment. Sec. 4 is devoted to the weak formulation of the problem and to
its ALE-FEM discretization. The numerical properties of the resulting scheme are investigated in Sec. 5,
in light of the results of Sec. 3. Some stability issues are addressed in detail, in the case of an explicit
treatment of the geometry, and a novel stabilization term is introduced. In Sec. 6, several tests assess the
suitability of the numerical scheme in reproducting the physical phenomena under consideration. Time
and space discretization are inspected, and their influence on the physical parameters of the model is
examined. Experimental data, taken from [4], are then employed to validate the numerical scheme. Finally,
the effectiveness of the proposed stabilization technique is verified.

2. Preliminaries

We consider a fluid contained in a region Q C R%, d = 2,3, as depicted in Fig. 1. The edge ¥ is a
virtual boundary separating the domain €2 from the rest of the space occupied by the fluid, thus energy and
mass exchanges can occur through it. A solid wall is on the lateral side of the domain, and we denote by %
the part of the wall that is wetted by the fluid at hand, and by ¥, the remaining part, in contact with an
other fluid, that we assume to be a gas. This gas is separated from the region 2 by the free surface I', and
we are not interested in studying the gaseous phase, unless for the influence that its presence has on the
fluid contained in 2. The contact line where the three phases meet is denoted by 0I' = ' N'X. The tangent
vector of the line OI" is denoted by Tsr and we denote by b and by the unit vectors that are normal to the
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Figure 1: Domain and geometric notation. On the right, a zoom near the contact line, in a plane orthogonal to 7.

Tor and aligned along the free surface T' and the wall X, respectively (cf. Fig. 1, right). On the contact
line, we introduce also the function 6 : T' — R denoting the corresponding contact angle, that is such that
cosf = b - b,.

The domain at time ¢ is denoted by QF and it is identified as the image of an initial domain Q° =
through a map A; : @ — R%. A similar notation will be used for all the other quantities, in the rest of the
paper: the superscript ¢ indicates that the quantity is taken at time ¢. Assuming the family A, of maps to
be smooth w.r.t. time, and each map invertible, we can define the Lagrangian and Eulerian domain velocity
fields as N

V(t,X) = 0:A(X), VX € Q,

\7 -1 t (1)
Vit,x) = VL, A M (x),  ¥x e,

respectively. Being the wall ¢ impervious, and wanting to keep ¥ fixed, at each time ¢ the domain velocity
field V (¢, -) has to belong to the admissible set

L{ad:{v:Qt—HRd| v-v =0on X v:OonEb}.

In the definition above, and throughout the paper, by v we denote the normal vector defined almost every-
where on 8QtJnd3ed, for our purposes, we will not need a univocal definition of v on the zero-measure
lines OI'* and Xt N Xy.

Remark 1 (Shape kinematics). We point out that the actual evolution of the domain is governed by
the sole normal component V - v of the domain velocity, at the boundary 0Q! of the domain. Therefore,
any variation of the tangential components or of the bulk distribution, that leaves V - v unaffected, does
not impact on the domain evolution, whence some freedom is left in the definition of V. This freedom will
be exploited in the numerical formulation of the free boundary problem.

Assuming immiscibility between the different phases involved in the physical system, and neglecting phase
transitions, the motion of the free surface I'* follows the movement of the particles of the fluid occupying
Q!. Hence, according to Remark 1, the geometrical velocity V and the Eulerian velocity u of the fluid are
coupled by !

V.v=u-v on I'". (2)

Moreover, the fluid in Q! is assumed to be Newtonian and incompressible, and the forces acting on it
are gravity, surface tension, and a possible external stress imposed at the open edge ;. Hence, supposing

IFor ease of notation, from now on we omit the explicit dependence on time or space, where no misunderstanding is possible.
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to know the initial configuration € and fluid velocity field u’, the state of the flow at time ¢ is described
by the current domain Qf, the fluid Eulerian velocity u and the pressure p. We remark that, thanks to
incompressibility, we can consider the rescaled pressure p = p/p, that is the ratio between the physical
pressure p and the fluid density p. Analogously, the kinematic viscosity v = u/p is going to appear in the
differential model, in place of the dynamic viscosity p. The state problem, solved by the couple (u,p) at
time ¢ is, then, the following:

Ju+ (u-Viu—dive=g in Q4 ¢t >0,

divu=0 in QY t >0,

ov-t=0, ov-v+yH=0 onTtt>0, Vrluv,
u-v=V-.v on I't,t > 0, (3)
u-vr=0, (ov+pu+~v(cosh—cosbs)dorbs)-7=0 onXit>0, VrLlu,

ov=_ on Xp,t >0,

u=u’ in Q0 ¢t=0,

where 0 = v (Vu—i— VuT) — pl is the stress tensor, I being the identity tensor, g = —geq is the gravity
force, e4 being the upwards vertical vector of the canonical basis {ei};»i:l, v is the surface tension coefficient
on I'Y, H is the total curvature of I't, 3 is the friction coefficient on X!, and ¢ is an external stress applied
on Y. The distribution dgr is defined as

(dar, ) = / pd, for any smooth function ¢,
art

with A denoting the (d — 2)—dimensional Lebesgue measure on 9I'. 2 We notice that the equations depend
both on the current value of the time-dependent contact angle 6 and on its static value 6. The latter is
defined in terms of the material properties of the three phases interacting around the contact line, through
the Young equation [21]

ycosbs +v — vy =0, (4)

where 7, and 7, are the surface tension coefficients on ' and EZ, respectively. The discrepancy of the
dynamic contact angle 6 from 64 induces the uncompensated Young stress

v(cos @ — cosO4)T - by Sar,

a force which is concentrated on the contact line and oriented along the wall in the normal direction by to
Or't (an upwards vertical force for d = 2). This force is responsible for the formation of the meniscus in
capillary tubes [21], as we will see in the numerical results of Sec. 6.

The equations (3) can be derived from physical principles, in particular employing the Principle of
minimum reduced dissipation [20]. We are going to devote Sec. 3 to this topic, but we want to mention since
now that this derivation is prompted by a suitable formulation of the First Law of Thermodynamics, which
reads

W =2R, (5)

where W is the total power of the external forces, of the form

W= B~u+/ T u,
Qt a0t

for suitable choices of the generalized forces B = B(g,p,p,u), T = T({,g,p,7,0s,60, H,p), whereas R is
the Rayleigh dissipation function, defined as

1 1 ~
R=5 [ D@5 [ G- uew vl (6)
2 Jop 2 /s

2In the rest of the paper, Lebesgue measure of any dimension will be understood in all the integrals.
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with D(u) = 1 (Vu + Vu”') being the strain tensor of the fluid. This law is a fundamental relation governing
the physics of the phenomenon, and its discrete counterpart will be explored in Sec. 5. In order to actually
perform the hinted derivation, we need some technical tools, that we collect hereafter.

2.1. Technical tools

In this section, we recall some useful definitions and results that will be employed in the rest of the
paper. Herein, I denotes a generic smooth hypersurface of dimension d — 1, for simplicity immersed in R?,
and JI' indicates its boundary. The tangential gradients of a scalar differentiable function ¢ : I' — R and a
vectorial differentiable function 1 : I' — R? are defined via the projector IIr = I — v Q v:

Ve =1pVe, Ve = (Vlln)" = Ve IIr.
Accordingly, the tangential divergence of 1 reads
divpy = trVry =IIp - Vb
It is possible to prove [22] that the total curvature H of T is related to its normal vector v by
divrv = H,

whence the following integration by parts formula for surfaces holds [22]: let 1 : T' — R? be a differentiable
function; then,

/diVF¢:/Hu.¢+ % b, 1)
T T or

where b is the unit vector directed tangentially to I' and normally to T (cf. Fig. 1).
Since we deal with moving domains, we also recall the Reynolds transport theorem for bulk and boundary
integrals:

Proposition 1 (Reynolds transport theorem). Let T be a part of the boundary of a domain ), and consider

two functionals
n@=[e  nm-=[v
Q r

where ¢ : Q@ = R and ¢ : T’ — R are generic differentiable functions. If the domain Q) moves with velocity
V, the time derivatives of the functionals read as follows:

%h(@) = /Q[atcp + div (¢ V)], (8a)
& nr) = /F [0+ div (V). (sb)

Remark 2 (Two dimensional case). For d = 2, the contact line 9I" is actually the union of two points,
and b is the tangential direction prolonging the free surface I'. The vector by is aligned to the wall ¥ (thus
simply vertical, in our case), and there is no need to define Tyr.

3. Derivation of the differential problem from variational principles

The present section is devoted to the derivation of the system of equations (3) from physical variational
principles. To ease the presentation, we split the derivation into two steps: at first (Sec. 3.1), we will consider
3, as an impervious wall (see Fig. 1), and subsequently (Sec. 3.2), mass exchange will be allowed through
this boundary. It is worth remarking that the result in Sec. 3.1 has an autonomous interest, e.g. in case
droplets on a substrate or sloshing fluid in a tank are regarded [23, 15],
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3.1. Step 1: derivation in the case without mass exchange

The kinematic conditions require the motion of the free surface I'* to be prescribed by the Eulerian
velocity u (cf. (2)). Moreover, ¥ is a closed boundary, for this first step, thus we do not make any
distinction between the fluid velocity and the domain velocity, namely we consider V = u. Therefore, the
kinematic constraints directly apply on u, that is, for any time ¢,

uEZ/{ad:{u:Qt—HRd|u-uzOOnEt, u=0on Y, / [(@p—&—div(pu)]zO},
Qt

where p : QO — R is the mass density function. In the definition of the set of admissible velocities we
included also the conservation of mass, which can be rephrased locally as
p+pdivu=0 in O, (9)

with the usual notation p = 9;p + u - Vp for the Lagrangian derivative.
Regarding dynamics, we assume that only gravity and surface tension act on the system. Being such
forces conservative, the system possesses a potential energy

V:—/ pg-x+/ ’y—l—/ 71+/ Yg> (10)
ot It st st

where the last three terms take into account the pairwise interactions between the fluid in f, the gas above
and the solid wall. In the following, we denote by | - | the measure of a set. Combining Prop. 1 with (4),(7)
and (9), and since v and g are constant and X! and Eg are flat, the active power that the environment
transfers to the system can be written as

. d d
==V = . —|rt — ) — |3
W, =V /Qtpg w0+ (= 7)1

=/ pg-u—/ vHv-u—/ [yu-b+ (v —v5)u- b
Qt rt art

:/ pg-u—/ ’}/HV-U—/ ~v(cos @ — cosbs)u - by,
Qt rt art

where in the last line we employed the decomposition u = (u- v|s:)v|se + (0 Tor)Tor + (u- bg)bg on OI'*
and the identities u - v|xt = Tor - by = 0 and b - b, = cos 6.
The power transfer W, affects different forms of energy of the system. A part of it determines an increase
in the kinetic energy K of the fluid
1
K== ul?,
5 /Q Plul

another part is stored as free energy F with mass-specific density ¥ = 1(p), just depending on p [20],
F=[ pn,
Qt

and, since the fluid is not perfect, a part of this energy is dissipated, resulting in a entropy production S.
The connection between the quantities defined above is given by the First Law of Thermodynamics that, in
the case of adiabatic, isothermal transformations, reads

TS =W, -K—F. (11)

In this identity, the left-hand side D = TS is called the total dissipation function, whereas the right-hand
side W =W, — K — F (called total power in [20]) represents the amount of power that the system receives
and does not transform in kinetic or free energy. From the Second Law of Thermodynamics, we know that
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it has to hold D > 0, but in order to give this dissipation an explicit expression, we need to introduce a
suitable constitutive relation. For the system described in Sec. 2, it is quite natural to assume that the only
sources of dissipation are friction on the wall X! and viscosity inside the fluid, thus we can give a consitituive
relation for D in terms of the following Rayleigh dissipation function:

1 ~
R = 5/ uID(U)I2+§/ Asul?,
Ot 3t

by setting D = 2R.
Now, in order to write the First Law (11), we need an explicit expression of the total power W. In
particular, we are going to show that it has the following form:

W= B~u+/ T u, (12)
ot AN,

where B : Q' — R? and T : Q' \ ¥, — R? are suitably defined generalized forces. The expressions for
these two quantities can be retrieved by computing the time derivatives of the kinetic and free energies,
and employing the definition of W. Indeed, using the equation of conservation of mass (9) and Reynolds
transport theorem (8a), one can find that

£=[ puu, f=/ p¢=/ pw'pz—/ py'divu.
Ot Ot Qt Ot

Concerning the free energy, it is commonly accepted (see, e.g., [20]) that pressure is related to the derivative
of the free energy density as

p=p"
Thence, after integration by parts of the pressure term, the expression (12) of the total power W can be
written in terms of the generalized forces

(p—~yH)v on I't,

B =pg —pu—Vp, T =< pv on Xt
—7(cosf — cos )by on OI'.

At this point, we have all the ingredients to formulate a variational principle from which to derive the
equations of the motion for our physical system:

Principle of minimum constrained dissipation. [20, p.119] ® For a deformable body undergoing a pro-
cess with total power W and Rayleigh dissipation function R, that obeys the Second Law of Thermodynamics
in the form D > 0, with D = 2R, the true evolution u at time t is such that R attains its minimum w.r.t.
all virtual process rates U = u + du, once W and the generalized forces B, T are held fized.

From the formulation of this principle, we see that one should take into account the constraint of holding
both W and the generalized forces fixed, while varying the velocity field by a term du. In order to do this,
it is useful to rewrite the principle in terms of a reduced dissipation functional. Following the ideas in [20],
we can introduce the Lagrangian functional

L=TR+ IV,

where A is the Lagrange multiplier for the imposition of the constraint over W, during the minimization
of R. Aiming at enforcing the variations of £ to be equal to zero, we compute the variations of R and W

3In the present work, we are adopting the viewpoint of Continuum Mechanics, thus we talk about minimum dissipation.
In the literature of Statistical Mechanics, this principle is looked at as a mazimum principle. However, for the purposes of the
present work, only the stationarity of the functional is considered, hence we avoid digging any further into this distinction.
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induced by a virtual velocity variation du. Concerning the Rayleigh dissipation functional, it is enough to
compute the Gateaux derivative

SR = 9y R[0u] = /

2uD(u) - D(6u) + [ Bllgu-Mxgdu.
Ot »t

Dealing with the total power, the Principle requires to hold B and T fixed. Therefore, instead of using the
classical Gateaux derivative, we define the variation of W as

oW = B-5u+/ T - du.
Ot 20\ 3,

Now we can compute the variations of the Lagrangian functional £ induced by du:
0=0L=0R + AW = (OuR + Aoy W) [0u], Véu,

where we have introduced the linear functional 6, W : du — dW, with 6V defined as above. Now, the value
of the Lagrange multiplier A can be found by imposing the validity of the First Law of Thermodynamics
(11), which can be rewritten as

2R =D =W. (13)

Indeed, since 9, R[u] = 2R and é,W[u] = W, combining (13) with (9, R + AoyW)[u] = 0 yields A = —1.
Therefore, the principle of minimum constrained dissipation can be equivalently formulated as follows:

Principle of minimum reduced dissipation. [20, p.137] For a deformable body undergoing a process
with total power W and Rayleigh dissipation function R, that obeys the Second Law of Thermodynamics in
the form D > 0, with D = 2R, the true evolution u at time t is such that the reduced dissipation function
R =R —W attains its minimum w.r.t. all virtual process rates U = u+ du, once the generalized forces B, T
are held fized. That is, the true evolution is characterized by the requirement that

0R = oW in any subregion w C QF, (14)

where 0R = Oy R[éu], W = [, B-du+ [, T -ou.

Now we can apply this principle in our settings, in order to obtain the differential equations governing the
physical phenomenon at hand. We also assume that the fluid in Q is incompressible, hence we can divide
both sides of (14) by the constant density p, without losing generality. * Thus, rephrasing the optimality
condition (14) and writing explicitly the total derivative %u =Ju+ u- Vu yield

/w2uD(u) - D(du) +/ fllsu - IIgdu

dwNnxt

:—/w[(atu+u~Vufg)~5u—pdiv5u]7/

'yH5u~Vf/ ~(cos @ — cosfs)ou - by,
OwNI't OwNart

where g = E/p Integrating by parts and using the kinematic conditions u-v = 0 on X?, ju = 0 on %, we
obtain

/ (Ou+u-Vu—div(2vD(u)) + Vp — g) - du + / (yHv +2vD(u)v — pv) - du
w OwNI't
(15)
+ / ~v(cos @ — cosbs)ou - by + / Iy, (Bu —2vD(u)v + pv) - IIgdu = 0.
OwNATt OwNxt

4Keeping the density p explicit until the very end helped in keeping the presentation general and relatively simple. If we
had imposed the uniformity of p since the beginning, no free energy F would have appeared, and the rescaled pressure p would
have needed to be introduced as a Lagrange multiplier for the incompressibility constraint, rather complicating the argument.
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Since du is arbitrary, as well as the subregion w, from (15) we can derive the strong formulation of the
Navier-Stokes equations with moving contact line. Such equations, combined with the kinematic condition
V.v=u-von dN" (see Remark 1) and the constraint V- v = 0 on X! (see U,q in Sec. 2), make up the
following differential problem:

ou+ (u-Viu—dive =g in QF,
diva =0 in QF,
Vv=u-v on I't
ov-Tt=0, ov-v+~vH=0 on I'',Vr L v,

u-v=0, (ov+pBu+~y(cosf—cosbs)dorbs)-T=0 on Xt Vr L,

where o = 2vD(u) — plI is the stress tensor. This problem is well defined for the whole time evolution as
soon as we know the initial condition u(t = 0) = u°.

Before passing to the second step of our derivation, we point out that, in the incompressible case, the
introduction of the free energy F occurs to be just instrumental to take into account the pressure p in the
equations (this will be true also in the next section). This is the reason why we will not introduce a discrete
free energy, in Sec. 5.

3.2. Step 2: allowing mass exchanges with the environment

So far, we have considered a closed physical system, in terms of mass exchange. However, taking into
account the possibility of having an inflow /outflow boundary is a necessity when modeling many phenomena.
In this section, we allow the fluid to pass through the boundary ¥, (see Fig. 1). This part of the domain
boundary is going to be fixed in the domain evolution, but in order to flow through it, the fluid may have a
nonzero normal velocity u - v at 3. Moreover, we account for a possible external surface load ¢, acting on
the open boundary.

In these new settings, we need to perform some modifications on the definition of the energetic quantities
managed above, and on their relationships. First of all, since our domain is not moving in a Lagrangian way
together with the particles it contains, the time variation of the physical quantities are not given anymore
by their Lagrangian derivative along the fluid velocity u. Therefore, we introduce a different notation for
the total derivative along the domain velocity field V: for a scalar field like density we write

Dip=0ip+V -Vp.

A similar notation is going to be used for integral quantities, like the free energy: the application of Prop. 1
yields

DyF = [ [0(pp) +div (pyV)].
Qt
According to this definition for the time derivative, the active power W,, including also the contribution
due to the external surface stress, is now of the form

We=-DV+ [ ¢ -u
Ot

Eventually, the total power has to include also the energy flux associated with the mass flowing through the
open boundary Y, whence it has to be re-defined as

1
W:thVthlC—Dt}"Jr/ Couf/ (2p|u|2g-x+p¢)u-u. (16)
ot b

b

Having these new definitions, we can perform all the steps followed in Sec. 3.1, up to formally writing
the principle of minimum reduced dissipation (14). The last ingredient we need, in order to obtain the
differential equation ruling the physical phenomenon at hand, is the definition of the generalized forces

9



B, T. To this aim, we need to write explicitly all the quantities appearing in (16). For the sake of brevity,
let us compute explicitly only the total time derivative of the kinetic energy:

1 1
DK = [2u2 (Otp+V -Vp+pdivV) + pu-dp + ipV : VuQ] .
Qt

Noticing that if V = u we would have the Lagrangian time derivative K, we can write the expression above
in terms of K itself, as follows:

Ot

. 1 . 1
:lC+/ div {p|u|2(V—u)] :lC+/ —plul*(V—-u)-v
o 2 5, 2

. 1
o / L ouPu- v,
PN 2

where we have used that V-v = u-v on I'*UX?. As we can see, the difference between the total derivative of
the kinetic energy contained in Q! and its Lagrangian derivative is given by the opposite of the exiting flux
through ;. Analogous computations for the potential energy and the free energy lead to similar results,
thence the total power can be written also as

1 1 1
[2|u|2<v ) Vot LoV W) Il £ Lplufdiv <v—u>]

W=-V-K-F+ [ ¢ u,
Ot

where the flux terms have been canceled out in the transition from D, to the derivative () Therefore, the
generalized forces B, T read as follows:

(ﬁ_,YH)V on Ftv
_ pv on Xt,

B = pg — pu— Vp, T={"
pv+¢ on Xy,

—7(cos@ — cosfs)bs  on OI't.

Using these expressions, and assuming incompressibility and a homogeneous fluid density, we can employ
the Principle of minimum reduced dissipation and eventually obtain system (3).

Remark 3. For the sake of clarity we remark that, although the final steps of the derivation formally
employ the Lagrangian derivatives of the energies along u, a physically consistent formulation of the First
Law of Thermodynamics for the domain Q! considered here can be written only in terms of the material
derivatives along V: this is why the correct definition of the total power is actually (16).

Remark 4. In the applied mathematical literature, a variational principle named after Onsager has recently
gained some popularity, in the derivation of differential problems [8, 5, 19, 6]. The formulation of this
principle is quite similar to identity (14), but its justification is ascribed to Onsager-Casimir reciprocal
relations [24, 25], a principle holding at the microscopic level, whereas the Principle of minimum reduced
dissipation is purely macroscopic. As pointed out in [20, from p.149], connecting the microscopic reciprocal
relations to the macroscopic principle used in the above-mentioned literature is not easy: “Though no
objection could be raised against the reversibility of microscopic motions, its reverberations on a macroscopic
scale are invariably the object of an assumption, in one fashion or another”. Therefore, in the present
work we decided to adopt the procedure developed in [20], in the frameworks of Analytic and Continuum
Mechanics, avoiding the need of microscopical considerations. This choice gave us a general workflow that
could be used to treat both the closed-system case (Sec. 3.1) and the case with mass exchange (Sec. 3.2).
In this regard, it is worth pointing out that the latter case was not considered in [20].
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4. Discretization of the problem

After the introduction and justification of the system (3), now we address its numerical solution, and
thence we introduce its discretization via the Finite Element Method (FEM). As usual, we first reformulate
the system in a suitable weak form, taking into account the domain motion. For the first part of this section,
the domain velocity V will be considered as known: the actual coupling of the physical and the geometrical
problem will be dealt with in Sec. 4.4.

4.1. Eulerian and ALE weak formulation

The state of the fluid at hand is represented by its static pressure p and its Eulerian velocity u. Due to
the presence of the wall ¥*, the velocity has to comply a kinematic condition, so we introduce the following
Hilbert spaces, for the fluid state (u,p):

Vi={ve H'Q)]*|v-v=0o0n %},
P! = L2(QY).

Testing problem (3) against some (v,7) € V x P!, we can formally write the following weak formulation
of the problem: given u(t = 0) = u®, find (u,p) such that for all ¢ > 0

(8w, v) + a(u,v) + b(v,p) + c(u,u,v) = F(v) V¥ve V!, (17)
b(u,m) =0 vr € P,

where
(-,-) is the L? inner product on Q,

a(u,

<

)= ( (Vu+Vu)Vv+VvT)+ fu-v,
>t

—(div v, 7),
((w-V)u,v),

(g,v)+ C~V—/ Wdinv—i—/ v - b, cosby.
b It art

b(v,m

)=
c(w,u,v)
)=

F(v

Remark 5. The derivation of problem (17) from (3) is quite standard [26, 27]. Anyway, a smart use of
(7) and some other geometrical considerations — as done in [15] — prevent the curvature H and the current
angle 0 from explicitly appearing in the formulation (17). This simplifies the numerical treatment of the
equations, since the discrete approximation of angles and curvature is not straightforward (e.g., cf. [28]).

Problem (17) is written in Eulerian coordinates, and at a fixed time ¢. In a numerical discretization,
this would imply either keeping the mesh fixed during the time evolution — at the cost of introducing extra
theoretical difficulty to deal with the domain movement — or generating a completely new mesh at each time
step — thus bringing in a very high computational cost. A widely used technique to have a computationally
rather inexpensive mesh motion is to set the equations in an Arbitrary Lagrangian-Eulerian (ALE) framework
[13, 14], in which the domain velocity V, defined in (1) is considered separately from the fluid velocity u.
Associated to the domain velocity, we can define the so called ALFE derivative operator, which computes the
time derivative of a function ¢ : Q' — R along the domain trajectory described by V:

IALEp = 9,04+ V - Vo

It is worth pointing out that the domain velocity V occurs to be the ALE derivative of the position, i.e.
V = 9{ALFx. Employing the definition of 9/, problem (17) can be formulated in the ALE framework as
follows [13, 15]:

(0", v) + a(u,v) + b(v,p) + carp(u, V,u,v) = F(v) VveV'
b(u, ) = Vr € P, (18)

11



where ~
Vi={v:Q" — R | VeV vix) = V(At_l(x))},

Pl ={r:Q' 5 R |37 € P, n(x) = 7(A;*(x))},
CALE(Z,V,u,v):/ [(z—=V) - Vlu-v— [ div(V)u-v.
ot Qt
4.2. Time discretization

In this section, we discretize the ALE formulation (18) w.r.t. time, using a uniform time discretization
made of time steps t™ = nAt,n =0,1,...,N = %. Such a semi-discretization also involves the domain
motion, thus we need to discretize the ALE map, introducing the application

An7n+1 : Q(n) — Q(n+1), An"npi»l(x) =X + At V(n) (X)7

where the superscript (n) indicates the time step (™) at which the quantity is taken (e.g. V(™) (x) =
V(t(",x)): this notation will be used for all the other quantities involved in the problem. The discretization
of the ALE map directly induces the definition of a discrete sequence of domains Q") = An_lm(Q(”*l)),
on which the following spaces are recursively defined as

VW = (v e [H QM) | voA, 1, eV}

PO = {p | pody € PO}, 1
where V() PO are assigned. Thus one reduces to building up a basis only for the initial spaces V(%)
and P the bases for V(") and P(™ being obtained via the maps A;_1:,i=1,...,n. This represents a
remarkable computational saving in the numerical solution of the problem. It is worth noticing that having
each V(") to belong to U,4, the kinematic constraints are preserved, and at each time t(™ the spaces actually
correspond to the usual definition, i.e.

Vi = {v e [H (Q)]? | v-v=0o0n 2™},
P = 2(Q™),

In view of the above discussion, the time-discretization of problem (3) reads as follows: given u(®), for
each n=0,...,N — 1, find (u»+V), pr+1)) ¢ y(+1) » p(r+1) guch that, V(v,7) € V(™ x P,

1
(0" V)gen +al D @D, v) 4 b (v, ptri)
1
4D (™) ) gD gy gD (v g () gD gy = E(“(n)’v)m’” + FOHD (v), (20)

B+ (u D) ) = 0,

where the superscript (n) in the spaces and forms indicates that the domain under consideration is Q).
The additional form s(”+1)(~, -, -) artificially adds the following strongly consistent stabilization terms:

1 1

s(”Jrl)(V("),u("),u(’”l),v):7/ div(um))u(ml).v,,/ (™ — V). D) Ly,
2 Qn+1) 2 T(n+1)

whose presence is widely accepted in the ALE literature [29, 27] and whose role will be clear from the proof
of Thm. 1, in Sec. 5.

Remark 6. In the terms involved in (20), the domain of integration does not always coincide with the
domain of definition of the integrands, e.g. v is defined on Q™ but it appears in integrals over Q"+ =
An,nH(Q(")). In order to keep a light notation, a change of variables via ALE mapping is understood in
case this discordance occurs: e.g. fQ(n+1) v actually means fmwl) vo A;}nH.
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4.8. The fully discrete problem

In this section, we introduce the space discretization for the problem under inspection. To this aim,
let 7;1(0) be a regular triangulation [30] of the initial domain Q) with characteristic discretization step
h. The triangulation of Q") is obtained through repeated applications of the discrete ALE map, i.e.

7;1(") = Ap_1n (7;5"_1)). In these settings, we can write the FEM approximation of problem (20) as

follows: given the FEM interpolation ugLo) of the initial velocity field u®, for each n = 0,..., N — 1, find
(uELnH),p;lnH)) € Vh("H) X Pf(LnH) such that, V(vp,mp) € Vh(n) X P}Sn)7

1
7(112n+1)7vh)9(n+1) + a(n+1)(ugbn+1),vh) + b("“)(vh,pznﬂ)) . b(n+1)(u§tn+1)’ 7Th)

At
+ e W, Vi v sVl uf v (21)
1 n n
= 5 (" vidae + FH (v),

where
v =vOnxe@r, R =POnxpr©),

X;(@) = {p e (@) | ¢lx € Po(K) VK € TO},
and V™| P") are recursively defined in the same way as in (19).

Remark 7 (Variational crime). Here we do not make a distinction between the evolution of the domain
according to the continuous map A; and the sequence of discrete maps A,_;,. This is related to the
well-known (and usually disregarded) variational crime [31].

In the formulation (21), the polynomial degrees ry,r, still need to be chosen. In the present work, we
focus on the Py — P; pair, namely the case r, = r, = 1: a comment on this choice will be made after
the introduction of the problem for the domain velocity V(™ at the end of Sec. 4.4. Hence, in order to
cope with the lack of validity of the LBB condition (cf. [32, 27]), we employ the classical Brezzi-Pitkdranta
pressure stabilization [33], replacing the form s(®*1) in problem (21) with the form

S](jnJrl) (\/Eln)7 ugln)’ u2n+1) Vi, p;bn+1)7 7Th) _ S(n+1) (Vén)’ ugbn)’ ugln-&-l), Vh) (22)

)

+COh2 > [ vt o,
KeTh(") K

So far we assumed the knowledge of the domain velocity V. However, this is part of the unknowns and
the following section addresses the construction of the (discrete) geometrical velocity V(™) which allows to
pass from Q™ to Q+1).

4.4. Kinematic conditions

As anticipated in Sec. 2, the domain velocity V has to undergo some kinematic conditions, in order
to ensure a physically consistent evolution of the domain. In particular, being X! a solid wall, and as the
motion of the fluid particles follows the free boundary I'*, the domain velocity must satisfy

V.vr=0 on Xf, (23a)
V.v=u-v on I', (23b)
at any time ¢t. Moreover, since ¥ is held fixed, we also require V- v = 0 on ;. In view of the discussion

in Remark 1, these conditions are sufficient to determine the overall evolution of the domain Qf. Therefore,
we require the same conditions for the discrete domain velocity V}(l”).
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We remark that, since VEL”) is used to move the mesh, we need an explicit knowledge of all its components

at the whole set of mesh nodes. However, conditions like (23) prescribe only one degree of freedom of the
boundary distribution of such velocity. Hence, we can fix all the other degrees of freedom by requiring
V;Ln) to be vertical, namely V,(In) = v}(Ln)ed. This yields some useful properties, that will be displayed in
Prop. 2. Then, to determine the bulk distribution of the velocity, we consider a harmonic lifting, which is a
widely adopted choice in the ALE literature [34, 35, 15] since it generates a regular velocity field, whence
the mapped mesh preserves a certain degree of regularity.

Summarizing, the domain velocity V;Ln) mapping 77L(n) to ’El(n“) can be defined as the solution of the

following problem: prescribing V;l") to be vertical, namely V;Ln) = v,(l") eq, find v,(ln) € X} (Q0) such that

Avg") =0 in Q")
(n) _
v, =0 on Xy,
24
8,,11}(1") =0 on Z("), (24)

v,&")ud =uj-v on INON

where uj : '™ — R is some discrete counterpart of the fluid velocity u. Different definitions can be given
for uj}, and they have a nonnegligible effect on the stability of the numerical scheme as a whole (cf. Sec. 5).
In our numerical tests, we adopt the simplest choice for such a velocity, that is, we set

uj =ul", (25)

which corresponds to an explicit treatment of the geometry. In the next section we will analyze its impact
on the scheme, and propose an original strategy to cure possible instabilities associated to it.

Another possibility, that is also considered in Sec. 5, is the implicit treatment of the geometry, determined
by

uj = uglnﬂ) oA i1 (26)

This choice, however, introduces a high nonlinearity in the system, due to the strong coupling between the
physical problem (18) and the geometrical problem (24). Thus, some nonlinear solver is required, and the
computational effort is much higher than in the explicit case. This may represent a serious obstruction in
case the state problem needs to be solved many times for different parameter values (e.g., in optimal control
problems).

Other choices for uj, can be straightforwardly introduced in the scheme, like the extrapolation proposed
in [15]:

=20 —u Vot

which benefits from the inexpensiveness of the explicit treatment and, in the numerical test cases considered
in [15], does not show stability issues. However, up to the authors’ knowledge, no theoretical results are
known on the stability of the scheme characterized by this extrapolation.

Concluding this section, we comment on some implementation aspects. The choice of piecewise linear
elements for the fluid velocity was made in order to ease the implementation, by avoiding curvilinear elements
and thus isoparametric finite elements. Eventually, we remark that the actual kinematic condition vé")yd =
u; - v is imposed in a weak sense, by penalization. In this way, we just need the normal vector v to be
defined on the faces (edges for d = 2) of the boundary, and not on the vertices of the mesh, where it is not

univocally determined.

5. Stability and discrete minimum dissipation principle

In this section, we want to analyze the properties of the numerical scheme introduced above. In par-
ticular, we investigate how the discrete formulation (21) can reproduce, mutatis mutandis, the First Law
of Thermodynamics (5). This will give us information about the stability of our numerical scheme and it

14



will shed light on the critical terms of the discrete formulation, that may give rise to numerical instabilities.
On this concern, Sec. 5.1 will be devoted to the introduction of a non-standard term to cure the onset of
spurious instabilities.

Aiming at writing the discrete counterpart of the power balance (5), with the total power W and the
Rayleigh dissipation function R defined as in (16) and (6), respectively, we need to introduce some discrete
energetic quantities that will take part in the equation. We define the following quantities: °

Potential energy V(") = — fQ(n) g-x+ fF(") v+ fz(n) Y+ fzém Yog>

Kinetic energy K" = %fmn) lu(™2,

Dissipation function R(™ = 3 Jom 2v|D(u™)? + 1 Jsm Blgmu™|? + 10 h? ZKeT,f") [i (Vp(™ 2,

where, compared to its continuous counterpart R defined in (6), the discrete dissipation function contains
also the “viscous” contribution of the pressure stabilization term included in s;") (cf. (22)). With this
notation, we can write a discrete counterpart of the First Law of Thermodynamics (5), as stated in the

following result:

Theorem 1. Let (u™ ,p(™), n=0,..., N be the solution of the discrete problem (21) — with the stabilization
term (22) — and let VU, n =0,...,N be the domain velocity defined by problem (24), with the explicit
choice (25), i.e. u* = u™. Then, the following balance holds:

n+2) _ n+1 n+1) _ n
¢out ) _ Yn+2) _ p(n+1) B K1) _ jen) _/ <;|u(n+l)|2u(n) v —g-x u™*D .V>
>

1 (27)
e / (D) o A )2
+ AL o |11 O.An7 +1 u |
n +1 +1
- SEJ - Egjexp)l + (I)t(;;pl )’
where
n+1) — _g

( / (n+1))2,, |
€ v v,
9 2 3Q(n+1)( ) &

(n+1) _ T p+2)| _ |p(n+1) —At/
(= 25 (i) - jree)

: (n+1)
Iexpl divrV ,
[(n+1)

‘I>£Z;ll) N / ydivp(u ) — vty +/ g-x divu"t),
pint) Q(n+1)

If, instead, the implicit kinematic condition (26) is chosen — namely u* = u"*Y) o A, .1 — the balance
reads

n+1) _ n n+1) _ n
¢-umth — Yn+1) _ p(n) B Kt — g(n) _/ <1|u(n+1)|2u(n) v—g-xub ~1/>
P At At poI%
n 1 n n 2
- 2R( w + E/( ) |u( + © An,n-{-l - 11( )|2 ( 8)
Qn
+ 6£7n) + ngi)mpl + q)gfn;ll)v

where At
() _ B / (m)2g .
et = v v,
p 5 aQ(”)( )°g

Py n n . n —
ol =~ A <|r< | — 0] fAt/F(nH) div (V¢ >oAn;H)),

(I)Z('Z;;ll) = / ydivp(" - vo A;,ZH) +/ g - x divu™t),
DintD) Q1)

5For simplicity, from now on the subscript h will be understood, though we will always refer to fully discrete quantities.
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The proof of these results employs some properties stemming from the particular choice for the domain
velocity V(™. We collect such properties in the following statement, whose proof for the 3D case can be
found in [15], and easily generalized to the case d = 2. ©

Proposition 2. Let V) : Q) — R? pe the domain velocity at time t™), such that Q1) = (I+
AtV (QM), and assume that there exists i € {1,...,d} s.t. V(") = v(™ e;. Then, for any function
@ : QY 5 R, the Geometric Conservation Law (GCL) holds, in the following two formulations:

/ ©— / ©odpnt1 = At/ pdiv (VMo At ), (29a)

Q(n+1) Q(n) Qn+1) ’

/ ©— / o Aynt1 = At/ po Ay ny1div v, (29b)
Qn+1) Q) Q)

Moreover, let ¢ be nonnegative, and At sufficiently small, such that 1 + Atdivp V(™ > 0 on T*D and
1—Atdivp(V™ o A;;Hl) >0 on T+ Then, the Surface Geometric Conservation Laws (SGCL) hold:

/ o / 00 A1 > At / 00 A ppr divr VD, (30a)

r(n+1) INCD) )

/ - / ¢ o Apnt1 <A / e divr(VWo AT ). (30b)
(n+1) IED) (n+1) ’

Hinging upon these results, we can show how to derive the discrete balances of Thm. 1.
PROOF OF THEOREM 1. Taking v =uV oA, 1,7 =p"tV oA, .1 in (21), we get

C(n+1)
n ol D(u(m+D 2+/ a2 4 o2 / pntD)2
a2 [ g omt YD )

KeT," ™

+/ [1(11(") V) a2 D iy V(n)}
Qnty) |2

+1/ |u<”+1>|2divu<”>_1/ ™D 2™ — vy, (31)
2 Jom+n 2 Jrm+

_ L/ u(n).u<n+1>+/ g.u<n+1>+/ ¢ ulmD
At Q) Q(n+1) =

—/ ~vdiv ruth +/ v cosfs u"t) . b,
T(n+1) al'*(nJrl)

where the bulk divergence terms canceled out due to the particular choice of the test functions. Now, for
the advection term we have

1/ @™ = V). a2
2 Jom+n

:_1/ ™D 2(diy u™ —divv(">)+1/ |u(n+1)|2(u<n>_V<n>).,,+l/ D 2y .y,
2 Jam+n 2 Jrn+n 2 Js,

6The results contained in Prop. 2 also hold if just the time discretization is considered. Indeed, the proof makes no use of
the space discretization.
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while for the explicit part of the Euler time derivative approximation we can write

1 1
1 () . o) — L / () . @) o 4
u u u u O An.n
At /Q(n) At Jom ntl
K™ 1 1
— - (n+1) 2 - (n+1) _ 4(n)|2
At oAt /w) [ o Annal” = 557 /m) [ o Anngr —u|

m +1
(GgL)IC( D KD 1/ D 2diy V) — 1 / ™) 0 A, s — u™P2,
Qn+1) 2At Jom ’

At At 2

where in the last line, we have used the GCL (29b). Being g = —geq = —gVz4, we can also rewrite the
gravity term as follows:

/ g D) = _/ GVig - ulHD = _/ g x divu®+D +/ g xu™ .y,
Q(n+1) Q(n+1) Qn+1) 9Q(n+1)

Combining all the relations developed so far in the proof, some terms of (31) cancel out, resulting in the
following intermediate identity:

cn+1) _ je(n)
Ty AP [ s ot 3 e
At Qn+1) $(n+1) K

KeT"th)

1 / 1
T N [ 7/ "D 0 Ay nys — u™P
2 s, 240 Jom " (32)

= —/ g - x divu™t? +/ g -xu"b.py 4 ¢-u b
Q(n+1) oQ(n+1) 3y

*/ ~divpu™+h +/ v cosfs utD) . b,
T(n+1) or(n+1)

Now, we need to operate on the gravitational terms in (32). Aiming at connecting them with the discrete
time derivative of the gravitational potential energy, we initially consider the case in which the explicit choice
(25) is made for the kinematic condition on T(»*1). Under this choice, we can use the GCL (29b) to rewrite
the time increment of the gravity potential:

1
— . x —_— . X
At (/Q(n+2) g /Q(n+1) g )

ger) 1 .
. 7/ g (xoAnt1nt2 — %)+ / g - x0Ani1nt2 div v+
At Q(n+1)

Q(n+1)
:/ g vith +/ g - x divv(+D —i-At/ g - Vit diy vinth (33)
Q(n+1) Qn+1) Q(n+1)
At
S G R e
Q(n+1) 2 Q(n+1)
At

/ gox VO 2 / (o) 2,
oQ(n+1) 9Q(n+1)

Recalling the kinematic condition, it is possible to replace every instance of V(**+1) . v on the free surface
'+ with the fluid normal velocity u(™*%) . v. Moreover, being V(»+1) . p = 0, u(»*1) .y = 0 on T+,
and since the normal vector of '™+ and ¥("*1) can be assumed linearly independent, we can also state

that VOt . b, = u(»+1) . b, at g0+ = I+ N B(n+1), Therefore, adding w to both sides of
are originated simply

(32), employing (33) and rearranging the terms provides (27): the e-terms and @gz;l)
from this rearrangement.
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To conclude the proof, an analogous argument can be employed to show (28), stemming from the en-
forcement of the kinematic condition (26), which entails the following reformulation of the discrete time
derivative of the gravity potential:

1
— . X — . X
At (/Q<n+1> & /Q(n) & )

1
(zia) A+ g (XoAn n+1 _X) +/ g-X div (V(n) OA;In—i-l)
At Qn) ’ Q(n+1) ’
[ eV [ v [ e (Vo)
Q(n) Q(n+1) ’ HQ(n+1) ’

Qn) a0 (n+1) )

At

== [ g0.,(0™) + / g-x (VWodrl ) v
2 Jam 90 (n+1) :

_ At (n)\2 (n) . 4-1

= — g(v'\") vy + g x(VWoA " 1) v
2 Jaam 9Q(n+1) ’

Some remarks are now due in order to interpret the results of Thm. 1.

The left-hand sides of both (27) and (28) are discrete versions of the total power W as written in
(16): they contain the contribution of the external stress ¢ and the time variations of the potential
and kinetic energy, together with their flux through the open boundary ¥;.

The right-hand sides of the balances (27) and (28) contain the discrete counterpart R(™*1) of the
Rayleigh dissipation function R introduced in (6). However, some additional terms are also present,
whose origin is strictly numerical: the next points intend to discuss them.

The Euler dissipation term 5% [0, [u™ Y 0 A, 11 —u™)|? is generated by the discretization of the
time derivative. Being it nonnegative, it is a further source of dissipation, so it does not bring spurious

power into the system and does not need to be controlled by any stabilization term.

Employing (30) with ¢ = 1, we see that both 5%7;;2[ and 6(F7fl.)mpl are positive, for At sufficiently

small. Hence, further numerical dissipation is introduced in the balance (28), whereas spurious power

is generated in (27), where 5%":;21 appears with the opposite sign. In this latter case, instabilities may

arise, and in Sec. 5.1 we will show a way to cope with them.

Being the normal component of the domain velocity zero on 9Q(" \ T the gravity spurious power
can be rewritten as 5&”) = —& [ (+D)2g - v, Therefore, 55,") is positive at any time t(™) if,

e.g., the free surface is the graph of a function, so that g - v < 0 on I'™. In such a situation, we
can comment the contribution of this term in a similar way to the previous point: the term under
inspection is another dissipation source in (28), whereas it brings spurious power generation in the
balance (27).

Unfortunately, we cannot say anything about the sign of (I)S;Ll and éggpl. However, in Sec. 6 we will
show that these two terms do not practically spoil the evolution of the simulated phenomenon, neither
they affect the stabilizing effect of the additional term that we are going to introduce in Sec. 5.1.

5.1. A remedy to surface instabilities

Motivated by the considerations drawn after Thm. 1, the present section is devoted to the introduction
of a stabilization term that can compensate the instable contributions of the spurious terms that appear
in the balance (27). Indeed, we saw that this issue characterizes the explicit treatment of the geometry,
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Figure 2: Axisymmetric computational domain Q (gray area).

resulting from the choice (25) in the kinematic condition. In particular, we focus on the stabilization of
(n+1)
Texpl®

Remark 8. Referring to the considerations of the previous section, in principle one should look also for

a stabilization of the gravity term 6§"+1). However, we will see in the numerical results of Sec. 6.2.2 that

the actual source of instabilities is only the free-surface term efﬂn;lgl. This is in line with the results of
[15], where numerical results showed that the instable contribution of the gravity spurious term is generally
compensated by the Euler dissipation term. Anyway, for the sake of completeness, we remark that adding

the form
At unt) .y vy
—_—— — 7g . V

At SO (D) ) =
9 ( ) 2 T(n+1) Vq Vq

to the left-hand side of (21) would result in an asymptotically consistent stabilization of the scheme, which
(n+1)

would remove ¢4 from balance (27).

For the ease of presentation, in the present section we consider an axisymmetric domain. That is, we
refer to the shaded 2D domain depicted in Fig. 2, with the third axis 1 = x5 = 0 as the symmetry axis. On
the central axis 1 = x2 = 0, the boundary conditions are prescribed by symmetry: u-v =0, ov - v = 0.

Our search path moves from a deeper look into the proof of the SGCL (30a), from which it is possible
to derive the following result:

Corollary 1. Let Q™ c R3 be such that we can assume cylindrical symmetry for the problem, with the
symmetry azis along the third dimension, and let V" = v(" es. For any sufficiently regqular function
¢ : T 5 R and for At — 0, it holds

At?
[ oo [ o=t paivevO s S5 [ o200 a2
Ln+1) ’ D) D) 2 Jrw (34)
At3
- <p1/11/§(1/183v(") - 1/38111("))3 +O(Ath).
)

ProoOF. Taking a generic ¢, we can write

/ po ATl = / ok (VA i)V,
D(n+1) D)
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where cof(-) denotes the cofactor matrix. Assuming cylindrical symmetry, we have that v, = v-es = 0, and
V(™ = 9,0(" e; = 0, whence

/ Yo A;,1n+1 - / ol(v1 + At(11050™ — v3010™), vy + At(12050™ — v3dev ™), 1)
[(n+1) r(m

= / 30\/1 + 2At Vl(Vlagv(”) — 1/3(91’1)(")) + At2(u1831)(”) — 1/381’1)("))2.
T(n)

Then, we employ Taylor expansion around At = 0, exploiting |v|? = v? + 12 = 1. Separating the different
terms of the expansion and noticing that in the axisymmetric case

div FV(”) = (1/183’[)(n) - 1/3811)(”))

yield the thesis.
O

Since the identity (34) comes from Taylor expansion, we can state that the terms on the right-hand side

give indeed the first, second, and third time derivatives of the integral of ¢, about the time ¢(™), from the
right. Inspired by the second order term of (34), we introduce the following form:

. 1 (n) . (n) . . .
S1(~ )(u(n)7v) = */ Vi <V133u z - V331u V) <V133V z - V3<91V U) ) (35)
T(n) 1% v 1%

2 3 V3 3 3

where the choice of the arguments of the partial derivatives is inspired by the kinematic condition as written
in (24). Including this form in the formulation (21) yields the following problem: given u(®), for each
n=0,...,N—1, find (u®® pr+1)) c Vh(nﬂ) X P,S"H) such that, for all (v,7) € Vh(n) X P}(l")7
1
E(u("ﬂ),V)Q(wn + a(n+1)(u(n+1)7v) + b("+1)(v,p("+1)) _ b("+1)(u("+1), ™)
+ CXLL‘Z})(U(”), NAREGE RS S Séﬂ+1)(v(n)’ u™ u D) v D) (36)

n 1
+ oAt Sé +1)(V("H),v) = E(u(”),v)mm + FO (),
In this formulation, the term (35) is weighted by At, whence it is asymptotically consistent, for At — 0.
Moreover, we introduced the parameter « so that the new problem (36) reduces to the former, non-stabilized

problem (21), when « = 0.
At this point, we can restate the balance (27) as follows:

Theorem 2. Let (u™,p™) n=0,...,N be the solution of the discrete problem (36), and let V™) n =
0,...,N be the domain velocity deriving from problem (24). Then, the following balance holds:

n+2 n+1 n+1 n
C-u("“)—v( ) — pntl) _}C( ) — ) _/ <;|u("+1)|2u(")-u—g-xu(”ﬂ)-l/)
3p

- At Al
_ R+ ﬁ /Q(n) ") 6 Ay ey — u™P (37)
— e = (1= ey — el + B +aAP T o O(Ar),
where )
<I>(sn+1) =3 /Nn“) yylug(ulagv("ﬂ) — 1/381v("+1))3,

1 1 1 1 .
and 5§n+ )75§”;;l,5597}+62pl,¢£z; ) are defined as in Thm. 1.
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ProoF. Considering the expression (35) of Sﬁ”) and the explicit kinematic condition v(™v3 = u™ - v on
'™ we can see that choosing u(®*1) as a test function in 51£"+1) yields

. 1 (n+1) , (n+1) | 2
SUHD (D) )y = = /( )71/32 (1/183u Yot V)
T n+1

2 Vs 1%

1

2
7/ ’yz/g (Vlé)gv("JrD — 1/3811)(”“)) .
2 Jrin+n

Thence, if we take v = u(®*1) in (36), like we did in the proof of Thm. 1, and we collect all the free-surface
terms on the same side, the following expression appears:

At 2
/ vdiv pu™ Y 4 a—/ yvi <V183v(”+1) — Vg@lv("Jrl)) . (38)
(n+1) 2 T(n+1)

\F("+2) |,|p(n+1) |
At

Eventually, subtracting (38) from the discrete time derivative of the free surface measure,

multiplied by v, we can employ Cor. 1 — with ¢ = 1 — to obtain the thesis.

O
The present result shows that setting v = 1 in (36) implies the substitution of the spurious, instabilizing
term 5%"2;21 with new terms, in the balance. Employing Cor. 1 — with ¢ = 1 — we can also notice that 5{?;1&

is order one in time, while the new terms are higher order. We will see in Sec. 6.2.2 that such a modification

of the scheme is actually very effective, since much larger time steps can be employed, for a = 1, avoiding
(n+1)

the numerical oscillation that the term er. |

would generate.

First Law of Thermodynamics and stabilization. The aptness of the proposed stabilization term
can be motivated further in terms of the ability of the numerical scheme to reproduce the First Law of
Thermodynamics, at the discrete level. Looking at the definitions (10) and (16) of the potential energy and
the total power, we can see that the free surface appears in the First Law of Thermodynamics (13) only
through the time derivative of its measure, in a term that, thanks to (8b), can be written as

D; (~|T)) :/'ydinV.
r

(n+2)|_p(n+1)
In the discrete total power at the left-hand side of (37), this terms appears as 7%, and the

right-hand side thus contains

‘F(n+2) | _ |F(n+1) |
v _

Al /m | VO adr sV v (39)

which equals (1 — a)e%’?;?l + a[At2<I>gL+1) + O(A#?)] after the application of Cor. 1. In expression (39), the
first term is the first-order approximation of the time derivative of v|I'| from the right, whereas the second one
is the exact value of such a derivative, as the domain map A, 41,42 is linear in time for ¢ € [t D) ¢ (nt2)],
Therefore, in the case o = 0, this discrepancy gives rise to the spurious power 5?;:;2' When we switch on

the stabilization by setting o = 1, instead, we are correcting the approximation of the time derivative by
means of At5§"+1)(V(”+1), V(D) Indeed, comparing (35) with the Taylor expansion of Cor. 1, we notice
that we are actually adding 7%’52 times the second derivative of the measure of |F(”+1)|, which is exactly
the correction that we need in order to get a higher approximation order of the time derivative of v|T("*+1|.
Thence, we can say that introducing the stabilizing form Sénﬂ) makes the numerical scheme more closely
related to the continuous problem.
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| 2.081-1072 Pas radius 46-107* m
) 1115 kg/m? initial height | 4.6-107* m
v | 436-107° N/m Ni, N3 32,32

Ié] 66 m/s At 1-1075 s
05 69.8° Cs 0.4

Table 1: Reference physical and numerical settings for Sec. 6.1.

6. Numerical results

In this section, we present some results obtained by means of the numerical scheme described and
discussed in the previous sections. In particular, we adopt an explicit treatment of the domain motion,
expressed by the choice (25) in the kinematic condition. The software implementation is based on the C++
DOLFIN interface of the FEniCS project [36, 37]. We are going to consider two different settings, in order to
show the properties of the code and the numerical scheme itself, and to inspect the role of the different terms
appearing in Thm. 1-2. Both these settings pertain to an axisymmetric 3D domain, whence we practically
solve the equation — in cylindrical coordinates — in the computational domain considered in Sec. 5 and
depicted in Fig. 2. In this geometry, the contact line is represented by a single point, therefore, we will be
able to talk about the evolution of OT" in terms of its height and vertical velocity, which are going to be
denoted by Z¢, and vep,, respectively.

6.1. Sloshing in a capillary basin

This section is devoted to inspecting the dependence of the model on the space and time discretization.
Moreover, we are going to study how the mass conservation properties of the scheme and the effect of the
wall friction coefficient 8 are affected by the discretization. Throughout this section, we will present results
for the unstabilized scheme, namely for « = 0 in (36), but the same conclusions (not reported here) can be
drawn for @ = 1. Indeed, in this test case, we are going to employ sufficiently small time steps, so that the
stabilization term introduced in Sec. 5.1 is not necessary, and we can focus on other features of the numerical
scheme: we postpone the numerical assessment of our stabilization and of its effectiveness to Sec. 6.2.2.

For simplicity, in this section we set an impervious wall at the boundary ¥, and being it distant from
the free surface, we can impose no-slip boundary conditions

u=0 on X, (40)

instead of imposing the stress ¢ as in the previous sections. The case with X, open will be the subject of
Sec. 6.2.

We start with an illustrative simulation, whose physical and numerical settings are collected in Tab. 1,
where Np, N3 denote the number of elements in the radial and axial direction, respectively. In Fig. 3 we
display the evolution of the domain and the fluid velocity and pressure. The enforcement of the generalized
Navier boundary condition sets a Dirac delta force at the contact line, pulling the domain upwards. Incom-
pressibility and surface tension, then, interact with this singular load, until the equilibrium configuration of
Fig. 3c is reached, with the current contact angle 6 assuming the static value 6.

Since in the current framework mass exchange between the fluid and the environment should be prevented
(cf. (40)), an interesting point to study is mass conservation. In Fig. 4a, the time evolution of the 2D
computational domain area is plotted in order to display the conservation properties of the scheme. We
shall recall that the ALE formulation (18) of the problem is in its non-conservative form, and moreover,
the incompressibility constraint is not strongly enforced, due to the pressure stabilization introduced for the
Pl — Pl FE choice.

Another characteristic feature of the flow at hand is the presence of the contact line JOI'; thus, for the
rest of the section we focus on the contact line position Z¢p, and velocity ver. Concerning their overall time
evolution, from Fig. 4b we can see an exponential convergence towards the equilibrium level, at which the
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Figure 4: Time evolution of global properties.

domain halts, and the final height is determined by the formation of the meniscus induced by the contact
angle 6.

After the illustration of the general evolution of the system under inspection, now we want to investigate
the influence of the discretization on the numerical solution. Concerning time discretization, the discussion
on the stability of the scheme (cf. Sec. 5) has pointed out that there might be an upper bound for the time
step At. This is due to the explicit treatment of the geometry (cf. (25)), whence conditional stability takes
place even though implicit Euler is employed in the approximation of the fluid velocity time derivative.
Indeed, performing numerical experiments we noticed that the time step has to be reduced if finer meshes
are considered, in order to prevent the simulation from blowing up. Aiming at having a quantitative insight
on the relation between the accuracy of the solution and the time step, we performed the simulation for
different values of At, and we compared the final values of the contact line height (denoted by Zg7 ) and
the transient values attained at t = 0.006s (denoted by Zcr). Employing Richardson extrapolation [38],

we can compute the guesses ZgoL,ch of the exact values of Zg"L,ZCL, respectively, and then draw the

convergence plots for the relative errors E> = |22, fngOL\/ZgoL, E=|Zcr—Zcrl/Zcr, wrt. At. A mesh
with N7 = N3 = 16 elements in each direction is fine enough to obtain such convergence plots, reported
in Fig. 5. We can see a linear order with respect to the time step, for both the final configuration and the
transient. Anyway, in all the cases, the errors are so small that drawing the plots of Fig. 4b for the different
values of At would result in having practically overlapping lines. For this reason, we decide not to report
those plots.

Now, we turn towards the investigation of the effects of space discretization. As one can see in advance,
by comparing the convergence plots of Fig. 5 with those of Fig. 7, the error due to time discretization is
smaller than the one introduced by space discretization, in particular for the transient values. Hence we are
going to fix At = 5-107%s for the rest of the present section, while different space refinement strategies are
going to be examined. At first, we consider a uniform space refinement, that is we perform the simulation
on a sequence of meshes where the number N; of elements along the radial direction z; (cf. Fig. 2) and
the number N3 of elements along the axial direction z3 are held equal. The time evolutions of Z¢oy, for
different discretization levels are reported in Fig. 6a. We can see that the mesh has a major effect on the
characteristic time of the transient: finer meshes cause a faster achievement of the equilibrium state. This
suggests that the mesh has an actual effect on the physics governing the phenomenon. In order to further
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Figure 5: Convergence plots for Z¢y, w.r.t. time discretization.

inspect this issue, we can turn back to the model equations (3): all the quantities and parameters of the
model have a precise and uniquely defined physical meaning, except for the friction coefficient S. This
observation was done also in [4], where an adimensional, mesh-independent parameter x was introduced,
related to the friction coefficient by 8 = ﬁ, where hg is the discretization step in the axial direction.
Therefore, we may look for the same relationship also in our scheme, holding x constant while refining along
the sole axial direction. The results of such an anisotropic refinement strategy, where we held N; = 32 fixed,
are reported in Fig. 6b: indeed, scaling § with 1/h3 makes the different evolution plots shown therein very
similar to one another. For completeness, we also checked that the effective friction coefficient § is unrelated
to the radial discretization step. In Fig. 6¢, we report the results for a sequence of meshes with different
numbers Ny of radial elements, but with N3 and hence 8 held fixed. Indeed, an essential independence of
the contact line evolution w.r.t. IVy is evident. After these considerations, we can take into account uniform
refinements once again, this time with a proper correction of the friction coefficient, in order to validate
the scaling introduced for the friction coefficient (cf. Fig. 6d). Indeed, differently from Fig. 6a, the results
reported in Fig. 6d show that the physics governing the phenomenon is substantially independent of the
mesh, when f is properly scaled.

Analogously to the case of time discretization, also convergence w.r.t. the space discretization has been
studied. Fig. 7 shows the convergence plots of Z&7 and Z o1, towards their Richardson extrapolations, in the
case of the uniform refinement of Fig. 6d. In Fig. 7a we can see a quadratic convergence for the numerical
error £, whilst in Fig. 7b a sublinear order is observed for the error E. This discrepancy can be related
to the fact that Z2 is physically prescribed by the contact angle 65, thus independently of 3, whereas the
transient values are affected by the choice of the friction coefficient. Therefore, the adopted scaling of 5 may
not be sufficient to completely remove the modeling error, that seems to spoil the convergence behavior of
E.
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6.2. Filling of a capillary pipe

In this section, we want to continue the validation of our numerical scheme, through the comparison
with the experimental results reported in [4]. To this aim, a proper calibration of the friction coefficient 3
will be addressed. Moreover, we are going to inspect the role of the terms in the balances (27) and (37),
including the effects of the stabilization term of the form Sl(f"), defined in (35). In order to highlight the
role of such a stabilization term, at first (Sec. 6.2.1) we present the results that can be obtained without it,
namely with « = 0 in (36); afterwards (Sec. 6.2.2), we discuss the benefits of its introduction. The physical
and numerical settings of the simulations are collected in Tab. 2.

6.2.1. Results without the stabilization term St

In order to give a qualitative description of the fluid evolution, Fig. 8 displays the configuration of the
domain section at different time steps, together with the fluid velocity and pressure fields, for the parameters
set reported in Tab. 2. As one can see, in the present settings, the fluid column is pulled upwards at the
contact line JI", due to the current contact angle 6 being larger than the static value 6, while the gravity field
opposes to this motion. During the evolution, the domain stretches significantly in the vertical direction:
this is why we employed a number N3 of axial elements that is larger than N;. Eventually, the static
configuration is approached without oscillations, due to the high value of 3.

As already pointed out in Sec. 6.1, the friction coefficient is not rigorously defined in terms of the physical
properties of the system at hand, and hence the first issue we address is the calibration of 3, in order to adjust
the model to the physical phenomenon that we want to simulate. In Fig. 9, we report the different histories

1072 .
p 208 11215 Ea/smg radius 46-100% m
' 4.36-107° Ng/m initial height | 4.6 - 1074 m
g . 66 m/s Ny, N3 16, 80
0 69.8° At 2-107% s
I¢|=¢-es | 4511072 m?/s? Cs 0.4

Table 2: Physical and numerical settings for Sec. 6.2.
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of the contact line height and velocity for very different values of the friction coefficient. As anticipated,
a monotonic rise of the capillary height occurs if the friction is strong, whereas low values of 8 allow the
system to oscillate around the equilibrium configuration, before achieving it. We were able to simulate very
different evolutions, making § vary in a very wide range, thence we can state that our scheme is robust
w.r.t. strong variations in this parameter.

Now, we move on and compare the numerical results with experimental data. Concerning the equilibrium
state of the system, the results of Fig. 9 show that the final configuration is independent of the friction
coefficient. This is in accordance with the established capillary action identity [21], by which the equilibrium
height is determined in terms of the surface tension coefficients and the action of gravity:

75 = 2y cos O ,
pgr
where r is the radius of the capillary tube, i.e. the horizontal width of our computational domain.

In order to assess the whole time evolution of the system, in Fig. 10 we display the time-plots of the contact
line height and velocity, together with the experimental observations reported in [4]: we can see a rather
good agreement between the two evolutions. © To obtain these results, the index 1/y = Bhs was calibrated,
as anticipated above. The outcome of our calibration is a value y = 0.0095 for the mesh-independent friction
parameter, that is quite close to the value y = 0.015 employed in [4], though not completely matching it.
Anyway, this discrepancy does not spoil the validity of the results, since our scheme presents some differences
w.r.t. the one used in the cited work. First, we adopt a single-phase perspective, simulating only the liquid
phase, whereas in [4] also the equations for the air are explicitly solved. Therefore, our parameters also
condense the contributions of the gas lying above the free surface. Furthermore, a different discretization
technique is employed in the cited work, and we already saw in the previous section that the discretization
has a strong impact on the actual value of the friction coefficient.

So far, we have analyzed the overall dynamics of the numerical solution, focusing on the evolution of the
contact line. Now we want to inspect the contributions of the various terms appearing in the balance (27),
in order to understand their effects on the system. Looking at the plots of Fig. 11a-11b, it can be noticed
that the main physical quantities involved in the phenomenon have comparable magnitudes. Therefore, we
can infer that the physical considerations made during the derivation of the model (Sec. 3) were free of
redundant attention to negligible quantities.

7One can notice a slight disagreement in the velocity, in the time span (0.5s, 1s). However, this non-smooth segment of the
experimental data is quite probably affected by noise: indeed, it is not fitted by the numerical method in [4] either, where the
data are taken from.
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Focusing on Fig. 11b, we can observe that the purely numerical terms stemming from the implicit Euler
method and the pressure stabilization are actually always positive, thus they have a dissipative effect, as
expected. Anyway, such artificial contributions are quite negligible w.r.t. the overall dissipation function
R+ thus they do not alter the evolution of the actual phenomenon.

A deeper comment is due on the behavior of the spurious terms, displayed in Fig. 11c. Regarding
"D _ which in principle has undetermined sign — we see that it occurs to be always positive, in the

expl
present simulation, thus not spawning any instabilizing contribution. Concerning cg4 V€D eapl instead,

they introduce a spurious, instabilizing power into the system, being they positive as foreseen in the remarks
after Thm. 1. Yet, all these terms are at least two order of magnitudes smaller than the main terms discussed
above, and hence they affect only marginally the evolution of the system.

In the results presented so far, we have shown the suitability of our scheme and its robustness w.r.t.
the wall friction coefficient. Nevertheless, the situation can become troublesome if larger time steps are
considered. This topic is going to be addressed in the following section.
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6.2.2. Effects of the stabilization term

So far we have employed a rather small time step (At = 2 - 10~°s), if compared to the physical char-
acteristic time of the evolution we are simulating. Indeed, as one can see from Fig. 12, choosing a larger
time step (At = 4-1075s) is enough to make spurious oscillations appear in the velocity, pressure, and then
in the geometry, after just fifteen time steps. Therefore, aiming at employing larger time steps, we need

to compensate the spurious power introduced by 5§n+1)7 5%”;21. As anticipated in Sec. 5.1, we concentrate

on the stabilization of the free surface term, by adding Sﬁnﬂ) to the formulation, cf. (36). This choice is
justified by the fact that the spurious oscillations displayed in Fig. 12b are mainly located on the free surface
and far from the contact line. Indeed, in Fig. 12c it is possible to observe that the addition of this single
term S§"+1) is sufficient to completely prevent numerical oscillations, even for large time steps.

We can find more evidence of the aptness of our stabilization by looking at how the behavior of the

spurious terms 5§n+1), fﬂn:;p)l, @gg:ll) change for different choices of At, near the stability threshold At =

2-1075. In Fig. 13, we focus on the first part of the time span, before the time ¢t = 0.001s when the oscillations
shown in Fig. 12b become too severe. As it is foreseeable, in the cases with a = 0, all the spurious terms

rapidly increase when larger time steps are chosen. However, the values of 5_5,”“), @iz;rll) shown in Fig. 13c

I of the physically consistent power terms
of Fig. 11a-11b. Hence, their effect on the system is limited. On the contrary, 5?“) achieves much higher
values in the unstabilized cases, becoming the prevailing term in the balance (27). If the stabilization is
switched on by setting o = 1 in (36), instead, this dominance is remarkably deadened (see also (37)). Indeed,
in Fig. 13d we can see that the term <I>(Sn+1), that basically replaces 5§n+1) when « = 1, remains much smaller
than 10!, For the sake of completeness, we point out that also the other spurious terms are brought back
to the values assumed for small time steps, as one can see from Fig. 13e, so no further stabilization terms
are actually needed.

As stated above, the stabilizing effect of Sénﬂ) can be exploited further, considering a time step At =
2 - 1073, that is 100 times larger than the previous stability threshold, saving a significant amount of
computational effort. In Fig. 14 we can see the evolution of the different terms composing the power balance
(37) in such settings. Comparing them with the results of Fig. 11 (obtained with At = 2-107°), practically
no difference can be noticed. Indeed, our stabilization does not substantially modify the equations of the
system, as it can be seen by Fig. 14c, where also the evolution of Sﬁnﬂ) is shown.

Concluding this section, we want to remark that even larger time steps are actually employable without
the onset of spurious oscillations. Nevertheless, choosing At larger than the order of milliseconds yields a

major loss in accuracy, as we cannot correctly capture the fast evolution of the physical system.

remain two orders of magnitude smaller than the order of 10~
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Figure 12: Velocity and pressure fields at t = 6 - 10~%s. Spurious oscillations occur in the unstabilized case (o = 0) if the time

step is not small enough (b).
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34



.10711 '10711

2 T T T 2 T T - .
-- - total W \\ -- - total R
fg ¢-u \ Euler dissipation
b
—bik \ $Ch? e, I19p1%
—_— —D.V \
1 ——— energy flux through ¥; 1 \\

0 e
—1}
| \ | | |
0 1 2 3 4 5
t [s] t [s]
(a) Terms of the total power W (b) Dissipative terms
.10—13
5 T
4 [ —
3 [ —
2 [ —
€g
1H Pg -
Peapl
— Sr(V,V)
0 e~ ! I I
0 1 2 3 4 5 6

t [s]
(c) Spurious terms

Figure 14: Time evolution of the terms in balance (37) with o = 1, At = 2-1073s.

35



7. Conclusions

In the present paper, we studied a free surface problem with moving contact line for an incompressible
flow inside a capillary tube. The equations governing the phenomenon, namely Navier-Stokes equations
with surface tension and wall friction, have been derived from the variational Principle of minimum reduced
dissipation [20]. Such a derivation was carried out in both the cases without and with mass exchange with
the environment, having both of them autonomous interest in the applications; the latter was an original
extension by the authors. As a result, a physical justification of the generalized Navier boundary conditions,
connecting the wall friction to the imposition of a contact angle, was given, without resorting to microscopic
considerations.

Then, the stabilized P; — Py FEM discretization of the differential problem was introduced, in the Arbi-
trary Lagrangian-Eulerian framework, and the stability of the resulting scheme was analyzed. In particular,
we investigated the ability of the numerical scheme to reproduce the First Law of Thermodynamics at the
discrete level. Some purely numerical terms were isolated in the power balance of the discrete First Law,
and their dissipative or instabilizing nature was determined. Then, we focused on the introduction of a
novel asymptotically consistent term, aiming at correcting the discrete approximation of the surface tension
power, and consequently damping the spurious instabilities that such an approximation introduces in the
numerical method.

The scheme was assessed by means of different numerical tests. The mass conservation properties and
the robustness of the method w.r.t. variations of physical parameters were verified. Particular attention has
been paid to the wall friction coefficient and to its strong connection with the discretization parameters. The
suitability of the scheme was further confirmed by the comparison with experimental results. Finally, the
numerical tests demonstrated the effectiveness of the novel stabilization term in damping spurious oscillations
and allowing the use of much greater time steps, yielding to significant savings in the computational effort.
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