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Abstract

In this work, we present a comprehensive theoretical analysis for Virtual Element discretizations of in-
compressible non-Newtonian flows governed by the Carreau-Yasuda constitutive law, in the shear-thickening
regime (r > 2) including both degenerate (6 = 0) and non-degenerate (6 > 0) cases. The proposed Virtual El-
ement method features two distinguishing advantages: the construction of an exactly divergence-free discrete
velocity field and compatibility with general polygonal meshes. The analysis presented in this work extends
the results of [5], where only shear-thinning behavior (1 < r < 2) was considered. Indeed, the theoretical
analysis of the shear-thickening setting requires several novel analytical tools, including: an infsup stability
analysis of the discrete velocity-pressure coupling in non-Hilbertian norms, a stabilization term specifically
designed to address the nonlinear structure as the exponent » > 2; and the introduction of a suitable discrete
norm tailored to the underlying nonlinear constitutive relation. Numerical results demonstrate the practical
performance of the proposed formulation.

1 Introduction

Numerous applications, such as polymer processing, additive manufacturing, material deposition, concen-
trated suspensions, and high-shear biological fluids, as well as various materials science problems, involve
fluids that exhibit non-Newtonian behavior. A nonlinear relation between the strain rate and the shear stress
characterizes this behavior. A paradigmatic example is the Carreau-Yasuda model, introduced in [58], where
the relation between the shear stress o (-, €) and the strain rate € is given by

o(€) = u(-) (6% + el T e,

for u, @, 6 and the power-law index r to be specified later on. The Carreau-Yasuda model is a generalization
of the Carreau model, which corresponds to the choice @ = 2. The Carreau-Yasuda model models both
shear-thinning (pseudo-plastic) behavior for 1 < r < 2 and shear-thickening (dilatant) behavior for r > 2.
When r = 2, the model reduces to the standard Newtonian fluid case. The case 6 = 0 corresponds to the
classical power-law model. From a mathematical and numerical analysis perspective, the shear-thickening
regime presents distinct challenges, because the value of the power-law index (r > 2) and the possible

*paola.antonietti @ polimi.it
lourenco.beirao @unimib.it
“michele.botti @polimi.it
Sandre harnist @utc. fr
Igiuseppe.vacca@uniba.it
Tmarco.verani @polimi.it


mailto:paola.antonietti@polimi.it
mailto:lourenco.beirao@unimib.it
mailto:michele.botti@polimi.it
mailto:andre.harnist@utc.fr
mailto:giuseppe.vacca@uniba.it
mailto:marco.verani@polimi.it

presence of the degenerate case ¢ = 0 lead to a significantly different mathematical structure. Indeed, in such
cases, designing robust discretization schemes and deriving stability and a priori estimates are particularly
challenging.

Numerical methods for non-Newtonian flows have a long history, beginning with the seminal work of
[8], which proposed a Finite Element approximation of a non-Newtonian flow model governed by either the
Carreau or the power-law model. Still in the Finite Element framework, sharp error estimates were subse-
quently established in [53, 10, 9]. In particular, the pioneering studies [10] and [9] derived (in some cases,
optimal) velocity and pressure error bounds in appropriate quasi-norms for models incorporating Carreau
or power-law models. We also refer to, e.g., [20, 43, 47, 45] for more recent contributions. In practical
applications, computational domains often exhibit complex geometric features, necessitating discretization
schemes that efficiently accommodate flexible, possibly adapted, grids. Consequently, discretization meth-
ods that can support general polyhedral meshes have been recently investigated, including Virtual Element
Methods (VEM) for non-Newtonian incompressible fluids in the shear-thinning regime (1 < r < 2), see [5],
discontinuous Galerkin [51] and hybridizable discontinuous Galerkin [41] methods, and Hybrid High-Order
schemes for non-Newtonian fluids governed by the Stokes equations [25] and Navier-Stokes equations with
nonlinear convection in [30].

In this work, we focus on the Virtual Element method, originally introduced in [19] for second-order
elliptic problems and subsequently generalized to a broad class of differential problems. In the context of
fluid flow problems, a key advantage of VEM is its ability to construct divergence-free discrete velocity
spaces on general polygonal or polyhedral meshes, thereby eliminating the need for ad hoc stabilization and
ensuring mass conservation. For this reason, over the past decade, VEM has been extensively developed
for approximating Newtonian fluid flow problems. In [7], a novel stream-function-based VEM formula-
tion for the Stokes problem, relying on a suitably designed stream function space that characterizes the
divergence-free subspace of the discrete velocity field, has been proposed and analyzed. Divergence-free
virtual elements have been introduced in [15]. Further developments for the Stokes problem can be found
in [29, 27, 13, 31, 48, 23, 14, 22]; see also [37, 12], where arbitrary-order pressure-robust VEMs have
been investigated. The Virtual Element discretization of the Navier—Stokes equations was first studied in
[16] and further investigated in [39, 18, 1, 40]; we also refer to [28, 2, 50], for quasi-Newtonian Stokes
flows. Recently, Virtual Element approximations to the coupled Navier-Stokes and heat equations have been
analyzed in [4, 17]. Moreover, least-squares Virtual Element discretizations of the Stokes and Navier-Stokes
systems have recently been analyzed in [49] and [57], respectively. For a comprehensive review of recent
advances in VEM, we refer to the monograph [6].

In this paper, we analyze a Virtual Element discretization for steady incompressible non-Newtonian flow
governed by the Carreau-Yasuda constitutive law, explicitly addressing the shear-thickening range (» > 2) and
both the degenerate (6 = 0) and non-degenerate (6 > 0) cases. To the best of the authors’ knowledge, previous
WU a priori estimates on polytopal methods for non-Newtonian flow have focused on the shear-thinning
(pseudoplastic) regime, with the exception of the results in [25], where a Hybrid High Order discretization
of non-Newtonian fluids with r € (1, 00) is studied, leading to velocity and pressure error bounds of order
%, being k the polynomial order of the discretization. Notice that here we get a similar dependence of r
in the convergence order. However, we provide a better convergence order (2k/r) of the W' error norm
under more regularity of the flux contribution. The Virtual Element formulation is based on employing the
divergence-free Virtual Element spaces introduced in [15, 16] and we focus on the extension of the stability
and convergence analysis in the case r > 2 and, possibly, 6 = 0, addressing thereby the theoretical analysis
not covered in [5], where only the shear thinning regimes was considered. The proposed method offers
two principal advantages: it accommodates general polygonal meshes and leads to a discrete velocity field
that is exactly divergence-free. We point out that, the mathematical analysis of the shear-thickening range
r > 2 and the degenerate case d = 0 presented in this work requires several novel technical contributions,
including the establishment of inf-sup stability of the discrete velocity-pressure coupling in non-Hilbertian
norms and the introduction of a stabilization term tailored to the distinct analytical structure that arises when
the exponent crosses the threshold = 2. Furthermore, we note that, in the presence of non convex-elements
E, the definition of the aforementioned Virtual Elements does not guarantee that the local spaces are in
the natural Sobolev space W'" (E) for large values of 7. As a consequence, and in order to include in our
analysis all type of polygonal meshes, we evaluate the stability and the error of the scheme in a discrete norm.
Whenever the elements are convex, the standard norm is immediately recovered. We prove that if » > 2, and
the underlying solution is sufficiently smooth, the order of convergence of the velocity and the pressure is



rkj for 6 > 0. In the non-degenerate case, i.e. 6 > 0, we show that the order of convergence is % To the
authors’ best knowledge, this is the first result for a polytopal discretization of non-Newtonian flows in the
degenerate power-law/shear-thickening regime.

The remainder of the manuscript is organized as follows. In Section 2, after introducing the notation
used throughout the paper, we present the weak formulation of the continuous problem and discuss its well-
posedness. Section 3 describes the proposed divergence-free Virtual Element discretization and presents the
well-posedness analysis. The a priori error analysis is detailed in Section 4. Section 5 reports numerical
experiments illustrating the method’s performance. Finally, Section 6 contains a summary of the obtained
results and some concluding remarks.

2 Model problem

In this section, we introduce the notation used throughout the paper, present the model problem, and discuss
its well-posedness.

The vector spaces considered hereafter are over R. We denote by R the set of non-negative real numbers.
Given a vector space V with norm || - ||y, the notation V’ denotes its dual space and y-(:, )y the duality
between V and V’. The notation v - w and v X w designates the scalar and vector products of two vectors
v,w € R4 and |v| denotes the Euclidean norm of v in R¢. The inner product in R?*? is defined for
T, peR¥byr:g:= Z;{jzl 7;,;1i,; and the induced norm is given by |7| = 7 : 7.

Let Q c R denote a bounded, connected, polyhedral open set with Lipschitz boundary dQ and let n be
the outward unit normal to Q. To simplify the exposition, we restrict the presentation to the two-dimensional
case, i.e., d = 2, but the analysis remains valid in the three-dimensional case d = 3 as well, with minor
technical differences. We denote with x = (x1, x;) the independent variable. We assume that the boundary
is partitioned into two disjoint subsets dQ = I'p U I'y, with [['p| > 0, such that a Dirichlet condition is
given on I'p and a Neumann condition on ' .

Throughout the article, spaces of functions, vector fields, and tensor fields, defined over any X C Q are
denoted by italic capitals, boldface Roman capitals, and special Roman capitals, respectively. The subscript
s denotes a space of symmetric tensor fields. For example, L?(X), L?(X), and L2(X) denote the spaces of
square-integrable functions, vector fields, and symmetric tensor fields, respectively. The notation W™ (X),
form > 0 and r € [1,+oo], with the convention that WO (X) = L"(X), and W"-2(X) = H™(X), designates
the classical Sobolev spaces. The trace map is denoted by y : W' (Q) — Wiz (0Q). Finally, given
I' c 0Q, we denote by Wé’r () the subspace of W' (Q) spanned by functions having zero trace on I'. The

.
symbol V denotes the gradient for scalar functions, while V, €(+) = %VT('), and V- denote the gradient, the

symmetric gradient operator, and the divergence operator, respectively, whereas V- denotes the vector-valued
divergence operator for tensor fields.

We consider the creeping flow of a non-Newtonian fluid occupying €2 and subjected to a volumetric force
f:Q — R and a traction g : I'y — R¢ described by the non-linear Stokes equations

-V-o(,e(u)+Vp=f in Q,
Vu=0 in Q,
o(,e(w))n—-pn=g onIly, M
u=0 onlp,

where # : Q — R? and p : Q@ — R denote the velocity field and the pressure field, respectively. Non-
homogeneous Dirichlet conditions can be considered in place of (1) up to minor modifications.

In this work, we consider the Carreau—Yasuda model, introduced in [58], as a reference model for the
non-linear shear stress-strain rate relation, i.e.,

o (x, €(v)) = p(x) (5% + €(v)|*) T €(v), )

where p @ Q — [pu_, uy], with 0 < - < puy < o0, @ € (0,00), and § > 0 and r € [2,0). The Carreau—
Yasuda law is a generalization of the Carreau model corresponding to the case @ = 2. The case 6 = 0
corresponds to the classical power-law model. The stress-strain law (2) satisfies the following assumption:



Assumption 1. The shear stress-strain rate law o : Q x R¥?¢ — R*4 appearing in (1) is a Caratheodory
function satisfying o (-,0) = 0 and for a fixed r € [2,00) there exist real numbers § € [0,+oc0) and
¢, 0 € (0, +00) such that the following conditions hold:

lo(x, ) —o(x,n)| <o (6" +]|7|" + |n|’)r772 T —nl, (Holder continuity) (3a)
(ocx,t)—ox,n):(t-10) =0 (& +|7|" + Inlr)r';'2 |t —75|?, (strong monotonicity) (3b)
for almost every x € Q and all T, € R%*,
The constants o, 0, > 0 in (3) for the Carreau-Yasuda model (2) satisfy

—(1-1V°_q] (o2
o = pp(r - 1)2(%_%)63“_2) and oy, = —#_12[ a 1]( 21 ,
r—

where ¢9 := max (0, £) and £€° := —min(0, &) for all £ € R (cf. [25]). Finally, for further use, we adopt
the short-hand notation a < b to denote the inequality a < Cb, for a constant C > 0 that may depend on
Oc, O, 0 (or related parameters) in Assumption 1 and r, but is independent of the discretization parameters.
The obvious extensions a > b and a =~ b hold.

2.1 Weak formulation

In this section, we provide the variational formulation of (1). For r € (1, o), we introduce the conjugate
index defined as r’ = rrj and recall Korn’s first inequality (see, e.g., [32, Theorem 1.2] and [42, Theorem

1]): there is Cx > 0 depending only on Q and r such that for all v € W(l)’lfD (Q),

IVllwir gy < Ckll€®)llLr(@)- 4)

Letr € [2, o) be the Sobolev exponent dictated by the non-linear stress-strain law characterizing problem
(1) and satisfying Assumption 1. We define the velocity and pressure spaces incorporating the boundary
condition on I'p and the zero-average constraint in the case I'p = 9Q, respectively:

L7 (Q) if |ITp| < |09

U=w"" (Q P=3", ,
orp (Y {Lg (@) ={geL"(Q) : [,q=0} iflp=0Q.

Assuming f € L" (Q) and g € L ('), the weak form of (1) reads: Find (u, p) € U x P such that

a(u,v)+b(v,p)=/f'v+/ g-v Vv eU,
Q Tn

®)
-b(u,q) =0 Vq € P,
where a : UxU — Rand b : U x P — R are defined for all v,w € U and all ¢ € L" (Q) by
atw) = [(oCen) et g == [T ©)

Introducing the subset Z = {v € U s.t. V- = 0} c U corresponding to the kernel of b(,-),
problem (5) can be formulated in the equivalent kernel form: Find u € Z such that

cz(u,v):/gj"~11+/F g-v YWweZ. @)

2.2  Well-posedness

In this section, we report the properties of the functions a(-,-) and b(-, -) defined in (6) and we prove the
well-posedness of (5).

Lemma 1 (Continuity and monotonicity of a). For allu,v,w € U, setting e = u — w, it holds

r=2

la(u,v) = a(w,v)] < 0 (8 + lullyy 1 o) + 1915y ig) ™ el lwir gy (8)

a(u,e) —a(w,e) x onlle|l (8b)

,
whr(Q)”



Proof. We follow the lines of [25, Lemma 7.3]. Letu,v,w € U andsete =u —w.
(i) Hélder continuity. Recalling the Holder continuity property (3a) and using the generalized Holder
inequality with exponents (rrTZ’ r,r), we have

la(u,v) —a(w,v)| < /Q|[0'(',€(u)) —o(,e(w))]:ev)
r2 9)

<o ( /Q 5f+|e<u>|r+|e<w>|’) lelly 1 (g IVl gy -

(ii) Strong monotonicity. First, we observe that for all T, € R%*“ the triangle inequality implies 2!~" |7 —
n|" < |r|" +|n|". Thus, since 6 > 0 and r > 2,

r=2
r

O +lel"+ )7 = (27 e —al) "z el (10)

Using Korn’s inequality (4) together with (3b) and the inequality in (10), we obtain
Tmllell i o < Ck| | onle@-w)"| s [ oule@) - e(w)l*|e(u) — e(w)|"
W@ Q Q

< /Q (6" +|e@)|” +[ew)") T T (o (-, () — (-, €(w))) : €(u —w)

S a(u,e)—a(w,e).
]
The following result is needed to infer the existence of a unique pressure p € P solving problem (5) from
the well-posedness of problem (7). For its proof, we refer to [24, Theorem 1].

Lemma 2 (Inf-sup condition). For any r € [2, o) there exists a positive constant 3(r) such that the bilinear
form b(-,-) defined in (6) satisfies
b
inf  sup . q) > B(r) > 0. (11)
4€P U\ {0} ||51||Lr’(g) ”w”Wl»"(Q)

We are now ready to establish the well-posedness of problem (5).

Proposition 3 (Well-posedness). For any r € [2,0), there exists a unique solution (u,p) € U X P to
problem (5) satisfying the a priori estimates

1
r-1

_ 1
”u”Wl.r(Q) S o (”f”Lr'(Q) + ”g”L"(FN)) > (12a)

”f”Lr’(g) + “g”L"(FN)

Om

1
=)
o .
”p”LV’(Q) s (1 + 0_;) (”f”LV’(Q) + ”g”L’/(FN)) +0¢0 2 ( ) . (12b)

Proof. We focus here on the a priori bounds (12a) and (12b), while for the uniqueness and existence we
refer to [11, 21]. Owing to (8b) with w = 0, taking v = u in (7), and using the Holder inequality together
with the continuity of the trace map, one has

omllulliyi, o Sa@u)= | fu+ [ g-y@) S \Ifllpr i +1&l iy ) 1w g
whr(Q) o T (Q) (T'n) (Q)
N

From the previous bound, the velocity estimate in (12a) follows. Concerning the estimate of the pressure
field: owing to the inf-sup condition (11) and equation (5), it is inferred that

b , f.V+ Ng.v_a(u’v)
B plre < sip 2P - ot v+ |

veU\{0} ||V||W1sr(g) - veU\{0} ||V||W17r(g)

Applying the Holder inequality, the continuity of a in (8a) with w = 0, and the a priori estimate of the
velocity (12a), we obtain
ﬁ

1P < 1 oy + 18l gy + 0 (67 + Nl s ) ™ el

1
Jc r=2 _ﬁ r-1
s(1+0_—m)(||f||L~(Q)+||g||L.~'<rN))+aca o (Il o+ gl )



3 Virtual Element method

In the present section, we initially review divergence-free Virtual Elements of general order [15, 16].
Afterterwards, we design the computable forms and formulate the discrete problem that approximates the
nonlinear equation (5), finally establishing its well-posedness.

3.1 Mesh and discrete spaces

Let {Q;}, be a sequence of decompositions of the domain Q ¢ R? into general polytopal elements. For
each E € Qy,, we denote with iy the diameter, with |E| the area, with xg = (xg,1,xE2) the centroid and we
set h = supgcq, he. We suppose that {Q,}, fulfills the following assumption.

Assumption 2. (Mesh assumptions). There exists a positive constant p such that for any E € {Qp},
* F is star-shaped with respect to a ball Bg of radius > p hg;
 any edge e of E has length > p hg.

Given w C Q and n € N, we denote by P, (w) the set of polynomials on w of degree less or equal to
n, with the convention that P_;(w) = {0}. A natural basis for the space P, (FE) is the set of normalized
monomials M, (E) = {ma, with @ = (a1, a2) € N? such that |a| < n} , Where

2 @; 2
Xi = XE,i
ma:n _— and |a|=Za,-.
hg
i=1

i=1

For any e edge of Qy, let £, and n, denote the tangent and the normal vectors to the edge e respectively.
Moreover, the normalized monomial set M, (e) is defined analogously as the span of all one-dimensional
normalized monomials of degree up to n. For any m < n, we denote with

@,1\m(E) = span {mq, with m+1 < |a| <n} .

For any E € Qy,, the L>-projection HQ’E : L>(E) — P,(E) is defined such that
/qn(v— Hg’EV)dE:O forall v e L*(E) and g¢,, € P,,(E), (13)
E

with obvious extension H(,),’E : L*(E) — [P,(E)]¢ and II(,)!’E : L2(E) — [P, (E)]%*¢ for vector and tensor
functions, respectively. Moreover, the elliptic projection 5 W2(E) = Pu(E) is given by

/ Vg, - Vv -VEV)dE =0 forallv e W'?(E) and g, € P, (E),
E
/ (v—- HZ’Ev)ds =0

OE

with extension for vector fields I, ' : WH2(E) — [P, (E)]“.
We also recall the following useful results:

» Trace inequality with scaling [26]: For any E € Qj, and for any function v € W' (E) it holds
VI com) S BE VI iy + 1 I9VIG ) - (14)

* Polynomial inverse estimate [26, Theorem 4.5.11]: Let 1 < ¢g,£ < oo and let s > 0, then for any

EeQ
h 2/q-2/t-s
IlpnllwsaE)y S Iy

pnllree)  forany p, € Py(E). (15)
At the global level, givenn € N, m € Ry, and [ € [1,+00), we introduce the piecewise regular spaces
¢ P(Qn) ={qg e L*(Q) st g|lg €P,(E) forallE € Q},
e Wh(Q) ={veLH(Q) st v|geW™HE) forall E € Q},

equipped with the broken norm and seminorm

[ .
W lymiayy = D0 Wlymiceys Wy = Dy Wlymis - if1<1<oo. (16)

EeQ E€Qy



Further we define the operator I1% : L?(Q) — P, () such that 11|z = H?,’E for any E € Q.
Let k > 1 be the polynomial order of the method. We consider on each polygonal element E € €, the
“enhanced” virtual space [3, 15, 16, 56]:

Uy(E) = {vh € [CY(E)]* s.t. (i) Av, + Vs € x* Py (E), forsome s € Li(E),

(ii) V-vp € Pry(E),

17
(l‘ii) Vhle " Me € Pmax{2,k}(€) > Vhle Lo € Pk(e) Ve € OE, an

(iv) n =T E vy, x* pro)E =0 Vpioy € @(kl)\(ky(E)},

where x* = (x, —x;). Next, we summarize the main properties of the space Uy, (E).

(P1) Polynomial inclusion: [Py (E)]> C U, (E);
(P2) Degrees of freedom: the following linear operators Dy constitute a set of DoFs for Uy, (E):

Dy 1 the values of v, at the vertexes of the polygon E,
Dy 2 the edge moments of v, for every edge e € JE,

1
— /vh ~temg ds, for any m, € My_s(e),
lel Je
1
ﬁ /vh “ReM g ds for any mq € Mmax(2,k}-2(e) ,
€ e
Dy 3 the moments of vy,
1 My
— [ vp-—(x2—x2.5,—Xx1 +x1 ) dE for any mqy € My _3(E),
|E| JE hg

Dy4 the moments of V-vy,

hg

E / (V-vy) mg dE for any my, € Myg_;(E) with |a| > 0;
E

(P3) Polynomial projections: the DoFs Dy allow us to compute the following linear operators:

5 Un(E) - [P(E)]?, TYE: VUL(E) > [Prot (E)]P2.

The global velocity space Uy, = {v;, € C°(Q) s.t. vulg € Uy(E) forall E € Qp} is defined by
gluing the local spaces with the obvious associated sets of global DoFs.
The discrete pressure space Pj, is given by the piecewise polynomial functions of degree k — 1:

Pn={qn€eP st qn|E € Pr_1(E) forall E € Q}. (18)

The couple of spaces (U, Pj) is well known to be inf-sup stable in the classical Hilbertian setting [15, 16].
The inf-sup stability for » > 2 is proven below (Lemma 8). Let us introduce the discrete kernel

Z,={vpeUy, st bvyqn) =0 forallgy, e P} (19)

and observe that, owing to (i) in (17) and (18), V-v;, =0, for all v, € Zj,.

Given any v € WP (E), with p € (1,00) and s € Ry, s > 2/p, we define its approximant v; € U}, as the
unique function in Uy, that interpolates v with respect to the DoF set Dy . It is easy to check that, whenever
V.v =0, thenv; € Z;,. Furthermore, the following approximation property is a trivial generalization of the
results in [52].

Lemmad. Let E € QyneN, (e [l,], s € R, andv € WS (E). Then
lv — H?;Evlwm,z(E) < h%‘mlvlws,z(E) forO<m<s<n+l1.
Furthermore, givenv € WS2(E), s > 1, let v; € Uy, be the interpolant of v defined above. It holds
v =vilyme g S h%_m|v|ws,2(E) forl<s<k+1, me{0,1}.

The first bound above extends identically to the scalar and tensor-valued cases.



Remark 5. We must note that, by known regularity results on Lipschitz domains, definition (17) guarantees
U,(E) ¢ WH(E) for all r € (1,00) only if the polygonal element E is convex [33, 46] or has a small
Lipschitz constant [38]. Otherwise, if d =2 and r > 4 or d = 3 and r > 3, such inclusion does not hold
(see, e.g., [44, 54]). This is the reason why, in the following analysis, we make use of discrete norms (see
definition (27) below). Additionally, assuming that all the mesh elements are convex, the a priori estimates
established in Section 4 below imply error bounds with respect to standard W' -norms (see Corollary 20
below).

3.2 Discrete problem

To formulate the VEM approximation of (5), we aim to construct a discrete version of the nonlinear form
a(-,-) in (6) and the approximation of the loading term f. For the latter, we define the discrete volumetric
force as

fr=T0F, (20)

owing to the fact that (f},, v;) is computable by property (P3). The discrete nonlinear form ay, (-, -) is given
as the sum of a consistency term and a stabilizing form that is suited for the non-linearity under consideration.
Following [5], we consider a non-linear dofi-dofi stabilization S(-,-): Uy X U, — R defined as

SWn,wp) = Z SE(wu,wy)  forall vy, wy, € Up, 1)
EcQy

with SE(-,-): U, (E) x U, (E) — R resembling the nonlinear law in (2), i.e.

SE (v wi) = Tig; (6% + hELx 0m)|®) T x(on) - x (W) (22)

where y = Hg’E wand y: Up(E) — RVNE, with Ng denoting the dimension of Uy, (E), is the function that
associates to each v;, € U, (E) the vector of the local degrees of freedom in (P2). We remark that, according
to the strong monotonicity and Holder continuity of the Carreau—Yasuda law, any choice of @ € (0, o) in
(22) give rise to an equivalent stabilization, in the sense that

=2 — r -r r =2
He (87 + R xOw) 7 IxOn)l s SE@nvn) s g (67 +he xOnl") ™ x(n)l*. (23)

Thus, we define the global form a : Uy, X Uj, — R such that
ap(vp,wp) = / 0'(~,l'[2_16(vh)) : Hg_le(wh) +S(( —Hg)vh, (I- Hg)wh) Yvp,wpeUy,. (24
Q

We observe that, owing to property (P3), all projection operators appearing above are computable explicitly
in terms of the velocity DOFs.
The virtual element discretization of Problem (5) is given by: Find (uy,, py) € Uy X Py, such that

ap(Wp,vp) +b(vy, pn) = / Shnva +/ g Vh vy € Up,
o) Tn (25)

b(up,qn) =0 VYqn € Pp.

Recalling the definition of the discrete kernel Zj;, in (19), the previous problem can also be written in the
kernel formulation: Find u; € Z; such that

ah(uh,vh)=/gfh'vh+/ g Vh Vv € Zy . (26)

I'nv

3.3 Well-posedness

This section aims to establish the well-posedness of the discrete problem (25). To do so, first we prove the
inf-sup stability of the bilinear form b (-, -) and then we investigate the continuity and monotonicity properties
of a h ( ‘ ) .

We define, for all v € W' (Q) U U, with r € [2, o), the discrete quantity:

I = IM_ eIl g + Y B3 L (1 =T)w)[". @7)
EecQy



Note that, owing to Lemma 7 below, || - ||, defines a norm on Uj. In Section 4, we will measure the
discretization error with respect to the quantity

w5, = I05_ eI} ) + S(U = TI)w, (I - TI)v), (28)

which is not a norm since absolute homogeneity does not hold due to the dependence on ¢ of the stabilization
term. However, for all 6 > 0 and r > 2, the error measure in (28) controls the discrete norm. This is
established in the next Lemma.

Lemma 6. Given § > 0, the discrete norm defined in (27), and the error measure as in (28), the following
inequalities hold:

r=2 2
Wil < vllsr < @+ Mvll-) = lvily (29)
Proof. The first inequality in (29) is a direct consequence of the definition of the stabilization function (22)

and the fact that r > 2. To prove the second inequality, we set v+ = (I — Hg)v, use the equivalence property
(23), recall that h% = |E|, and apply the discrete (=5, 5)-Holder inequality, to infer

p

St s D +h ) T P

EEQh
-r r =2 —-r ry2
< D (EI +RE x9N 7 (g Ly (97
EcQp
—r r =2 —r 2 r—
< (1Ql6" + Z hg Ix(vH17) 7 (Z hE I xH)INF < 6+ vl Ivil
EcQy EcQy
Moreover, owing to § > 0 and r > 2, one also has ||H2_16(v)||£,(9) <@+l vIA O

3.3.1 Discrete inf-sup condition

We here prove a discrete inf-sup condition analogous to the continuous one. The difference with respect to
the analogous condition proved in [5] is that here we make use of the discrete norm in (27).
We recall the following Lemma established in [52] (see also [5, Lemmas 8, 9]).

Lemma 7. Let the mesh regularity in Assumption 2 hold. For any E € Qp we have
Walwiaey S XIS Walyieg,  forallvy € Up(E) st T v, =0.

Lemma 8 (Discrete inf-sup). Let the mesh regularity assumptions stated in Assumption 2 hold. Then, for
any r € [2, o) it exists a constant 3(r), such that

b b
inf sup (W, qn)

— 2 > B(r) > 0.
an<Pu wyev, Ignllp @ lwnll

Proof. The proof is a modification of that of Lemma 16 in [5]; to shorten the exposition, we refer here
directly to the notation and derivations in that article. We consider the same Fortin operator IT” introduced
in the lemma above. The only difference in the present proof is that when showing the continuity of 17
from W' (Q) into Uy, the latter space is equipped with the || - ||, norm instead of the W!" norm.

Let now w € Wb” (Q). First, by definition of the stabilization form and some trivial algebra, then
combining a standard inverse estimate for polynomials with the continuity of the Hg_ , operator and recalling
Lemma 7, we obtain

7wl = > (1T eI, ) + b3 Lx (- IO wl")
EeQy

s 30 (1@ W) )+ 10 =TI Wl )
EEQ;,

Using the continuity of Hg, the “local” continuity of I1” in W'-? (see for instance Lemma 16 in [5]) and a
Holder inequality we get

F o I 2= 177 F vy |7 2-r r r
7wl < > W I Wl € D B W0 S D) Wl o)
EcQy EeQy EecQy

where wg is the union of all elements sharing at least a vertex with E. The above bound shows the required
continuity for the IT” operator. O



3.3.2 Properties of the stabilization
We establish the continuity and monotonicity of the local stabilization form.

Lemma 9 (Holder continuity and strong monotonicity of S¥(-,-)). Let the mesh regularity assumptions
stated in Assumption 2 hold. Let uy, wy, € Uy (E) and set e, = uy, — wy. Then, for all vy, € Uy, (E), there
holds

L,z
ISE un,vi) = SEwnvi)l < (6" +hg I x @)l + g Ixwi)l") ™ |x(en)l x(vi)l. (30)
Moreover, there holds
SE(un, en) = S" (wn, en) 2 ¥ (en, en) 2 hy "I x(en)l". 31

Proof. (i) Holder continuity. Recalling the definition of SE (-, -) in (22) and employing (3a), bound (30) is
derived as follows

|SE (i, vi) = S (Wi, vi)l
< [0+ B @)™ g () = (67 + T e w1 )T xw)| Lx n)]
S (0" +hg I x(un)l” + hi’l/\/(w;z)lr)%—2 Lx(en)l x(vi)l.
(ii) Strong monotonicity. We recall the strong monotonicity bound stating that, for all x,y € R", it holds

r=2 r=2 r=2
=y P+ Bl + )T {67+ ) Fx = (67 + 3D Ty (- ). (32)

Inserting 6% > 0, and using a triangle inequality together with the fact that (x + y)* < x* + y+ for all
x,y € [0, ), and employing (32) with x = y(uy), y = x(wy), and recalling the definition of S¥(-,-) in
(22) we infer
2—r r 2/ca - ay =2 E
he "I x(en)|” < |x(en)” (6% + hg™ | x(en)|”) = = S™(en, en)
—r r -r =2
< x(en) (6" + by | x up)|” + g I x(wp)")

< (67 + M@l ™) % x(n) = (5 + h L )| T x(wn)) - x(en) >
< SE(up,en) = SE(wn, en).
]
Next, we prove the following result that be useful in the sequel.
Proposition 10. For all u,, wy, € Uy,
1S(@n wa)l < (6 +Sun,wn) T S(un,wn) 1S (wi wi)7 (34)

Proof. Employing the discrete 3-terms (rZTr, 2, r)-Holder inequality together with h% ~ |E|, also recalling
(31), we obtain

IS(un, wn)l
T =r r =2
S 0+ e @i)l) T Lxn) Ly (wn)]
EeQp
2 or 2—-r r =2 r -r r =2 2y 1 2—-r ryL
= Z (ho” +hy "I xu)l") 7 ((6" + h x (@n)l”) ™ Ix(un))2 (hg "I x(wa)l")"
EEQ],
52 2 v
r=2
<> (|E|6’+hé-’|x(uh>|’)) (Z (6" + h e a)l’) ™ Ly ()2 (Z h%gwx(wh)r)
EeQp EeQp EeQp
r=2 1 1
S (6" +S(up,up)) ™ S(up, up)2S(wp,wp)7 .
(35)
O

10



3.3.3 Properties of the discrete viscous term

Hinging on the results of the previous section, we establish the continuity and monotonicity properties of
the discrete viscous function ay (-, ).

Proposition 11 (Holder continuity and strong monotonicity of ay(-,-)). Let up, w, € Uy and set e, =
up —wy € Uy. Then for any vy, € Uy, there holds

r=2
lan(@n,vi) = anWn,vi)l < (6" + llunlly +Mwrlly) ™ lenll-lvell,. (36)

Moreover, it holds
an(un,en) —an(wn,en) 2 llenll’s,, 2 llenlly. (37)

Proof. For the sake of conciseness, for all v, € Uy, we let vy, = (I — Hz)vh.
(i) Holder continuity. Recalling the definition of ay, (-, ) in (24) we can write

lan(un,vi) —an(Wn,vp)| < |Ti| +|T2] (38)
where
T [ (e ) ~ o1 €)Y en)
T, = S(uj,vy) = S(wy,vi).

Following the lines of (9) and recalling the definition of the discrete norm in (27) it is inferred that

T < /g (IO () — o (.10 e(wn))) : IO e(v)]

g
r r | 39
< ( /Q & + M0 _ e(up) + 0 ew)"| 1M e(en))llr @I e lr@ O

L_z
S (1Q16" + llunlly + Mwslly) = lenll-lvall,-

Then, applying (30) together with a discrete Holder inequality with exponents (55,7, 7), we infer

Bl s Y ISE(up.vi) - SE(wivh)]

EeQy
r=2 1 1
S ( (e Il + h?lx(ﬁ)l’)) ( > hzgw)((ei)r) ( > h?{’l)((vt)lr)
EecQy EecQy EcQy
r=2
< (1Q16" + lunlly + Mwnllz) = Nenllrlvall-,
(40)
where we used the fact that h% =~ |E|. The proof follows inserting (39) and (40) in (38).
(ii) Strong monotonicity. Recalling (3b) and using the inequality in (10), we get
1 eCen) ) < [ (04 T s = wi)l) 2 ey = )
< [ @O ) = (I em) : I e
Moreover, from the first inequality in (31) it is readily inferred that
S(ey.er) < S(uy,e;) — S(wi,e)
The assertion follows by summing the previous bounds, recalling the definition of the || - || 5,--norm and
using (29). O

3.3.4 Main results
We are now ready to prove the well-posedness of the discrete Virtual Element problem (25).

Theorem 12 (Existence and uniqueness). For any r € [2, o), there exists a unique solution uy, € Zj, to the
discrete problem (26).

11



Proof. (i) Existence. Let the mesh Qj, be fixed. We equip the space Zj, with the (-, -)y1.2-inner product and
induced norm || - ||W1,2(Q). Owing to the equivalence of norms in finite-dimensional spaces, we have

Wil < Callvall,, @)

with the positive constant Cj, depending on the mesh size h. We also define the nonlinear function
@, : Z;, — Zj, such that

(®r(vi). Whwi2q) = an(Vh,Wn), YV Vn,wp € Zy.
The strong monotonicity of ay, (-, -) established in Lemma 11 together with (41) leads to, for any v, € Zj,,

(@r (Vi) Vw2 . v ll- -1

h

. -1
lim valli™ — oo

1m = T
Walwizg=  lIvallwizg) Wi llwizg= = IVallwiz g vhllyy 1,20y —

By applying [34, Theorem 3.3], the previous result shows that the operator ®;, is onto. As a result, there
exists uy, € Zy such that ®,(uy,) = z,, with z;, € Zj, defined such that

(zh,wh)Wl,z(Q) =/fh-wh+/ g -wy Yw, € Zy,.
Q FN
Thanks to the definition of ®y,, this implies that uj, is a solution to the discrete problem (26).
(ii) Uniqueness. Letuy 1,up 2 € Zj solve (26). Subtracting (26) for uj, » from (26) for uj, ; and then taking
vy =up1 — Wy as test function, we obtain
ap(up,1,up) —upp) —ap(Up2,up —upp) = 0.

Hence, using again the strong monotonicity of ap(-,-) with e, = up,1 —up 2, we get |lup1 —up2|l- =0,
that implies up, 1 = up 2. O

The next result is derived by using the discrete inf-sup condition established in Lemma 8 and the
equivalence of the discrete problems (25) and (26).

Corollary 13 (Well-posedness of (25)). Foranyr € [2, ), there exists a unique solution (uy, pn) € Up XPp,
to the discrete problem (25).

Remark 14 (Stability estimates). A priori estimates for the unique discrete velocity and pressure fields
(up, pn) solving problem (25) can be obtained by reasoning as in the proof of Proposition 3. The estimate

—
Bl < (10 ) + 1€l )

hinges on the monotonicity property in Proposition 11; whereas the estimate for the discrete pressure field
follows from the inf-sup condition in Lemma 8 and again Proposition 11 and reads

1
= —
”thLr'(Q) S (”fh”Lr'(Q) + ”g”L"(FN)) +6" 2 (”fh”Lr’(Q> + ||g||er(1-N)) .

4 A priori error analysis

This section is devoted to the a priori error analysis.

4.1 Additional properties of the stress-strain law

We recall some important results regarding the stress-strain relation that are instrumental for the a priori
analysis of the scheme. We mainly follow [21, Section 3] and [43, Section 2]. For r > 2, we introduce, with

a > 0, the shifted functions ¢, (1) = /Ot(a +5)" 25 ds. The following Lemma provides important properties
of the shifted functions ¢,. We refer the reader to [35, Lemmata 28-32] and [36, Corollary 26] for the
detailed proof.

Lemma 15 (Young type inequalities). Let r > 2. For all & > 0 there exists Cc > 0 only depending on r
such that for all s,t,a > 0and all T,n € R4 there holds

5@y (1) + 19y (5) < £@a(s) + Cepalt), (42a)
‘Pa+|~r\(f) < 590a+|r]\(|7'_’7|) +C590a+|r]|(t)- (42b)

12



Proof. In the following we only sketch the proof that C. does not depend on a, thanks to [35, Lemmata
28-32] and [36, Corollary 26]. We define

A(pq) =min{a > 0: ¢a(21) < apy(r) Vi eRG}, (43a)

A{¢ar ¢, }) = max(A(ea). Aley))s (43b)

where ¢;, is the Fenchel conjugate of ¢, i.e., (¢;)"(¢, (1)) =t for all € R{. Now, we only need to show

that A({¢4, ¢, }) is bounded independently of a. We have for all # € R,

2t t t
0a(2t) = (a+s)2sds = 4/ (a+2s) 2sds < 2" / (a+s)2sds =2"¢,(1) (44)
0 0 0

s0 A(p,) < 2". Moreover, using the fact that ¢/, (2) = (a +2t)" 722t > 2(a +1)" "%t = 2¢/,(t), we obtain,
0a' (295" (20)) = 20, (¢} (1)) = 2t, 80 2¢% (1) > ¢k (2t), thus 2¢ (1) > %th(Zt) by integrating, hence,
@5 (21) < 4¢7 () and we obtain A(g},) < 4. Therefore,

A({ga, pa}) < max(2",4) =2". (45)

]

The next result showing the equivalence of several quantities is strictly related to the continuity and
monotonicity assumptions given in Assumption 1. The proofs of the next lemma can be found in [43,
Section 2.3]. The lemma here below applies to any (scalar or tensor valued) function o which satisfies

Assumption 1. In the following, with a slight abuse of notation, we will apply such lemma both to the
constitutive law ¢ but also to the auxiliary scalar function o (1) = (6 + |7])" 7.

Lemma 16. Let o satisfy (3) for r € [2,0) and § > 0. Then, uniformly for all T, € R4 and all v,w € U
there hold

o (1) = ool = @+ Izl + ) 7 -l = ¢, (1T -1, (46a)

(@) —oCm): (t-n) =@ +|tl+n) It - 11> = gser (T - 7). (46b)

where the hidden constants only depend on o, oy, in Assumption 1 and on r.

4.2 A priori error estimate: velocity

We start by a simple lemma; the proof is perhaps different from expected since U, (E) ¢ W'2(E) but
Uy(E) ¢ whr (E) for non-convex elements E and large r, see Remark 5.

Lemma 17. Let the mesh regularity in Assumption 2 hold. Let E € Qp and r € [2,0]. Letv € W' (E),
1 <s < k+1,andv; € Uy denote the interpolant of v previously introduced. Then it holds
le) =T E el ) < by lwer &) - @7)
(=T < B Il (48)
Proof. We start by some trivial manipulation and afterwards apply the first bound in Lemma 4 together with
the polynomial inverse estimate (15), obtaining
le) ~TE Dl &) < le() ~TE el 5 + I e = vl gy
< W Wlwser ey + 1EMT2IIE € = vl 2 -

We conclude the proof of the first bound by the L?(E) continuity of Hg’ﬁ,

Lemma 4 and finally a Holder inequality on the element:

the interpolation estimates in

0,E s— - s—
le) =I5 e llLr &) < g lwse ) + 1EM 205 wlyse
< g lwsr i) -

In order to deal with the second bound, we first apply Lemma 7, then some obvious manipulations, finally
Lemma 4 and an inverse estimate for polynomials. We obtain

Ix (- Hg)w)l S| - Hg)vl|wlv2(5) <lv- VI|W1:2(E) +[(I - Hg)v|wly2(5) + |H2(V - VI)|W112(E)

s— - 0,E
S B sz +hE T2 0 = vl 2 ) -

13



We now recall the L>(E) continuity of H%E , again Lemma 4 and a Holder inequality:

_ -2
X =T < by Whyse gy s By lwsr ) -

Moreover, we state the following interpolation lemma.

Lemma 18. Let the mesh regularity in Assumption 2 hold. Letv € W>" (Qp,), with1 < s < k+1landr > 2.
Let vy € Uy, denote the interpolant of v previously introduced. Then it holds

e —urlly, < (6 +h ulwsr @) BVl q,)- (49)

Proof. The proof will be presented briefly, since it essentially makes use of techniques already developed in
previous results of this contribution. Let now e; = u —u; and, as usual, eIL =(- Hg)e 1. By definition we
have

lesWy,, = 10 erllyr o, + S(et.ef) = Ty +T.

The first term on the right-hand side is easily bounded by the triangle inequality, polynomial approximation
estimates and Lemma 17, obtaining
Tl < hr(Sil) |u|";‘/.s,r Q) *

By definition of the stabilization form, first by a trivial manipulation, then by a discrete (%, r’Tz)-Hblder
inequality, we write (recall |E| =~ h%)

T~ ) (5+hg Lx(e)) Ly (el
EeQy

= > s+l x e 2 x(ep)l)?
EcQy (50)
_ r=2 _ 2
S (D) B8+ Ix(eP)) T (D HE (el
EeQy, EeQ,
_ r=2 _ 2
< (674 DL HE (D) T (D B Ix(ep)N)

EcQ EcQy

We now apply Lemma 7 and approximation properties for polynomials

_ r=2 _ 2
Tg (6" + > hpletliy i) 7 (D) M lerliags)”
EeQ, EeQ

2-rar (s-1) =2 2=rr (s=1) ;
< (67 + Z P ] (P I Z b s )
EeQp EecQy

(s-1) = (s=1) 7
< (@ + 3 Wl ) T bl )7
EeQy EeQy

S (6 +H ulwsr ) 2 (1 ulwsr @) -
The proof is concluded trivially by combining the bounds above. O

We now present the main result of this section (see also the important Remark 25).

Theorem 19. Let u be the solution of problem (7) and let uy, be the solution of problem (26). Assume that
u € Whrbr(Qy), o (-, e(u)) € Wer'(Qp), f € WoLr'(Qy) for some positive integers ki, ky, k3 < k.
Let the mesh regularity assumptions stated in Assumption 2 hold. Then, we have

ky+2 1

s =2 2k 2 L. e
bt~ wnllo.r < (6+ "R +Re) 7 h R + hTTRIT + b7 TR eh

where the regularity terms are

Ry = |u|Wk1+1J‘(Qh) s Ry = |0'(', 6(u))|Wk2,r’(Qh) , (52)
R; = |f|Wk3+l»r'(Qh) P R4 = ”6(u)|lLr(Qh) .
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Proof. Weseté, =uj, —uy,and as usual, vt = (I - Hg)v for any v € L?(Q). First, by a triangle inequality
and Lemma 18 (with s = k1 + 1), we have

=2 2 2
e = wnlls,r <l —urlls, +0€xlls,r < (5 +RR)T AT R] +WExlo,r - (53)

Since &), € Zj,, manipulating (26) and (1) and recalling (24) we have

an(n &) — an(ur.€y) = /Q (V-0 (o e() = f) - €n— an(ur.én) + ()

= [ (otoetw) een) ~ o ewn) : 1 jel€) - Swh e+ (£ - £.6) O

=T+ +T;.

We next estimate each term on the right-hand side above. In the following C will denote a generic
positive constant independent of / that may change at each occurrence, whereas the positive parameter 6
adopted in (58) and (65) will be specified later.

e Estimate of 7. Employing the definition of L2-projection (13) we have

T = /Q(U("E(u)) -1 (-, 1Y_€e(ur))) : e(£y)

/Q (1 =M )or(-e())) = (1= T )e(€p))

(55)
o [ (e o) 1Y eléy)
. 7A L TB
=T +T].
We now recall the standard polynomial interpolation result
(7 = TE) o (- @)l g2y < g™ o (o €())lgionr () - (56)
Furthermore, combining Lemma 7 with the first line of equation (33), it is easy to check
1_1 1
le@Ellp2 ey < |EIZ77SE (&5 €57 - (57)
The term Tl“‘ can be bounded as follows
TA = 0,E ) 0,E
- 3 [ (=)o Cew) : (- el
EcQy E
< Z II(1 - Hg’_ﬁ)o(-,e(u))HLz(E)H(l - l'[g’_El)e(fh)HLz(E) (Cauchy-Schwarz ineq.)
EecQy
<C Z he o (- @)yt ) l€ED N 2 (Cont of IV'E & (56))
EEQ;,
1L 11 1 , . .
<C Y HETNET (. e@) i gy [EIFTSE (65 E6)F (. r)-Holder ineq. & (57))
EecQy,
< Lhkzr/kr(- e)|” + g—rS(fl F9) ((r’, r)-Young ineq.)
= rler, ) sz,r’(gh) 2}" h*Sh/» ) g q (58)

where we used the fact that |E |% ~ hg. Employing (46a), we obtain
1< 3 [ loe) - o (I el e
EcQy

’ 0,E _ 0,E
< 0 L (T ) = e I 81

EcQp

Employing (42a) we get that for every & > 0, there exists a positive constant C. such that

B 0,E 0,E
1< 3 [ ot MA@+ Co D [ 0ty (M elwr) = e

EeQy, EecQy
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Using (46b) we obtain (with y denoting the associated uniform hidden constant)
TP < ye(o(,1y_ €(up)) — o (- 1y_ e(u), I}_ €(,))

+Co ) /E<5+ I e(ur) | + le()]) " e(u) - ) E e(up)I .

EcQyp

Notice that the constant C . depends only on o, o, 7, and £. With respect to &, it may depend on the degree
k and the domain Q. However, given our mesh assumptions, it is independent of the particular mesh or mesh
element within the family {€2;,},. Using an (-=, 5)-Holder inequality since r > 2, from the last equation
we get

TP <ye(o( M)_e(un) - o (1) _ e(ur)), I} (&)

L,z
$Co D (EI + I @Dl g + @)L, ) lle@) =10 e(unZ, g -
EeQy

which, making use of Lemma 17 and taking € = % becomes (using a discrete (555, 5)-Holder inequality)

1P < S (Y ewn) — (T elarr)), Y. €(£,)

2k =2, 0 >9)
+CHH(1QI8" +[|e@)IIL g,) 7 1y syerr g -
Combining (58) and (59) in (55) we infer
1
T < 5(0'('»1_[2_16(‘%)) - o (T _e(uy)), M)_ e(£,))
2k r=2 2 C for’ ’ 9" (60)
+Ch 1(6r + RZ)TRI + Wh 2r RS + mehl”g,r .
e Estimate of 7. Recalling definitions (21) and (22), with some trivial algebra we obtain
Ty=- Y SEui. &)< Y. ChE(She + Ly @D x @l x (€Dl
EcQy Ee€Qy
Employing (46a) in Lemma 16 to the scalar function o (1) = (6hg + |7|)" 27 (hence 17 = 0) we have
T <C ) g Oy (X@DD X EDI
EecQy
Employing (42a) we get that for every & > 0 there exists a positive constant C. such that
T <e Z hjzg_r‘PahEHX(u;)|(|X(§ﬁ)|) +Cy Z h,zg_rsﬁahgﬂx(u;n(|X(uf)|) .
EeQy, EeQ,
We now use (46b) and, denoting with y the hidden constant, we infer
T, < gy Z hy " (She + 1 x )|+ x @) | x €D
o 2 L 2 12 A, 72 61)
+Co Y b (She + X)) Py ()P =T + T3
EeQy

Employing (33) (cf. proof of Lemma 9) with u;, = u,t and wy, = uj and recalling definition (21) we obtain

T <eCy D (S5 (uj. &) — S" (uf . €1)) = eCy(S(ujy, &) - S(up, €7)) - (62)
EecQy

Reasoning as in (50) and employing Lemma 17 we can easily derive
TE < M1 (5 +h Ry RE. (63)

Combining (62) and (63) in (61) and taking € = ﬁ we infer

1
T, < E(S(u;,g;) — S(uy, &5) + CH* 1 (5 + BN R)) 2R3 . (64)
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e Estimate of 75. With analogous arguments to those in (58) we infer

Ty = / MEf-f) & (def. (20) & def. (13))
EcQp

<C Z h?|f|wk3+l.l(E)hE|X(§i)| (same reasoning as in (58))
EecQy

<C Z hk‘|E| | lypsrir gy hg SE(fh ._f;‘h)’ ((r’, r)-Holder ineq. & Lemma 9) (65)
EEQh

< & puar Vi Q—VS(gl &) (E|* = hg & (', r)Young ineq.)

= ,Hr/ Wk3+l r’ (Qn) h°*Sh = NnE ’ g q.
C

< ,Hr,h(k“z)’ R + —||I§h s,

Plugging the estimates in (60), (64) and (65) in (54) and recalling definition (24) we obtain

1
E(ah(uh,fh) —ap(us,€y)) < CK* (5 + " Ry + Ry) R} + T C_phar Ry
(66)
o N —|||fh I
We now write with (37) that
1 ~
5(an(un. &) —an(ur.§,)) 2 Clgxlls,,- (67)
Combining (66) and (67) and taking 6 = (%)1/ " we obtain:
I, 05, < 21 (8 + hM Ry + Ry) 72 RY + W0 Ry + n s+ RE (68)
The proof follows by (53) together with the previous bound. O

According to Remark 5, if in addition to Assumption 2 we assume that all the mesh elements are
convex, we can state the error estimate with respect to the standard W'"-norm. Indeed, in this case, due
to the elliptic regularity results established in [46] together with Sobolev embeddings, we have U, (E) C
W22(E) ¢ WV (E) for all E € Qy and r € [2,00), which combined with the global continuity of Uy,
implies Uy, C wlr (€2). Furthermore, in such case our error estimate in Theorem 19, which is expressed in
the || - [|s.- norm, directly translates into equivalent estimates in the classical W!-" () norm.

Corollary 20. Let u be the solution of problem (7) and let uy, be the solution of problem (26). Let all the
mesh elements be convex. Under the regularity assumptions of Theorem 19 and with the regularity terms

defined as in (52), it holds

k3+2 1

lu = upllyrr ) S 6+ Ry +Ra) 7 ks Rr + i er TR R
Proof. We show the proof only briefly. The key step is deriving that
Wil < Wall, Yoy € Us, (69)
which can be shown easily, first by the Korn and triangle inequalities,

vallwir @ < 100 _ el @ + IIA=T9_ ) evn)llLr @)

< MY el @ + 1T =T)valyir g,

and then by definition of || - ||, norm and the stabilizing form, using Lemma 7 and an inverse estimate on
virtual functions. Afterwards, by the triangle inequality and interpolation estimates combined with (69), we
can write

k
lu —unllyir ) < llu—urllyrr g+ llun —urllyirq) s Ch ulyrnr g + llun —urll

The proof then follows from the above bound and (29), combined with Theorem 19. O
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We have also the following Corollary, stating a better bound for the o~ approximation term in Theorem 19,
valid in the ¢ > 0O case.

Corollary 21. Under the same assumptions of Theorem 19, if in addition § > 0, o (-, €(u)) € Wk2(Q,,)
and f € WS*L2(Qy,), it holds

2k3+2) o, 2
0 r

2ky k r=2 2 2y 2-r =2 Sk )
lw —uplls, Sh™ (6+h"Ri+Ry) " Rl +h™= 67 R +h™ 67 Rj, (70)

with new regularity terms

Ry =|o(, f("))|wkz,2(gh) , R3 = |f|wk3+1~2(gh) . (71)

Proof. The proof follows the same steps as that of Theorem 19, the only modification being the bounds for
Tl“‘ and for 75. We start by noting that from definition (22) and Lemma 7 it follows

SEER€0) 2 62 EDP 2 8 1€ Ry o - (72)
Furthermore, standard polynomial interpolation results yield
(=T E) o (-, €@)) 2y < ChE 1o (-, €()) |tz i) - (73)

We now take the steps from (58) but modify the bound for ||€(&;,)l| 12(k) using (72) instead of (57), and
apply (73) instead of (56). We obtain, also using a classical Young inequality,

T < 6@ N R o (- (@) lgan g SE (€5 €)'
EEQ], (74)

C 6"
2— 2k 2 1 el
<o rwh 2|0'('v5(”))|wk2,2(9h) +5S(§h’§h)'

The loading term 73 can be handled by analogous modifications. The rest of the proof then follows as in
Theorem 19. o

4.3 A priori error estimate: pressure

Theorem 22. Let (u, p) be the solution of problem (5) and (uy,, pr) the solution of problem (25). Assume
that u € WAL (Qy), o (-, €(u)) € W' (Qp), f e Wor'(Q), and p € W ' (Qy,), for some ki, ko,
k3, kg < k. Let the mesh regularity in Assumption 2 hold. Then, we have
1P = pallir o) < 12 Rs + HO2Ry + (5 + llu = uplls, + Ra) 2(llu — uplls» + HR)
+ (6" + W5+ RO Ry + Ry) 2R + WP Ry + n DT RY) S (75)
X (h?1(8 + hM Ry + Ry) 2R3 + 17 R + h D7 RY) 2 4 pbeRs,

where the regularity term R1, R, R3, and Ry are defined in (52) and Rs = |p|y x,. @)

Proof. Let p; = Hg_lp € Pr_1(R4) and let p,, = pj, — pr. For the sake of brevity also in this proof we
employ the notation v+ = (I — Hg)v for any v € L?(Q). Employing (5) and (25), recalling the definition of
the form b(-,-) in (6) and combining item (i7) in (17) with the definition of L2-projection, for all w;, € U,
we get
bWn,pn) =—an@n,wn) + (fr.wn) +a(u,wp) = (f,wn) +b(Wn,p — pr)
=—ap(up,wp) +a(u,wp) + (fr, = f.wn)

J (=1 pa ) : (=10 eten + (£ = fown) 6

+/Q (0'(~,H2_le(u)) - 0'(-,6(uh))) (MY e(wy) — S(ui,wi)

- T +T2+T3 + Ty .

In the first identity above, we have taken v = wy as a test function in the continuous weak problem
(5) even if, as observed in Remark 5, w;, € WH2(Q) but w;, ¢ W' (Q). This is possible due to the
additional regularity assumptions on the forcing term f € W' (Q;) c L*(Q) and exact stress field
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o(-,e(m)) € WH'(Q,) c L2(Q). We estimate separately each term in (76). Employing the Holder
inequality with exponents (r’, r) and polynomial approximation properties we infer

T, < Z II(I - HO Do (-, e(u))||Lz(E)||(I l'[0 )e(wh)||Lz(E) (Cauchy—Schwarz ineq.)

EeQy
< O g o e@)) o i) €W 2 (Cont of %" & (56))
EeQy,
ka1 1y L 1_L g, 1 L , .. .
< D BETNEF |0 C, e@)) gy ) |EI 77 SE (Wi, wi) - ((r', r)-Hélder ineq. & (57))
EeQp
1 1 .
< hPlo(, 5(”))|sz.r'(Qh)S(Wﬁ,Wﬁ)7 (|IE|2 = hg & (r’,r)-Young ineq.)
r=2 2
SRy (5 + lwall) ™ lIwally - (apply (29))
(77)
On the other hand,
T = Z / (MYEf—f)-wi (def. (20) & def. (13))
EcQy
< D NAYEF = Pl Willz ey < C Y hE 1 F g g el xwi)] - (same as in (65))
EcQy EeQy
< Z hk’|E| |f|wk3+lr(E)h r SE(wh, ﬁ)% ((r’, r)-Holder ineq. & Lemma 9)
EEQ],
< W2 flyinr g, >S(wt, wi)r (IE|? = hg & (r,r)-Young ineq.)
< WE2R 0+ Iwall) 7 Il (apply (29))
(78)

Employing (3a), the 3-terms (55, r,7)-Holder inequality, the triangle inequality together with the L"-
stability of IT) | we have
IERS /9(5+ ) €(up)| + |e())) T, _ e(up) — €(u))| [T7_ e(wp)]
r=2
< (6" + 1Y e(un)llf, g + el ) 1T €(ae) — )l 1T eOwa) e (@
S (6" + flu —unlls , + IIG(u)IILr(Q)) (e = wnlls + 117 =T9_ ) e(@) e @) Iwall
r=2 r=2 2
(6" + llu = upnlls, + Ry *(le = wnlls.r +H9Ry) S+ Iwall) T Iwnll?

PR (S + wall) T wall?

N

(79)
Using (34) and Lemma 24, we obtain
< (6" +Sut,ub)) T S(ut,ub) S(wi, wiyt
=2 1
< (6" + S(ujy,uy)) S(ui,ul)ZIIIWhlllar &0)
1
(6r +S(uh fh) - S(ul fh) +Rh) = (S(uh fh) - S(ul fh) +Rh)2 Iwnlls,-

< (6" +an(up,€,) —an(ur, &) + Rh)?'2 (an(un, &) —an(ur, &) +Rh)% Iwrlls, .

which, using the bound for (ay, (up,&;,) — an(ur, &;,)) encased in the proof of Theorem 19, check equation
(54), becomes

’ ’ ’ ’ r—. ’ ’ ’ ’ r—. ;
Ty < (6" + R}, + W27 RS + R RIS (Ryy + W' R + kDT REYE (5 + wall,) T wall:

PRy (8 + will) T wall?

(81)

where R, = h*1(6 + h*IR| + R4)""*R?. Employing the discrete inf-sup of Lemma 8, and collecting (77),
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(78), (79), and (81) in (76), we obtain

llonllr (@, < b(Wn, pn)

B(r) wyeun,liwn =1

r=2 2
sup (W Ry + K2Ry 4 Ry + Rog) S+ wall) = Iwallz | B2

wreUp,|lwnll-=1

(hk2R2 + hk3+2R3 +Ryp+ Rz’h)(é + 1)%2 .

A

Now the thesis follows from triangular inequality and standard polynomial approximation properties
P = Prller @ < 1P = Pill ) + lonll @ < B4Rs + lonll @) - (83)
m|

Corollary 23. Under the same assumptions of Theorem 19, if in addition § > 0, o (-, €(u)) € Wk»2(Q,,)
and f € WE+L2(Qy), it holds

2r =~ 2r =~ _
1P = pullr (g, S 1267 Ry+h52677 Ry + (6 + lu —uplls,r + Ra) 7 (llu — uplls.r + HY1 Ry)
+ (6" + h*1(5 + WM Ry + Ry) 2R3 + hz"zéz_Trﬁ% + 2kt 35 ﬁ%)% (34)
x (W16 + KM Ry + Ry) 2R? + h**25°7 R2 + 2R+ 5% R2)7 + h**Rs |
where the regularity terms Ry and Ry are from (52), Ez and I?g from (71), and Rs = |p|Wk4,r’(gh).

Proof. The proof follows the same steps as that of Theorem 22 but applying Corollary 21 instead of
Theorem 19. o

Lemma 24. Under the same assumptions of Theorem 19, let u; € Uy, be the interpolant of u (cf. Lemma 4)
and €, = up —uy, then the following holds

Suy.uy) < S(uj, &r) = S(uy . £;) + B (5 + W R) TRy, (85)
where the regularity term Ry is from (52).

Proof. Let &(x) = (hgd + |x|)"2x for any x € RVE. Then simple computations yield

14

S(ui,uip) = Y by (hed + x @) @il = > hg & Qe(ui) - x ()
EeQ, EeQy

DR (@ () - F (@) - x @)+ > b F () - x(uy)  (86)
EeQy EeQy
T+ T,

In the following C will denote a generic positive constant independent of 4 that may change at each occurrence,
whereas the parameter £ adopted in (88) and (89) will be specified later. Using Lemma 15 and Lemma 16
we infer

T, <C Z h125_r‘702156+|,\/(u;)|(|X(§t)|) |X(u;{)|
E€Qy )

<o )y Cnpsinain (X @D +Co Y M Pnesaipws) (X EDD
EecQy EeQy,

Sye Y WET(hpd+ @) @)+ Co Y HET (hied + x )| + (b)) x (6512,
EeQy EecQy
87)
where in the last line y denotes the uniform hidden positive constant from Lemma 16. Applying a consequent
bound of (33) (from the second row to the last row) yields

Ty < yeS(upup) + Co ) hp" (hed+ x|+ x@ph ™ Ly @
£<, (88)

< yeS(uy . up) +Ce(S(uy, &) — S(uy, €5)) -

20
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Using analogous arguments we have

L <C ) hE ¢ s (X @D Lx ()] (by (46a))
EcQp
<e Y W ens (X @) +Co D My e s(x(up))) (by (422))
EeQ EeQy,
<ye D Wy (hes+ x@n) 2 x @i+ Ce D Ry (hes + x@H) 2 x @ (by (46b)
E€Qy EeQy
<yeS(uy,up)+Ce D W (hed+ x@H) 2y @),
EcQp
(89)

Taking in (88) and (89) € = %, from (86) we obtain

S(uy,uyy) < S(ujy, &) — S(uy. €;) + Z HE " (hied + Ly (i) x (up) 2
EcQy

< S(uy, &) = S(uy, &) + W15+ R 2RY .
where we used the bound (63) of TZB . |

Remark 25 (Orders of convergence). We comment on the orders of convergence of velocity and pressure
under enough regularity, i.e., if k; = ko = k3 = k. Employing Theorem 19 and Corollary 21, for &
asymptotically small and for any r > 2 and § > 0, the order of convergence of the velocity is:

_ valid for o > 0,
-1 r

O(u):min( k %): k
r r—1

" (90)
O(u) = — valid for 6 > 0.
r

In the first bound above we leave the minimum expressed explicitly to shed light on the origin of the leading
order k/(r — 1). Indeed, this order stems from the "o~ approximation" term Tli (cf. proof of Theorem 19 )
and therefore, in many situations, it is expected to dominate the estimate only asymptotically, but possibly
not for practical mesh sizes (see also Section 5). Furthermore note that such “o-approximation term” could
be ameliorated by raising the order of the projection Hg_l appearing in the first addendum (consistency part)
of (24), that is using Hg with £ > k. As a consequence, if o is sufficiently regular, a simple modification of
bound (58) would lead to the more favorable final bound

O(u) = min (ﬂ%) valid for 6 > 0.
r—1 r
The above improvement can be achieved by suitably enhancing the virtual space, resulting in a more
cumbersome computation of the local discrete forms (but not increasing the size of the global system).
For what concerns the pressure, from Theorem 22 and Corollary 23, for 4 asymptotically small and for
any r > 2 and § > 0, the order of convergence of the pressure is:

O(p) = O0(u). (20)

Remark 26 (The role of §). When ¢ is positive but small and comparable to h, the pre-asymptotic error
reduction rate will be the outcome of the competition among the two bounds appearing in (90). In such
cases, although the asymptotic convergence rate will clearly behave as A2K/”, we may experience a slower
pre-asymptotic error reduction rate, more similar to 2%/"~!. More precisely, a careful analysis reveals that
when § is small and comparable to £, the term & = in (70) (and (84)) plays a role in the error reduction rate.
In particular, we obtain for 2 < 1 that the velocity error is bounded by Ch?, with C independent of £, § and

~ max 2k N 2 —rIn(min(é6,1)) &k
v r r In(h) r—1

valid for 6 > 0, 92)

o 2rn(s) _ (5w n(h) _ 5 R -
where weused § + =e'r =e r W) = h v i and we noted that if § > 1 then the other terms

of (70) dominate the estimate, hence the minimum in (92).
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5 Numerical Results

In this section, we present three numerical tests to validate the theoretical results of Theorems 19 and 22 (and
the associated corollaries) for different values of the parameters 6 and r, as well as of the Sobolev regularity
indices k1, k», k3 and k4. To compute the VEM error between the exact solution (uex, pex) and the VEM
solution (uy, pp), we consider the computable error quantities

luwex — upll,
luell,

Vitex — 19 Vuyll1r o)

err(up, ) =

err(u,, W) =

[Vuexllr @ 03
. lpex = pall ©3)
err(ph,Lr ) = CX—L(m s
”pex”LV’(Q)
Mo e(ue)) — o (- TG e(un)|l
err(o,L") = i k-l L@
llo (-, E(uex))“LV'(Q)
We make use of the || - ||, norm, which is bounded by the || - ||5.» norm, in order to have the same error

measure in all tests. Furthermore, note that we also include an error measure on the stress o, although
deriving a theoretical estimate for such a quantity is beyond the scope of the present contribution.

Given a sequence of N + 1 meshes with mesh diameters hg > - -- > hy, and denoting by Ej, any of the
error quantities listed in (93), we define the average experimental order of convergence AEOC as

log(En,, /En,)
AEOC = el
Z log(hn-1/hn)

As a model equation, we consider the Carreau-Yasuda model (2), with @ = 2 (i.e. corresponding to
the Carreau model), 4 = 1. In order to verify the apriori error estimates of Section 4, numerical tests are
performed with the following values of r and 9:

r=2.00, 2.25, 2.50, 3.00, 0=1,0. (94)

In the forthcoming tests, we consider the scheme (25) with k = 2. The nonlinear problem is solved by means
of a two-step Picard-type iteration. First, we solve the problem corresponding to 7, defined as the midpoint
between 2 and r, using as initial guess the solution of the associated linear Stokes problem. Then, the
solution obtained for 7 is employed as the initial iterate for a Picard iteration with exponent . An analogous
strategy was adopted in [5, Section 5.1] for the case r € (1,2]. The domain Q (specified in each test) is
partitioned with the following sequences of polygonal meshes: QUADRILATERAL distorted meshes, RANDOM
Voronoi meshes, and CARTESTAN meshes (see Fig. 1). For the generation of the Voronoi meshes we used
the code Polymesher [55]. We emphasize that, for the families of meshes under consideration, all mesh
elements are convex, therefore, according to Remark 5, the discrete solution satisfies u;, € wlr,

QUADRILATERAL RANDOM CARTESIAN

Figure 1: Example of the adopted polygonal meshes.

5.1 Test 1. Regular solution

In the first test case, we consider Problem (1) with full Dirichlet boundary conditions (i.e. I'p = dQ2) on
the unit square Q = (0, 1)2. The load terms f (depending on r and & in (2)) and the Dirichlet boundary
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conditions are chosen according to the analytical solution

n(Z x
uex(xlsXZ) = _Sln(zﬁl)COS(ZEXZ)

(x1,x2) = —sin[ Zx; | sin( 2 o3
COS(gM)Sin(zxz) ’ Pex(X1,X2) = —smn 2x1 sin| —x3 I

2

The domain Q is partitioned using the family of QUADRILATERAL distorted meshes and the family of RANDOM
meshes. For each mesh family, we consider a mesh sequence with diametersh = 1/4, 1/8, 1/16, 1/32, 1/64.
In Fig. 2 and Fig. 3, we plot the computed error quantities in (93) for the sequences of aforementioned meshes
and parameters r and ¢ as in (94). We observe that for 6 = 1 (left panels of Fig. 2 and Fig. 3), a convergence
rate of order 2 is observed, whereas for § = 0 (left panels of Fig. 2 and Fig. 3), the plot shows the average
experimental orders of convergence AEOC. In order to interpret the results illustrated in Fig. 2 and Fig. 3
with respect to the theoretical estimates established in Section 4, Table 1 reports the expected convergence
orders corresponding to the different sources of error derived in Theorems 19 and 22, specifically the two
terms appearing on the right in equations (53) and (83), respectively (see also Remark 25). In particular,
we report the interpolation errors ue, — u; and pe, — py, as well as the terms £5/"=D and h?*/" appear-
ing in the bounds (68) and (82). To analyze the stress errors err(o, L"), we also show the quantities
llo(-, €(uex)) — (-, €(ur))|l;~ (denoted by ||oex — 01| ~). It can be observed that, for 6 = 1, the inter-

r | e —urlly  Mue—urllwir  lpex = pilly o —oqlr 2/0r=1)  4/r
2.00 2.00 2.00 2.00 2.00 2.00  2.00
2.25 2.00 2.00 2.00 2.00 1.60  1.77
2.50 2.00 2.00 2.00 2.00 1.33  1.60
3.00 2.00 2.00 2.00 2.00 1.0 1.33

Table 1: Test 1. Expected orders of convergence for the terms appearing in the a priori error estimates in
Section 4.

polation errors dominate all the error quantities defined in (93). For ¢ = 0 the results are less pronounced
compared to the case § = 1. Let us analyze the velocity errors in the discrete norm. For r = 2.25 the
averaged rates 1.80 and 1.87 are close to the rate 4/r. For r = 2.50 velocity errors have rates 1.50 and
1.52, which fall between the rates 2/(r — 1) and 4/r. For r = 3.00 we observe rates 1.13 and 0. 85, with
the expected rate 2/(r — 1) nearly attained. Similar rates are observed for the continuous norm. The pressure
errors exhibit in general better rates, lying between 4/r and 2.
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QUADRILATERAL MESHES
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h
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Figure 2: Test 1. Computed errors defined as in (93) as a function of the mesh size (loglog scale), for the mesh
family QUADRILATERAL. Left panel: 6 = 1, right panel: 6 = 0.
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RANDOM MESHES
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Figure 3: Test 1. Computed errors defined as in (93) as a function of the mesh size (log-log scale), for the mesh
family RANDOM. Left panel: § = 1, right panel: 6 = 0.
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5.2 Test 2. Polynomial solution

To further investigate how the different sources of error combine in the error estimates, we consider Prob-
lem (1) on Q = (0, 1)? where the Dirichlet datum and the loading term are chosen in accordance with the
exact solution

x% + x% +3x1+5

Uex (x1,X2) =
ex (x1,%2) “2x1xp —x2 =36+ 7|

Pex(x1,%2) =0.

We notice that ue, € [P(Q)]?> C Uy, hence, by Theorem 19, we have R; = 0. As a consequence the
asymptotically dominant contribution to the error arising from the approximation of o (-, €(ux)) should be
better appreciated (with less or no influence by the other terms). In Fig. 4 we show the error quantities in (93)
(for the pressures we plot the absolute errors) for the sequence of QUADRILATERAL meshes and parameters
rand 6 in (94).

QUADRILATERAL MESHES
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102F 1 102k 1
4 E 4E M’O E
ot e 0%} 080
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5 10°® L0 5
E- ~1=2.00] ER ~1=2.00}
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Figure 4: Test 2. Computed errors defined as in (93) as a function of the mesh size (loglog scale), for the mesh
family QUADRILATERAL. Left panel: 6 = 1, right panel: 6 = 0.
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As expected, for r = 2, we recover the so-called “patch test”, i.e. the discrete solution and the exact
solution coincide up to machine precision. For r > 2 the average experimental order of convergence AEOC of
the err(uy, ||-||,-) is in good agreement with rates predicted by Corollary 21 for § = 1 and Theorem 19 for
6 =0, namely 4/r and 2/(r — 1) respectively (cf. Table 1). The pressure errors exhibit in both cases better
rates.

5.3 Test 3. Singular solution

The purpose of this test is to assess the performance of the method in the presence of solutions with low
Sobolev regularity. To this end, we examine the behavior of the proposed method for the benchmark test

err(up, [|ll-)

r
1/h 2.00 2.25 2.50 3.00
4 7.577256e-04 1.461758e-03 3.500512e-03 1.119863e-02
8 3.772397e-04 8.214921e-04 2.262381e-03 8.787189%e-03
16 1.874426e-04 4.634299e-04 1.468054e-03 6.907361e-03
32 9.308978e-05 2.622244e-04 9.550462e-04 5.434720e-03
AEOC | 1.008326e+00 8.262771e-01 6.246411e-01 3.476817e-01
5 1.00 0.79 0.64 0.44

err(uy, Wh")

r
1/h 2.00 2.25 2.50 3.00
4 7.576044e-04 1.457011e-03 3.487738e-03 1.117410e-02
8 3.772245e-04 8.207718e-04 2.260225e-03 8.782263e-03
16 1.874407e-04 4.633219e-04 1.467695e-03 6.906383e-03
32 9.308954e-05 2.622083e-04 9.549867e-04 5.434526e-03
AEOC | 1.008251e+00 8.247422e-01 6.229130e-01 3.466444e-01
5 \ 1.00 0.79 0.64 0.44

err(ph,Lr/)

r
1/h 2.00 2.25 2.50 3.00
4 1.173547e-01 1.170544e-01 1.238788e-01 1.354350e-01
8 5.832495e-02 5.822885e-02 6.167576e-02 6.752532e-02
16 2.896772e-02 2.892814e-02 3.065185e-02 3.358190e-02
32 1.438465e-02 1.436589e-02 1.522427e-02 1.668436e-02
AEOC 1.009424e+00 1.008820e+00 1.008161e+00 1.007010e+00
lpex — Pill 1.00 1.00 1.00 1.00

Table 2: Test 3. Computed errors err(uy, ||-|l,) (top), err(uy,, W"") (middle), and err(py, L") (bottom) as
in (93) for the mesh family CARTESTAN: § = 1.

introduced in [20, Section 7]. We consider Problem (1) on the square domain Q = (-1, 1)2, where the
forcing term f (depending on r and § in (2)) and the Dirichlet boundary conditions prescribed on dQ are
chosen in accordance with the exact solution

o1 | X2
Uex (x1,%2) = |x[*0 [_xl] , Pex(x1,%2) = =[x|" + ¢, ,

where y = % —1+0.01 and ¢, is s.t. pe is zero averaged. We note that for all r € [2, o)

Uex € WH(Q), (L €(ue) € WHT(Q),  feWHTTM(Q), pee WH(Q),
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therefore, with the notation of Theorem 19 and Theorem 22:

The domain Q is partitioned with a sequence of CARTESIAN meshes with diameterh=1/4,1/8,1/16, 1/32
(see Fig.1). Table 2 presents the computed errors err(uy, ||||,-) (top panel), err(u;,, W'") (middle panel),
and err(py, L”') (bottom panel), cf. (93), and the associated average experimental orders of convergence
AEOQC, for the values of r = 2.00,2.25,2.50,3.00 and 6 = 1. The corresponding results for 6 = 0 are
shown in Table 3. Notice that, according to Theorem 19 and Corollary 20, the expected rate of convergence
for the velocity in both the discrete and continuous norm is 2k /r? Finally, for the error err(o-, L™), linear
convergence is observed.

err(up, [I-lI-)

r
1/h 2.00 2.25 2.50 3.00
4 7.577256e-04 3.757320e-03 1.784934e-02 1.572178e-01
8 3.772397e-04 2.139041e-03 1.114599e-02 1.064344e-01
16 1.874426e-04 1.222004e-03 6.981838e-03 7.427671e-02
32 9.308978e-05 6.988137e-04 4.376918e-03 5.255378e-02
AEOC 1.008326e+00 8.0890813-01 6.759612e-01 5.269660e-01
% 1.00 0.79 0.64 0.44

err(uy,, Wh)

r
1/h 2.00 2.25 2.50 3.00
4 7.576044e-04 3.732379e-03 1.774680e-02 1.564706e-01
8 3.772245e-04 2.135423e-03 1.112967e-02 1.063065e-01
16 1.874407e-04 1.221485e-03 6.979270e-03 7.425567e-02
32 9.308954e-05 6.987394e-04 4.376515e-03 5.255063e-02
AEOC 1.008251e+00 8.057564e-01 6.732348e-01 5.247039%-01
% 1.00 0.79 0.64 0.44

err(ph,L’/)

r
1/h 2.00 2.25 2.50 3.00
4 1.173547e-01 1.170279e-01 1.237627e-01 1.349763e-01
8 5.832495e-02 5.821788e-02 6.162369e-02 6.731919e-02
16 2.896772e-02 2.892321e-02 3.062604e-02 3.348035e-02
32 1.438465e-02 1.436359e-02 1.521138e-02 1.663401e-02
AEOC 1.009424e+00 1.008788e+00 1.008117e+00 1.006832e+00
lpex = P1ll 1.00 1.00 1.00 1.00

Table 3: Test 3. Computed errors err(up, ||-|l) (top), err(uy,, W"") (middle), and err(py, L") (bottom) as
in (93) for the mesh family CARTESTAN: § = 0.

6 Conclusions
We presented a theoretical analysis of Virtual Element discretizations of incompressible non-Newtonian

flows governed by the CarreauYasuda constitutive law in the shear-thickening regime (r > 2). Our analysis
also covers the degenerate limit (6 = 0), which corresponds to the power-law model. The proposed Virtual
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Element method is fully compatible with general polygonal meshes and yields an exactly divergence-free
discrete velocity field. To carry out the analysis, we introduced novel theoretical tools, including an infsup
stability bound in non-Hilbertian norms, a suitably tuned stabilization for the case r > 2, and discrete norms
consistent with the constitutive law. We presented numerical results to demonstrate the theoretical findings
and assess the practical performance of the proposed method. The present results extend and complete those
in [5], which covered the case 1 < r < 2 (shear-thinning regime), demonstrating that the VEM provides
a robust discretization framework for CarreauYasuda non-Newtonian flows in both shear-thickening and
shear-thinning regimes.

Acknowledgments

This research has been partially funded by the European Union (ERC, NEMESIS, project number 101115663).
Views and opinions expressed are however those of the author(s) only and do not necessarily reflect those
of the European Union or the European Research Council Executive Agency. Neither the European Union
nor the granting authority can be held responsible for them. The present research is part of the activities of
“Dipartimento di Eccellenza 2023-2027”. PA and MV also acknowledge MUR-PRIN/PNRR 2022 grant n.
P2022BH5CB, funded by MUR. GV has been partially funded by PRIN2022 n. 2022MBY5IM “FREYA - Fault
REactivation: a hYbrid numerical Approach” research grant, and PRIN2022PNRR n. P2022M7JZW “SAFER
MESH - Sustainable mAnagement oF watEr Resources: ModEls and numerical MetHods” research grant,
funded by the Italian Ministry of Universities and Research (MUR) and by the European Union through
Next Generation EU, M4C2. GV acknowledges financial support of INJAM-GNCS through project
CUPES53C24001950001 “VEM per la trattazione di problemi definiti su domini parametrici o randomici”.
The authors are members of INAAM-GNCS.

References

[1] D. Adak, D. Mora, S. Natarajan, and A. Silgado. A virtual element discretization for the time
dependent Navier-Stokes equations in stream-function formulation. ESAIM Math. Model. Numer.
Anal., 55(5):2535-2566, 2021.

[2] D. Adak, D. Mora, and A. Silgado. The Morley-type virtual element method for the Navier-Stokes
equations in stream-function form. Comput. Methods Appl. Mech. Engrg., 419:Paper No. 116573, 28,
2024.

[3] P.F. Antonietti, L. Beirdo da Veiga, D. Mora, and M. Verani. A stream virtual element formulation of
the Stokes problem on polygonal meshes. SIAM J. Numer. Anal., 52(1):386—404, 2014.

[4] P. F. Antonietti, G. Vacca, and M. Verani. Virtual element method for the Navier-Stokes equation
coupled with the heat equation. IMA J. Numer. Anal., 43(6):3396-3429, 2023.

[5] P.F. Antonietti, L. Beirdo da Veiga, M. Botti, G. Vacca, and M. Verani. A virtual element method for
non-newtonian pseudoplastic stokes flows. Computer Methods in Applied Mechanics and Engineering,
428:117079, 2024.

[6] P.F. Antonietti, L. Beirdo da Veiga, and G. Manzini. The Virtual Element Method and its Applications.
SEMA SIMALI Springer series 31, Springer International Publishing, 2022.

[71 PF. Antonietti, L. Beirdo da Veiga, D. Mora, and M. Verani. A stream virtual element formulation of
the Stokes problem on polygonal meshes. SIAM J. Numer. Anal., 52(1):386—404, 2014.

[8] J. Baranger and K. Najib. Analyse numérique des écoulements quasi-newtoniens dont la viscosité obéit
a la loi puissance ou la loi de carreau. Numer. Math., 58(1):35-49, 1990.

[9] J. W. Barrett and W. B. Liu. Quasi-norm error bounds for the finite element approximation of a
non-Newtonian flow. Numer. Math., 68(4):437-456, 1994.

[10] J.W.Barrett and W.B. Liu. Finite element error analysis of a quasi-Newtonian flow obeying the Carreau
or power law. Numer. Math., 64(4):433-453, 1993.

[11] H. Beirdo da Veiga. On the global regularity of shear thinning flows in smooth domains. J. Math. Anal.
Appl., 349(2):335-360, 20009.

[12] L. Beirdo da Veiga, F. Dassi, D. A. Di Pietro, and J. Droniou. Arbitrary-order pressure-robust DDR and
VEM methods for the Stokes problem on polyhedral meshes. Comput. Methods Appl. Mech. Engrg.,
397:Paper No. 115061, 31, 2022.

29



[13]

(14]

[15]

[16]

(17]

(18]

(19]

[20]

(21]

[22]

(23]

(24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]
[35]

(36]

L. Beirdo da Veiga, F. Dassi, and G. Vacca. The Stokes complex for virtual elements in three dimensions.
Math. Models Methods Appl. Sci., 30(3):477-512, 2020.

L. Beirdo da Veiga, F. Dassi, and G. Vacca. Vorticity-stabilized virtual elements for the Oseen equation.
Math. Models Methods Appl. Sci., 31(14):3009-3052, 2021.

L. Beirdo da Veiga, C. Lovadina, and G. Vacca. Divergence free virtual elements for the Stokes problem
on polygonal meshes. ESAIM Math. Model. Numer. Anal., 51(2):509-535, 2017.

L. Beirdo da Veiga, C. Lovadina, and G. Vacca. Virtual elements for the Navier-Stokes problem on
polygonal meshes. SIAM J. Numer. Anal., 56(3):1210-1242, 2018.

L. Beirdo da Veiga, D. Mora, and A. Silgado. A fully-discrete virtual element method for the nonstation-
ary Boussinesq equations in stream-function form. Comput. Methods Appl. Mech. Engrg., 408:115947,
2023.

L. Beirdo da Veiga, D. Mora, and G. Vacca. The Stokes complex for virtual elements with application
to Navier-Stokes flows. J. Sci. Comput., 81(2):990-1018, 2019.

L. Beirdo da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L. D. Marini, and A. Russo. Basic principles
of virtual element methods. Math. Models Methods Appl. Sci., 23(1):199-214, 2013.

L. Belenki, L. C. Berselli, L. Diening, and M. RiZicka. On the finite element approximation of p-Stokes
systems. SIAM J. Numer. Anal., 50(2):373-397, 2012.

L.C. Berselli, L. Diening, and M. RuzZicka. Existence of strong solutions for incompressible fluids with
shear dependent viscosities. J. Math. Fluid Mech., 12(1):101-132, 2010.

T. Bevilacqua, F. Dassi, S. Zampini, and S. Scacchi. BDDC Preconditioners for Virtual Element
Approximations of the Three-Dimensional Stokes Equations. SIAM J. Sci. Comput., 46(1):A156—
A178,2024.

T. Bevilacqua and S. Scacchi. BDDC preconditioners for divergence free virtual element discretizations
of the Stokes equations. J. Sci. Comput., 92(2):Paper No. 63, 27, 2022.

M. Bogovskii. Solution of the first boundary value problem for an equation of continuity of an
incompressible medium. Dokl. Akad. Nauk SSSR, 248(5):1037-1040, 1979.

M. Botti, D. Castanon Quiroz, D. A. Di Pietro, and A. Harnist. A Hybrid High-Order method for
creeping flows of non-Newtonian fluids. ESAIM: Math. Model Numer. Anal., 55(5):2045-2073, 2021.

S. C. Brenner and L. R. Scott. The Mathematical Theory of Finite Element Methods, volume 15 of
Texts in Applied Mathematics. Springer, New York, third edition, 2008.

E. Ciceres and G. N. Gatica. A mixed virtual element method for the pseudostress-velocity formulation
of the Stokes problem. IMA J. Numer. Anal., 37(1):296-331, 2017.

E. Céceres, G. N. Gatica, and F. A. Sequeira. A mixed virtual element method for quasi-Newtonian
Stokes flows. SIAM J. Numer. Anal., 56(1):317-343, 2018.

A. Cangiani, V. Gyrya, and G. Manzini. The nonconforming virtual element method for the Stokes
equations. SIAM J. Numer. Anal., 54(6):3411-3435, 2016.

D. Castanon Quiroz, D.A. Di Pietro, and A. Harnist. A Hybrid High-Order method for incompressible
flows of non-newtonian fluids with power-like convective behaviour. IMA J. Numer. Anal., 43(1):144—
186, 12 2021.

A. Chernov, C. Marcati, and L. Mascotto. p- and hp-virtual elements for the Stokes problem. Adv.
Comput. Math., 47(2):Paper No. 24, 31, 2021.

P. G. Ciarlet and P. Ciarlet. Another approach to linearized elasticity and a new proof of korn’s
inequality. Math. Models Methods Appl. Sci., 15(02):259-271, 2005.

M. Dauge. Stationary Stokes and Navier-Stokes systems on two- or three-dimensional domains with
corners. I. Linearized equations. SIAM J. Math. Anal., 20(1):74-97, 1989.

K. Deimling. Nonlinear functional analysis. Springer-Verlag, Berlin, 1985.

L. Diening and F. Ettwein. Fractional estimates for non-differentiable elliptic systems with general
growth. Forum Math., 20(3):523-556, 2008.

L. Diening and C. Kreuzer. Linear convergence of an adaptive finite element method for the p-laplacian
equation. SIAM Journal on Numerical Analysis, 46(2):614—638, 2008.

30



[37]

(38]

[39]

(40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

(51]

[52]

(53]

[54]

[55]

[56]

[57]

(58]

D. Frerichs and C. Merdon. Divergence-preserving reconstructions on polygons and a really pressure-
robust virtual element method for the Stokes problem. IMA J. Numer. Anal., 42(1):597-619, 2022.

G. P. Galdi, C. G. Simader, and H. Sohr. On the Stokes problem in Lipschitz domains. Annali di
Matematica Pura ed Applicata, 167(1):147-163, 1994.

G. N. Gatica, M. Munar, and F. A. Sequeira. A mixed virtual element method for the Navier-Stokes
equations. Math. Models Methods Appl. Sci., 28(14):2719-2762, 2018.

G. N. Gatica and F. A. Sequeira. An L? spaces-based mixed virtual element method for the two-
dimensional Navier-Stokes equations. Math. Models Methods Appl. Sci., 31(14):2937-2977, 2021.

G.N. Gaticaand F. A. Sequeira. Analysis of an augmented HDG method for a class of quasi-newtonian
Stokes flows. J. Sci. Comput., 65(3):1270-1308, 2015.

G. Geymonat and P. M. Suquet. Functional spaces for Norton-Hoff materials. Math. Methods Appl.
Sci., 8(2):206-222, 1986.

A. Hirn. Approximation of the p-Stokes equations with equal-order finite elements. J. Math. Fluid
Mech., 15(1):65-88, 2013.

Geng J. and Kilty J. The L? regularity problem for the Stokes system on Lipschitz domains. Journal
of Differential Equations, 259(4):1275-1296, 2015.

A. Kaltenbach and M. RiZI¢ka. A local discontinuous Galerkin approximation for the p-Navier-Stokes
system, part i: Convergence analysis. SIAM Journal on Numerical Analysis, 61(4):1613-1640, 2023.

R. B. Kellogg and J. E. Osborn. A regularity result for the Stokes problem in a convex polygon. J.
Functional Analysis, 21(4):397-431, 1976.

C. Kreuzer and E. Siili. Adaptive finite element approximation of steady flows of incompressible fluids
with implicit power-law-like rheology. ESAIM Math. Model. Numer. Anal., 50(5):1333-1369, 2016.

F. Lepe and G. Rivera. A virtual element approximation for the pseudostress formulation of the Stokes
eigenvalue problem. Comput. Methods Appl. Mech. Engrg., 379:Paper No. 113753, 21, 2021.

Y. Li, C. Hu, and M. Feng. A Least-Squares stabilization virtual element method for the Stokes problem
on polygonal meshes. Int. J. Numer. Anal. Model., 19(5):685-708, 2022.

Y. Li, C. Hu, and M. Feng. On stabilized equal-order virtual element methods for the Navier-Stokes
equations on polygonal meshes. Comput. Math. Appl., 154:267-286, 2024.

T. Malkmus, M. Rtzicka, S. Eckstein, and I. Toulopoulos. Generalizations of SIP methods to systems
with p-structure. IMA J. Numer. Anal., 38(3):1420-1451, 09 2017.

J. Meng, L. Beirdo da Veiga, and L. Mascotto. Stability and interpolation properties for Stokes-like
virtual element spaces. J. Sci. Comput., 94(56), 2023.

D. Sandri. Sur I’approximation numérique des écoulements quasi-newtoniens dont la viscosité suit la
loi puissance ou la loi de carreau. M2AN Math. Model. Numer. Anal., 27(2):131-155, 1993.

G. Savaré. Regularity results for elliptic equations in Lipschitz domains. Journal of Functional Analysis,
152(1):176-201, 1998.

C. Talischi, G. H. Paulino, A. Pereira, and I-F. M. Menezes. PolyMesher: a general-purpose mesh
generator for polygonal elements written in Matlab. Struct. Multidiscip. Optim., 45(3):309-328, 2012.

G. Vacca. An H'-conforming virtual element for Darcy and Brinkman equations. Math. Models
Methods Appl. Sci., 28(1):159-194, 2018.

G. Wang and Y. Wang. Least-Squares Virtual Element Method for Stokes Problems on Polygonal
Meshes. J. Sci. Comput., 98(2):Paper no. 46, 2024.

K. Yasuda, R.C. Armstrong, and R.E. Cohen. Shear flow properties of concentrated solutions of linear
and star branched polystyrenes. Rheologica Acta, 20(2):163—-178, 3 1981.

31



01/2026

82/2025

81/2025

79/2025

78/2025

772025

7512025

74/2025

MOX Technical Reports, last issues

Dipartimento di Matematica
Politecnico di Milano, ViaBonardi 9 - 20133 Milano (Italy)

lapaolo V.; Vergani, A.M.; Cavinato, L.; leva, F.
Multi-view learning and omics integration: a unified perspective with applications to
healthcare

lapaolo, V.; Vergani, A.; Cavinato, L.; leva, F.
Multi-view learning and omics integration: a unified perspective with applications to healthcare

Varetti, E.; Torzoni, M.; Tezzele, M.; Manzoni, A.
Adaptive digital twins for predictive decision-making: Online Bayesian learning of transition
dynamics

Leimer Saglio, C. B.; Pagani, S.; Antonietti, P. F.
A massively parallel non-overlapping Schwarz preconditioner for PolyDG methodsin brain
electrophysiology

Zacchei, F.; Conti, P.; Frangi, A.; Manzoni, A.
Multi-Fidelity Delayed Acceptance: hierarchical MCMC sampling for Bayesian inverse
problems combining multiple solvers through deep neural networks

Botti, M.; Mascotto, L.
Trace inequalities for piecewise WM1,p functions over general polytopic meshes

Botti, M.; Mascotto, L.
Trace inequalities for piecewise WM 1,p} functions over general polytopic meshes

Bonetti, S.; Botti, M.; Vega, P.
A robust fully-mixed finite element method with skew-symmetry penalization for low-freguency
poroelasticity

Crippa, B.; Scotti, A.; Villa, A.
A one-dimensional reduced plasma model for the electrical treeing

Colombo, S.; Gimenez Zapiola, A.; leva, F.; Vantini, S.
Multi-state Modeling of Delay Evolution in Suburban Rail Transports



	qmox02-copertina
	mox-202618162427
	Introduction
	Model problem
	Weak formulation
	Well-posedness

	Virtual Element method
	Mesh and discrete spaces
	Discrete problem
	Well-posedness
	Discrete inf-sup condition
	Properties of the stabilization
	Properties of the discrete viscous term
	Main results


	A priori error analysis
	Additional properties of the stress-strain law
	A priori error estimate: velocity
	A priori error estimate: pressure

	Numerical Results
	Test 1. Regular solution
	Test 2. Polynomial solution
	Test 3. Singular solution

	Conclusions

	qmox02-terza_di_copertina

