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Abstract

We consider a differential system based on the coupling of the Navier-Stokes
and Darcy equations for modeling the interaction between surface and sub-
surface flows. We formulate the problem as an interface equation, we analyze
the associated (nonlinear) Steklov-Poincaré operators, and we prove its well-
posedness.

1 Introduction and setting of the problem

Let Q € R? (d = 2,3) be a bounded domain, decomposed as the union of
two non intersecting subdomains €2y and 2, separated by an interface I', i.e.
Q=0,UQ, Q;NQ,=0and QyNQ, =T. We suppose the boundaries 92y
and 0f), to be Lipschitz continuous. From the physical point of view, I' is a
surface separating an upper domain ¢ filled by a fluid, from a lower domain
2, formed by a porous medium. We assume that the fluid contained in Q2 has
a fixed upper surface (i.e., we do not consider the case of free-surface fluid) and
can filtrate through the underlying porous medium.

In order to describe the motion of the fluid in Q ¢, we introduce the Navier-Stokes
equations: Vt > 0,

Opag =V -T(up,ps) +(up-Viuy = £ inQy, (1)
V-uf = 0 ian,

where T(uys,ps) = v(Vuy + VTuy) — pyl is the Cauchy stress tensor, v > 0
is the kinematic viscosity of the fluid, while uy and p¢ are the fluid velocity
and pressure, respectively; V is the gradient operator with respect to the space
coordinates.

In the lower domain 2, we define the piezometric head ¢ = z+p,/(prg), where
z is the elevation from a reference level, p, is the pressure of the fluid in €, pys
its density and g is the gravity acceleration.



The fluid motion in €, is described by the equations:

nu, = —-KVp in Q,, )
Vou, = 0 in Q, ,

where u,, is the fluid velocity, n is the volumetric porosity and K is the hydraulic
conductivity tensor K = diag(Ky,...,Kq) with K; € L>®(Q,), i = 1,...,d.
The first equation is Darcy’s law. In the following, we shall denote K = K/n =
diag(K;/n) (i=1,...,d).

For the sake of clarity, in our analysis we shall adopt homogenous boundary con-
ditions. The treatment of non-homogeneous conditions involves some additional
technicalities, but neither the guidelines of the theory nor the final results are
affected. We refer the reader to [7]. In particular, for the Navier-Stokes problem
we impose the no-slip condition uy = 0 on 9Q,\TI', while for the Darcy problem,
we set the piezometric head ¢ = 0 on l"g and we require the normal velocity to
be null on T'p: u, - n, = 0 on Iy, where 99, = TUT, UT, (see Fig. 1). n,
and ny denote the unit outward normal vectors to the surfaces 9, and 9y,
respectively, and we have ny = —n,, on I'. We suppose n; and n,, to be regular
enough, and we indicate n = ny for simplicity of notation.
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Figure 1: Schematic representation of a 2D vertical section of the computational
domain

We supplement the Navier-Stokes and Darcy problems with the following con-
ditions on I':

u,-n = us-n, (3)

—er; - (T(up,ps)-m) = vuy-7;, i=1,...,d—-1, 4)
—n-(T(up,ps)-m) = g¢, (5)

where 7; (i = 1,...,d — 1) are linear independent unit tangential vectors to

the boundary T', and e is the characteristic length of the pores of the porous
medium.

Conditions (3)-(5) impose the continuity of the normal velocity on I', as well as
that of the normal component of the normal stress, but they allow pressure to
be discontinuous across the interface.

A rigorous mathematical justification of these interface conditions, usually de-
noted as Beavers-Joseph-Saffman conditions, can be found in [12, 13, 14].



The same interface conditions have been considered in [8, 9, 10, 15] for the
coupling of Stokes and Darcy equations.

From Sect. 1.1 on, we focus on the steady problem obtained by dropping the
time derivative in the momentum equation (1).

Then, after writing the weak form of the global problem (Sect. 1.1), we refor-
mulate it as a nonlinear problem in one sole interface unknown. In Sect. 3,
we introduce and analyze some nonlinear extension operator that will be used
in Sect. 4 to write the nonlinear interface problem SA = 0, whose unknown
solution A is the common value of the normal velocity uy - n = u, - n across I'.
S is a nonlinear Steklov-Poincaré operator. Finally, in Sect. 4.1, we prove the
well-posedness of this interface problem.

1.1 Weak form of the global problem

From now on, we shall consider the steady case for the Navier-Stokes equations
and, instead of (2), we will use the following formulation for Darcy problem:

findo : —=V-(KVp)=0 inQ,. (6)

We define the functional spaces:
Hy={ve(H Q)" :v=00n09;\T}, (7)
Hy,={y € H(Q) : y=0o0nT"}, (8)

and let Q = L?*(Q2f). We denote by |- |; the H'-seminorm, and by || - ||o the
L?-norm; it will always be clear form the context whether we are referring to
the norms and seminorms in Q¢ or £2,.
Then, we introduce the bilinear forms

osvow) = [ EOVH VIV (Ve Vi) vow e (72)) . )
btva) == [ aVov  We (@) Vaeq. (10)

a0, ) = /Q Vo KVe Ve HY(Q,), (11)

and, for all v,w,z € (H'(Q;))?, the trilinear form
d 0z;
cf(w;z,v):/ [(w-V)z]-v= / Wi —— ;. (12)
Qy iJZ:1 Qy ! ax]

The coupling conditions (3)-(5) can be incorporated in the weak formulation of
the Navier-Stokes/Darcy problem as natural conditions on I'. In fact, the latter
reads:

find uy € Hy, py € Q, ¢ € Hy, such that for all ve Hy, g€ Q, v € Hp,

ar(uy,v) +cr(upup,v) +bp(v,pr) + gap(e, )

+/Fg<ﬂ(v-n)—/rg1/f(w'n)+/F§g(Uf'Tj)(V'Tj)—/fo'vv (13)

by(us,q) =0. (14)



In the next sections, we will consider the issue of the well-posedness of (13)-(14).
In our analysis, we shall use some classical existence and uniqueness results for
nonlinear problems, that we anticipate, for the sake of clarity, in the following
section.

2 General existence and uniqueness results

In this section we recall some existence and uniqueness results for nonlinear
saddle-point problems, referring the reader to, e.g., [3, 4, 5, 6, 11] for a rigorous
study.

Let (X, || ||x) and (Y, || - ||y) be two real Hilbert spaces. Consider a bilinear
continuous form b(-,) : X xY — R, (v,q) — b(v,q), and a trilinear form
a(; ) X x X x X =R, (w,u,v) — a(w;u,v), where, for w € X the mapping
(u,v) — a(w;u,v) is a bilinear continuous form on X x X.
Then, we consider the following problem: given! € X', find a pair (u,p) € X XY
satisfying
a(u;u,v) +b(v,p) = (l,v) Yo e X,
b(u,q) = 0 Vg eY.

Introducing the linear operators A(w) € £(X; X’) forw € X,and B € L(X;Y’):

(15)

(A(w)u,v) = a(w;u,v) Yu,v e X,
(Bv,q) =b(v,q) YwveX,VqgeY,

problem (15) becomes: find (u,p) € X x Y such that

A(wyu+BTp = 1 in X',
Bu = 0 inY’. (16)
Taking V' = Ker(B), we associate (15) with the problem:
findueV : a(uu,v)={,v) YoeV, (17)

or, equivalently: find w € V s.t. ITA(u)u = IIl in V', where the linear operator
II € L(X'; V) is defined by (IIl,v) = (l,v), Vv € V.

If (u,p) is a solution of problem (15), then u solves (17). The converse may be
proven provided an inf-sup condition holds. Indeed, the following results can be
proved.

Theorem 2.1 (Existence and uniqueness) Suppose that:

1. the bilinear form a(w;-,-) is uniformly elliptic in the Hilbert space V' with
respect to w, i.e. there exists a constant o > 0 such that

a(w;v,v) > allllk  Yo,weV;

2. the mapping w — II A(w) is locally Lipschitz-continuous in V, i.e. there
exists a continuous and monotonically increasing function L : Rt — RT
such that for all m >0

la(w1;u,v) — a(wz; u,v)| < Lm)|ullx|[v]x|lwr — w2 x (18)

Yu,v € V, Ywr,wy € Sy, with Sy, ={w €V ¢ |Jwl|x <m};



3. it holds

Hl ’ Hl ’
bt (1) . )

a? «
Then, problem (17) has a unique solution u € V.
We consider now problem (15).

Theorem 2.2 Assume that the bilinear form b(-,-) satisfies the inf-sup condi-

tion: 36 > 0
. b(v,q)
inf sup > 0. 20
inf SR Tollx el 20

Then, for each solution u of (17) there exists a unique p € Y such that the pair
(u,p) is a solution of (15).

3 Some nonlinear extension operators: defini-
tion and analysis

In this section we apply domain decomposition methods at the differential level
to study the Navier-Stokes/Darcy problem. We identify the subdomains with
Qr and 2,, then we introduce and analyze some nonlinear extension operators
that will be used in Sect. 4 to write the Steklov-Poincaré interface equation
associated to the coupled problem.

In our analysis we adopt the interface condition

u;-7;=0 onT, j=1,...,d—1, (21)

instead of (4). This simplification is acceptable from the physical viewpoint
since the term in (4) involving the normal derivatives of uy is multiplied by e,
and the velocity uy can be supposed of order O(e) in the neighborhood of T’
(see [13]), so that the left hand side can be approximated to zero. We point
out that this simplification does not alter the coupling structure, since (4) is a
boundary condition for the fluid problem in Q¢ and not a coupling condition.

We consider the trace space A = Hééz (T) (see [16]) and the spaces
Hi={veH;:v-tj=0onTl,j=1,...,d=1}, (22)
H)={¢Y€H,:p=0onT}. (23)

Moreover, we consider two linear continuous extension operators:

R} :A— Hj suchthat (Rip)-n=ponl VueA, (24)
Ry: HY?(T) — H, suchthat Ropu=ponT, Yue HY*I).(25)

We can prove the following result (see [7]).

Proposition 3.1 The coupled Navier-Stokes/Darcy problem (13)-(14) can be
reformulated in the equivalent multidomain form:



finduy € Hf, py € Q, ¢ € Hy, such that

af(uyp, w)+cr(up;up, w) +bf(w,pf):/ f-w VYwe (H(}(Qf))d, (26)

Qp
bp(up,q) =0  VgeqQ, (27)
/F(uf ‘n)p = ay(p, Rep)  VpeEA, (29)
[aen= [ £ ®w-astar Ri)
r Q
—cr(upiug, Rip) —bp(Rip,pr)  VmeEA. (30)

Our aim is now to reformulate the coupled problem (26)-(30) as an interface
equation in a scalar unknown defined on I' corresponding to the trace of the
fluid normal velocity uy-n on I'. First of all, we need to introduce and analyze
some further extension operators.

Let us consider the (unknown) interface variable A = (uy - n)|r.

Due to the incompressibility constraint in €2y and to the boundary conditions
imposed on 0Q¢ \ T, it must be A € Ay with

AO_{ueA:/Fu_O}. (31)

Then, let us define the linear extension operator:
Ry: Ao — Hf x Qo, n— Rgn=(Ryn, Rjn), (32)
satisfying (R}n) -n=nonl, and

ap(Rjn,w)+bs(w,R¥n) = 0  Vwe (Hj(Qy))?,

33
bp(Rbig) = 0 YgeQo, (33)

where Qo = {q € Q : fo g = 0}. Moreover, we consider the linear extension
operator
R,: Ao — Hp, n— Ryn (34)

such that
nBn) = [0 Vi e H,. (35)

Finally, let us introduce the following nonlinear extension operator:
Ry: Ao — Hf x Qo, n— Ryn =(Ryn, R3n)
such that (’R}n) ‘n=mnonT, and, for all v e (H}(2))? q € Qo,

af(Rin,v) + cr(ue + Rpmsue + Ryn,v) + bp(v,R3n) = 0,
bi(Rynq) = 0,

where u, € (Hg(Qy))? satisfies the linear auxiliary Stokes problem:



find u. € (H3(Qy))%, 7 € Qo:

g hlvr) = [ty owemi@)t
Q; (37)
br(as,q) = 0 Vg € Qo -
Let us finally recall that the following estimate holds:
< o] (39)
*|1 CHV 0 -

3.1 Existence and uniqueness of the operator Ry

We face now the issue of the existence and uniqueness of the extension oper-
ator R;. With this purpose, we define the auxiliary (homogeneous) nonlinear
operator

Ro: Ao — (HYQ) x Qo, 11— Ron = (Rin, Rn),

R : o (39)
with Ron = Ryn — Ry, i=1,2.
Clearly, ’Rén -n=0on I, and it satisfies:
ag(Ron, v) + ¢p(ue + Ry + Ry we + Rin + Rgn, v)
+bp(v,REn) = 0, (40)

br(Rom.q) = 0,

for all v € (H3(Q))?, q € Qo. Remark that problem (40) is analogous to (36),
but here Ry € (Hj (), while Ry € HF.

We consider the functional space
VI = {ve (H)@Q) : Vov=0 inQ}, (41)
and, given n € Ay, we define the form:
a(w;z,v) = ay(z,v) + cp(w;z,v) + cp(u, + R}»n;z, V)
+cp(z;us + R}»n,v) VYw,z,v € (Hl(Qf))d , (42)
and the functional
() = —cs(u. + R, + Rhnv)  Wee (HU(@Q)).  (43)
Thus, we can rewrite (40) as: given n € Ao,
find Ry € VP a(Rym; Rym, v) = (£, V) vveVyp. (44)

Finally, let us recall some useful inequalities: the Poincaré inequality (see, e.g.,
[17] p. 11)

HCQf >0 : HV”Q < CQf|V|1 Vv € Hf , (45)
the Korn inequality (see, e.g., [18] p. 149): Vv = (v1,...,vq) € Hy
d 2
ov;  Ouyy
3C, >0 : —Z 4+ ) >C.v|?, 46
/> (Gu+2n) = cumiz (16)



and
3C>0: le(w;z,v)| < C'|w|1 |z|1 |v]1 Vw,z,v € Hy, (47)

which follows from the Poincaré inequality (45) and the inclusion (H*(Q))¢ C
(L4(Q4))? (for d = 2,3) due to the Sobolev embedding theorem (see [1]).

We can now state the following result.

Proposition 3.2 Let f € L?(Qy) such that

[flo 1 C?
—_—— < - = 48
V2 8 ¢’ (48)
where C,, and C are the constants introduced in (46) and (47), respectively. If
vC 2
€ €Ay |Rbulp < —= — —|If , 49
ve{uetos IRiuh < 22 - 2 Iel} (49

then, there exists a unique nonlinear extension Ryn = (R}‘T], Rfcn) € Hf x Qo.

Remark 3.1 Notice that (49) imposes a constraint on n. In particular, since
the norms |R}77|1 and ||n||a are equivalent (see [9], Lemma 4.1), this condition
implies that a unique extension Ry¢n exists, provided the morm of n is small
enough. In our specific case, this means that we would be able to consider an
extension Ry only if the normal velocity X across the interface I' is sufficiently
small.

Finally, remark that (48) guarantees that the radius of the ball in (49) is positive.

Proof. The proof is made of several steps and it is based on Theorems 2.1-2.2.
1. Let v,w € VIQ and n € Ag. Then, we have

a(w;v,v) =as(v,v) +cp(w;v,v)
+cp(uy + R}cn; v,v) +cp(vius + R}n, v). (50)

Integrating by parts and recalling that w € Vfo7 then

1 2 1 2

cr(wiv,v) = = w-n|v|® — - V-wlv|*=0,

2 Joq, 2 Ja,
where |v| is the Euclidian norm of the vector v. Moreover, denoting by n; the
components of the unit outward normal vector ny to 9§2;, we have

u*—i—R n)i

cp(viu, + Ry, v) / Z Vj i V;

Q525
d )
:—Z/ (vlvj)(u*—i-Rjn + Z/ (vivy) u*—i-Rjn)ZnJ
s O al’g [519)
i,j=1 f i,j=1 f
d ov;
B S XU T S (TN
i,j=1 f 3,7=1 f
d
+ Z/ Uj nj(u*—l—R}cn)le
09 '

i,j=1

= —cs(v;v,u, + R}n).



Finally, V - (u. + R}n) = 0 by construction, so that c¢s(u. + R}»n;v,v) = 0.
Then (50) becomes:

a(w;v,v) =ap(v,v) —cp(viv,u, + R}‘T]) , (51)
and using the inequalities (46) and (47) we obtain:
C

wklV

a(w;v,v) = VIF = CIvIE |u. + Ryl

Y

C.v -
v (552 = Cluuls+ Rpal)

C.v -~ [2|f
v (557 - ¢ (B 1w ))

the last inequality following from (38). Then, thanks to (49), the bilinear form
a(w; -, -) is uniformly elliptic on VIQ with respect to w, with constant o, (inde-
pendent of w):

Y

Cov 4 (2|lfllo 1
== —C(V—CK‘HRMH -

2. Still using (47), we easily obtain:

la(w1;2,v) — a(wWa; 2, V)| = |cp(wi — wo;2,v)| < Clwy — wali|v]1|z]1.
3. We have
—c¢f(u, + Rin;u, + Ry, v
[l vpy = sup = eru. + Ry + By, v)
I vEVP,v;ﬁO |V|1
A 1
oy Gl R I
N VGV]?,V;EO |V|1
9 2
A 1
< (gt + IRiuh )
so that 110
“ VO ’
C# <1

2
g,

owing to (49).

4. Thanks to (49) and 1-3, a(-; -, -) and ¢ satisfy the hypotheses of Theorem 2.1,
which allows us to conclude that there exists a unique solution ’R,(lm € VJQ to
(44).

5. Since the inf-sup condition is satisfied, Theorem 2.2 guarantees that there
exists a unique solution (Rgn, R2n) to (40). The thesis follows from (39). O

4 The interface equation associated to the cou-
pled problem

In this section we reformulate the global coupled problem (26)-(30) as an inter-
face equation depending solely on A\ = (uy - n);r.



We formally define the nonlinear pseudo-differential operator S : Ag — Af,
(Snop) = ap(Ryn+ e, RIp) + cp(Rpn + w.; Ry + u., Rip)

+b (R p, Rin + ) — A f (Rp)
f

+ [o®amu vnerovuen. (52)
I

We have the following equivalence result, whose proof follows the guidelines of
Theorem 4.1 in [9)].

Theorem 4.1 The solution to (26)-(30) can be characterized as follows:
up =RIAN+u, pr=RIN+m +ps, =R\, (53)

where py = (meas(y)) " fo py, and X € Ag is the solution of the nonlinear
interface problem:

(S\ 1)y =0 Vi € Ao . (54)

Moreover, py can be obtained from X by solving the algebraic equation
by = (meas(I")) " (S, ),

where € € A is a fized function such that

Notice that a more useful characterization of the operator S can be provided.
Indeed, with the special choice R = R} in (52), thanks to (33), we obtain

bp(Rpp, Rin+m) =0  Vnuel.
Moreover, owing to (39), for n, u € Ag, we have

(Sn.p) = ap(Rin+ Rym+u., Ryp)
+ci(Ron + Ryn+ w.; Rgn + Ryn + u., Ryp)

—/fo(R}uH/Fg(Rp o

By taking Rin (€ (HA(925))%) as test function in (33), we obtain:
ay(Rpp, Ron) + bs(Ryn, Rip) = 0.

Finally, since R?c,u € Qo, owing to (40) it follows that af(R},u,’Rén) =0, so
that, for all n, u € Ag, the operator S can be characterized as

(Sn.p) = ap(Rpm+u., Ryp)
+cf(Ron + Ryn+ w; Rogn + Ryn + w., Ryp)

+/Fg(Rp77)u—/Q f(Rjp) . (56)

10



4.1 Existence and uniqueness result

We study the existence and uniqueness of the solution of the nonlinear interface

problem (54).

Note that in view of (56), SA is defined in terms of the operator ’R,(l))\, which,

thanks to (40), satisfies in its turn the following problem for all v € VJ?:
ap(ROA V) + cp(RoA+ RyA + u s RgA+ RiA +u,,v) =0, (57)

Therefore, in order to prove the existence and uniqueness of the solution of
the interface problem, we have to consider (54), with the operator S as in
(56), coupled with (57), i.e., we have to guarantee at once the existence and
uniqueness of A € Ay and ’R,é)\ € VfO . To this aim we apply Theorem 2.1

replacing the space V' by the product space W = Ag x Vf0 endowed with the
norm:

Iollw = (Rpuli + VDY Vo= (n,v) eW. (58)

We introduce the trilinear form and the linear functional associated with our
problem in the space W. For any fixed w = (n, w) € W, we define the following
operator depending on w:

Am,w): W = Ay x (VD)
A(na W) : (57 U.) - (‘AO (777 W) (67 u)? 'Af (777 W) (57 U.))

where, for every test function p € Ao,
(Ao(n,w)(&u), ) = ayp(R}E Rpp) +cp(w+ Rymyu+ Ry, Ryp)

tcr (u+ R}f& W, R}/")
+ep(ugu+ Ry, Ryp) +/Fg(Rp§)u :

whereas for any test function v € Vfo,

(Ar(n,w) (&), v) = ag(u,v)+cr(w+ Rpmp;u+ R v)
+ep(ugu+ R}{,v) +ecp(u+ R}f; u,,Vv).
We indicate by a the form associated to the operator A:
a(w; u,v) = (Ao(n, w)(& ), ) + (Af(n, w)(§ ), v) (59)

for all w = (n,w),u = (§,u),v = (u,v) € W.
Next, we define two functionals ¢y : Ag — R and /5 : Vfo — R as:

f
({r,v) = —cs(us;uy,v) Vv evy,
and denote

(0,7) = (Lo, ) + (5, V) Vo = (u,v) € W. (60)
Thus, the problem defined by (54) and (57) can be reformulated as:
finda =\ RN e W :  a(a;u,0) = ((,0) Vo= (u,v)eW. (61)

We shall prove the existence and uniqueness of the solution only in a closed
convex subset of W.

11



Lemma 4.1 Let f € L*(Q2f) be such that

I£1lo Cr
— < Chin C’ s (62)

where 0 < Cpin < 1/16 is a suitable positive constant, depending only on CQf
and C,, to guarantee that

2
Cf—(¥+l>02>0, (63)

where

_ Cov Al V2 4 ac
Cl—4é—m, Cy = o Cnfl\fl\o+C—ﬁl\ﬂ\wwl\fl\o - (64)

Moreover, let
OST‘m<T‘M§01 (65)

be two constants defined as

C, —+/C? —2C
Ty = ! 21 2 and rM:CH—\/Cg/\/ﬁ. (66)

If we consider

B, ={w=(nw)eW: |R}n|1 <r}, (67)
with
Tm <17 <TMp, (68)
then, there exists a unique solution @ = (A, Rg\) € B,. to (61).

Remark 4.1 Since the constants Cy and Cy in (64) depend on ||f||o, the condi-
tion (63) can be viewed as an inequality in ||f||o. By simple algebraic calculations
we can prove that there exists a constant,

24+(3+V2)(Co, + )=/ 2+ (G +V2) (Ca, + 57— 1 (10-4v2) (69)
2(10—4+/2)

Cmin =

such that any ||f||o satisfying (62) is a solution of this inequality. Moreover, we
get that 0 < Chpin < 1/16, so that Cy > 0, and ry, and rpy in (66) satisfy (65).

Proof. The proof is composed of several parts.

1. For each w = (n,w) € B, the bilinear form a(w;-,-) is uniformly coercive on
w.

By definition, for all o = (u,v) we have

Q(@:0,0) = ap(Rbu Rbn) +ap(v,v) + / 9(Rppi)s

+ep(w+ R}n; v+ R}u, v+ R}u)
+er(v+ Rypsa., v + Rip)
+ep(ug v+ R}»u, v+ R}»u) .

12



Thanks to (35), we have [, g(R,p)p > 0. Using the inequalities (46) and (47),
the estimate (38) and the fact that w € VfO , Wwe obtain

Crv .
U (\R}uf? + IvI2) — 201 Rl (Rl + 1)

—ACIu 1 (IRplf + [vI7)
CkV
2

5 2 1.2 2
_4C@||f||0(|Rfﬂ|1 +vlT)

a(w;v,v) >

Y

([Rpulf + [vID) — 20| Rpnly (| Ryuli + [vI7)

Thus,
a(w; v,v) > oa(|Rjuli + [v[7) , (70)
having set

Ck;V 2 1 80
ag=—— = 2C| Ryl — @”fﬂo : (71)

Condition a > 0 is equivalent to |R}u|1 < C1, which is satisfied in view of (65)
and (68). Thus, the bilinear form a(w; -, -) is uniformly coercive with respect to
any w € B,.

Thanks to the Lax-Milgram Lemma (see, e.g., [17] p. 133) the operator A(w) €
L(W; W') is invertible for each w € B,.. Moreover, the inverse 7 (w) = (A(w))*
belongs to L(W’; W) and it satisfies

1

IT@) cqrrw) < -

N

Now, we prove that there exists a unique @ € B, such that @ = T(ﬂ)g, ie., (61)
has a unique solution in B,..

2.0 — ’T(T))f~ maps B, into B, and is a strict contraction in B,.
For all v = (u, v) € B, we have

N _ ~ g ’
IT@w < ITE) e e < 1A
Moreover,
~ [ £ R = ot Ry = s s+ R
lilw: =  sup 12

vEW,0£0 HT)”W

Co|IFllo| Ry peh + 20l [Ryul + Clu.fi[v + Rjply

<
T GEW,5#£0 l|o]lw
< (CaflI€llo + 2vfucly + Clu.f?) (1R}uls + vh)
su

R [ollw

V2 .}
< V2 (Ca,lfllo + 20y + Cluf?)

4 4C

= \/5(Cﬂf||f||0+O—|f|0+m||f||3> ; (72)
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the last inequality following from (38). From (72) and (71), corresponding to
some w = (n,w) € B,, condition

1€l

Qg

<r
is equivalent to
212 =201+ Cy <0,

that is 7min < 7 < rypmaee with

Cy — \/C? =20,

T'min = 2 and Tmax =

Ci + \/012 —2Cy
5 .

Since 7y, = Tmin < Ty < Tinaz, it follows that for any v € B, with r satisfying
(68), T (v)¢ belongs to B,..

Finally, to prove that the map v — T(Tj)g is a strict contraction in B,, we
should guarantee (see [11] p. 282) that for any w1, ws € B,

. 0l
(T ) ~ T(@)lw < 0 Ly — @l < o —wolw . (73)

L(r) being the Lipschitz continuity constant associated to A. However,

(A1) — A(w2))(w), v)| = |a(wy; a, v) — a(we; a, V)|
= |ey(wy + R}»nl — (wa + R}»ng); u+ R}»)\, v+ R}»u)|
< O|W1 + R}»’I]l — Wo — R}nzh |11 + R})\h |V + R}»uh

< 2V2C @1 — ws|lwallwl|o]w
so that L(r) = 2v/2C. Thus, condition

1]l

L(r) <1
)
is equivalent to
C
T2—201T+Cl2——2 >0

V2

r<rM1N=Cl—\/Cg/\/§ or r>rMAX=CH+\/Cg/\/§.

Condition r > rj;4x does not fit with the previous restrictions on r. However,
since rpr = rasrn, (73) is satisfied for any r in the interval (68).

3. The existence and uniqueness of the solution @ = (\, Ry\) € B, to (61) is
now a simple consequence of the Banach contraction theorem (see, e.g., [19]).
a

ie.,

The following theorem is a direct consequence of the previous lemma.

Theorem 4.2 If (62) holds with Cpy given in (69), and rn, and rp; defined
in (66), then problem (61) has a unique solution @ = (XA, RyA) in the set

B, ={w=(nw)eW: |R}»n|1 <rm},
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and it satisfies |R})\|1 < ry. In particular, it follows that (54) has a unique
solution X in the set Sy,, C Ao,

Sy ={n € Ag : |R}77|1 <rm},

and it satisfies |RyA|y < T,

Proof. Since problem (54) has a solution A if and only if @ = (A, Rg\) is a
solution of problem (61), we prove only the first part of theorem.

From the previous Lemma 4.1, if (62) holds, with C),;,, given in (69), (61) has
at least a solution in B,,, as it has a solution in B, C B,,,, for any r,, <
r < rp. To prove the uniqueness, let us assume that (61) has two solutions
i = (A1, (RgA)1) # iz = (A2, (RGA)2) in By, Then, ry = [RjAi[1 <y and
Ty = |R})\2|1 < rar. Therefore, any set B, with max{r,,,r,m} < r < ry
contains two different solutions of problem (61). This contradicts the result of
Lemma 4.1. Now, let @ = (A, Rj\) be the unique solution of problem (61) in
B,,,. According to Lemma 4.1, it belongs to each B, C B,,, with r,, <r <7y,
and consequently |R})\|1 < 7rm,. O

Remark 4.2 Notice that condition (62) is analogous to what is usually required
to prove existence and uniqueness of the solution of the Navier-Stokes equations.
Moreover, we have proved that the solution is unique in Sy,,. Thus, in view of
Remark 3.1, Theorem 4.2 states that the solution is unique only for sufficiently
small normal velocities A across the interface T'. Finally, notice that (62) im-
plies (48) and that Sy,, is included in the set (49), so that the existence and
uniqueness of the nonlinear extension ’R,(l))\ s ensured as well.

The reformulation of the coupled problem as an interface equation is interesting
in view of setting up iterative substructuring methods to compute the solution
of the global problem. In particular, we can split the operator S into a nonlinear
part, say Sy, associated to the Navier-Stokes problem in €, and a linear part
Sp related to the Darcy equation in €),, and exploit them to set up iterative
methods inspired to the Dirichlet-Neumann and Neumann-Neumann schemes
in domain decomposition (see, e.g., [18]). This study will be the object of a
forthcoming work [2].
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