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A system of differential equations for coupled fluid and drug transport in vascularized
(malignant) tissues is derived by a multiscale expansion. We start from mass and mo-
mentum balance equations, stated in the physical domain, geometrically characterized
by the intercapillary distance (the microscale). The Kedem-Katchalsky equations are
used to account for blood and drug exchange across the capillary walls. The multiscale
technique (homogenization) is used to formulate continuum equations describing the
coupling of fluid and drug transport on the tumor length scale (the macroscale), under
the assumption of local periodicity; macroscale variations of the microstructure account
for spatial heterogeneities of the angiogenic capillary network. A double porous medium
model for the fluid dynamics in the tumor is obtained, where the drug dynamics is
represented by a double advection-diffusion-reaction model. The homogenized equations
are straightforward to approximate, as the role of the vascular geometry is recovered
at an average level by solving standard cell differential problems. Fluid and drug fluxes
now read as effective mass sources in the macroscale model, which upscale the interplay
between blood and drug dynamics on the tissue scale. We aim to provide a theoretical
setting for a better understanding of the design of effective anti-cancer therapies.
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Katchalsky equations.
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1. Introduction

During the early stage of tumor growth (the “avascular phase”), nutrients enter
the malignant mass and feed its development by simple diffusion. When the size of
the tumor exceeds the diffusion length scale, the angiogenetic process starts: new
vessels sprout from the neoplastic mass and create an ad hoc supply network [8].
The new microvasculature is characterized by abnormal features, as regards both
geometry and functionalities. Differently than healthy vessels, the tumor ones are
disorganized, tortuous and dilated, while the vessels walls are highly permeable and
exhibit openings and defects [14]. The tumor cells environment is often character-
ized by a high interstitial fluid pressure [22, 6, 23], which is related to both the
microvasculature geometrical abnormalities and a reduction of the interstitial space
[15]. As a result, the pressure gap across the capillary wall is small, hence the effec-
tiveness of anti-cancer therapies can be compromised because of disordered blood
flow in the vessels and a reduced distribution of drug molecules reaching the tumor
cells through advection. To improve anti-cancer strategies and make their effects
more predictable, understanding the relationship between the physical phenomena
underlying the drug delivery process and the tumor system properties is essential.

Several mathematical models have been proposed in the last decade to investi-
gate the microscopic inhomogeneity of tumors, that are composed by proliferating,
apoptotic, healthy cells end extracellular matrix. The mixture theory has been ex-
ploited in the general context of fluid flow through porous media to derive the
well-known models that rely, for example, on Darcy’s and Brinkman’s equations
[40] and, more specifically, to address both the avascular and the vascular stages of
tumor growth, stating and solving numerically the equations of mass, momentum
and energy balance for several species [36, 1, 44, 45]. Following this approach, the
macroscale equations are not obtained using upscaling arguments from microstruc-
tural balance, but they are a priori stated, or at most obtained on the basis of pure
averaging. The governing equations and the constitutive equations then mimick the
behavior that single components have in bulk and the interaction forces between
components are deduced from heuristic arguments. Mixture theory models can be
quite general, including any number of interacting species, nonlinear behavior and
no apparent restriction on the geometrical features of the microstructure. A sub-
stantial effort has been made to derive homogenized solutions and proper error
estimates for a wide range of multiscale physical problems, in order to both encode
the relevant microstructural information and improve computational cost (see, e.g.
[54, 32, 42] for multi-phase composite materials and molecular dynamics).

In this paper we address the tumor microcirculation by an approach that also
aims to account for the gross behavior of the system in terms of averaged equa-
tions. However, the multiple scale (homogenization) technique is able to upscale the
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parameters of the macro equations on the basis of microstructural arguments. The
multiple-scales method [43, 17] has been successfully applied to various physical
systems, a most important field of applications of this technique being porous me-
dia flow (see e.g.[2]); rigorous homogenization has been successfully applied to the
interaction between flow, chemical reactions and mechanics in cell tissues [18, 19],
and also to deduce effective transmission condtions for reaction-diffusion processes
in domain separated by an interface [31]. The use of this technique in investigating
living systems is recent; a remarkable example of multiscale analysis applied to the
fluid and drug transport in the microvasculature can be found in [48]. There, the
derivation is obtained by scaling the various physical numbers (which arise from
a proper non-dimensionalization of the microscale model) according to their order
of magnitude, based on several examples which can be found in the biophysical
literature. Furthermore, the blood is assumed to behave as a Newtonian fluid in a
locally periodic and macroscopically uniform domain: macroscopic variations of the
relevant fields are allowed, but macroscale variations of the microstructure, which
might be relevant in malignant vascular networks, are not. Here, we follow a slightly
different approach and derive a macroscale model which generalizes that in [48]; the
latter can be recovered under a number of simplifying assumptions.

More specifically, we develop a mathematical model which describes the fluid
and drug transport phenomena on the tissue length scale, accounting for both the
crucial role of the tumor vasculature geometry and the mutual influence of mass and
fluid transcapillary exchange. In our work, we are able to deal with general interface
conditions at the boundary between vessels and tumor interstitium. In particular, we
adopt a non-equilibrium (possibly non-linear) thermodynamic approach [26] to track
the influence of the concentration of drug molecules on the fluid flow (i.e the osmotic
pressure) and to account for the convection of drug across the capillary walls. We
enforce the sharp length scale separation between the intercapillary distance and the
tumor size, then we state the differential model on the physical domain. Here, non-
dimensionalization and scaling are performed accounting for the physical behavior
of the representative quantities with respect to the asymptotic expansion parameter
(the ratio between the intercapillary distance and the characteristic tissue scale),
rather than their order of magnitude, which might depend strongly on the specific
biophysical system at hand. This approach allows us to describe the greatest possible
number of physical phenomena at leading order, though an order of magnitude
estimate of the relevant non-dimensional numbers can be a posteriori performed
to evaluate the relative importance of the various parameters. Further, our results
account for possible macroscopic variations of the microstructure and for changes
in the effective viscosity due to possible spatial heterogeneities.

The final macroscale model for the physical quantities of interest, such as veloc-
ity, concentration and pressure field, describe the blood dynamics through a double
Darcy’s system of differential equations, whereas the drug dynamics is represented
by a double advection-diffusion-reaction system. The interstitial and capillary mod-
els are coupled through effective mass sources which account for the fluid and drug
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transport interplay. The present mathematical model is computationally feasible,
because the key role of the microvascular geometry is encoded in the effective param-
eters of the macroscale model, which can be computed solving standard differential
problems on a single cell. Hence, in perspective, numerical results obtained from
such a model might help to predict the effectiveness of anti-cancer therapies.

The paper is organized as follows:

e Section 2 is devoted to formulate the continuum mechanics balance equa-
tions and the corresponding boundary conditions on the physical domain
characterized by the intercapillary distance length scale, so that the dis-
tinction between the interstitial and capillary compartment is pointed out.

e In section 3 the governing equations are rewritten in non-dimensional form.

e In section 4 we apply a two-scales asymptotic expansion to obtain the effec-
tive governing equations describing the physical behaviour of the system on
the tissue scale. The main result is summarized and discussed in 4.3. The
fluid dynamics is modeled via a double Darcy’s differential system, whereas
the drug dynamics is represented by a double advection-diffusion-reaction
model. The model reported in [48] is recovered as a special case.

e In section 5 some concluding remarks and future perspective are drawn.

2. Balance equations

In this paper we formulate a mathematical model for fluid and drug transport in
a biological tissue permeated by a capillary network on the basis of a two-scale
asymptotic expansion. The domain  C R3 is composed of two subdomains, €2,
and ), the capillary network and the tissue interstitium, respectively. Following the
available biological literature, we assume the typical mean intercapillary distance
d to be small compared to the tissue characteristic length L, so that we define a
suitable spatial scale ratio as
d

€=7 < 1. (2.1)
According to the analysis reported in [27], the mean intercapillary distance is about
50 um (d ~ 1075 m), whereas, for a tumor, the characteristic length can vary be-
tween 1cm and 12 cm [50]; hence L ~ 1072 — 10! m and

e~ 107 — 1073 (2.2)

At this stage, every unknown field of interest, such as the pressure p, the concen-
tration of drug ¢ and the blood velocity w, is in principle a function of space & and
time t. These quantities obey to balance laws that take specific form depending on
the portion of the domain of interest and, in general, they are not continuous across
subdomains interface. In particular, their restrictions to the interstitial and capil-
lary compartment are denoted by subscripts t and n, respectively. We first consider
the fluid and drug transport in each portion of 2, then we will provide the proper
interface conditions in order to close the resulting coupled differential problem.
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2.1. Interstitial Fluid flow

The tumor interstitium €2; is here considered to be a non-deformable, isotropic
porous medium, where the intracellular space represents the pores and Darcy’s law
applies:

Uy = —mth in Qt (23)
V- Uy = 0 in Qt, (24)

where x denotes the tissue hydraulic conductivity, which, in tumors, may vary
dramatically depending on the tissue type and its chemical composition [51].

We assumed the medium isotropy for the sake of simplicity only. This assump-
tion could be easily relaxed when replacing x with a second order positive definite
symmetric tensor to account for anisotropy, with some more complicated notations,
but no increased insight from a physical viewpoint.

2.2. Capillary fluid flow

Blood is a non-Newtonian fluid, composed by the plasma (which can be regarded as
a Newtonian solution made of water and proteins) and red blood cells, at a concen-
tration (haematocrit) of 40 — 45%. A detailed analysis of blood rheology, regarding
in particular its shear thinning behavior (i.e the apparent viscosity decreases with
increasing shear rate), can be found for example in [13]. In particular, in vessels
much larger than red blood cells (i.e &~ 4um [24]), at constant temperature and
haematocrit, blood can be assumed to behave (approximately) as a Newonian fluid,
with viscosity greater than plasma.

In small capillaries, a more complex blood rheology should be taken into account,
since non-Newtonian effects, such as the Fahareus effect, the Fahareus-Lindqvist
effect [12] and phase separation at bifurcations occur [37]. The typical diameter of
the capillaries is comparable with the size of red blood cells, both in healthy (from 5
to 8um, [49]) and malignant tissues (values ranging from 10 to 30um are reported,
for example, in [21]).

Without entering delicate theoretical questions about possible constitutive relations
for blood flow at such scales, here we consider it as a viscous fluid where the effective
viscosity explicitly depends on the radius of the vessel r. In other words, we tacitly
enforce a complex rheology of the blood, adopting an effective viscosity that depends
on the radius, where such a spatial dependence is the result of an immaterial non-
Newtonian constitutive law applied to a specific geometry.

For example, according to [38] and [35], when haematocrit and temperature are
fixed to 45% and 37°C, respectively, the flow in a straight vessel can be recovered
by adopting an effective viscosity p. given by:

tte = 11 (220 exp(—2.6r) + 3.2 — 2.44 exp(—0.06(2r)* 1)) | (2.5)

where ;1 ~ 1.16—1.33-1072 Pas [9] denotes plasma viscosity. Whenever the capillary
network is regular enough that an average representative radius can be identified,
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the viscosity can be considered constant, such that its value can be computed by
means of (2.5). For example, for r = 10pum, we obtain p. = 1.59u, whereas the the
blood viscosity in large vessels, which is & 4- 1073 Pas [41], is reached only when 7
is approaching 200um, such that p, ~ 3.2u ~ 4 - 1073 Pas.

Since the angiogenic capillary network embedded in a tumor mass typically exhibits
strong spatial eterogeneities, we account for possible spatial variations in the (effec-
tive) capillary diameter. This can be performed, for example, replacing r in (2.5),
with a suitable function r = r(x), yielding

He = Ne(w); (26)

r is in principle a function of & depending on the geometric characteristics of the
capillary network at hand (this can also be induced by medical images inspection).
Finally, inertial and body forces can be ignored and the blood capillary flow is
governed by the following Stokes’ problem:

:U'ev2un =Vp, inQ,
V-u, =0 in Q,.

2.3. Drug transport, reaction and diffusion

The combined action of transport and diffusion determines the concentration of
drug in the blood vessels, whereas, in a tumor, cellular uptake (“the reaction”)
plays a major role. We thus assume a standard advection-diffusion equation for the
concentration in the capillaries ¢,,, whereas an advection-diffusion-reaction equation
holds for the concentration ¢; in the tissue interstitium:

Ocy,

ot + V- (cpuy, — DpVep,) =0 inQ, (2.9)
8ct .
E + V- (Ctut — Dtht) = —h(Ct) m Qt. (210)

Here D,, and D; are the species diffusivity in their own subdomains and h(c;)
is a positive, possibly non-linear function of the interstitial concentration, which
accounts for the reaction mechanisms occurring in the system. When linear uptake
only is relevant, we can prescribe:

h(ct) = vey, (2.11)

where 7 is the reaction uptake rate.

2.4. Physiological interface fluxes

The fluxes across the capillary wall can be obtained on the basis of non-equilibrium
thermodynamic arguments, originally developed in [26] and then generalized to
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other bio-physical systems [11, 53]. When assuming that the Kedem-Katchalsky
formulation applies for both blood and drug fluxes, we obtain

&b = Ly [(pn, — pt) — oRT (¢, — 1)) (2.12)
ba = ¢p(1 — 0)cm + P(cn — cr). (2.13)

where ¢, and ¢4 denote the blood and drug fluxes per unit of total exchange sur-
face area, respectively, whereas L, is the hydraulic conductivity of the vessel wall,
which accounts for the fluid leakage from the capillaries. In tumors, it can be up
to two orders of magnitude higher than in healthy tissue, because of the openings
and defects that characterize the tumor blood vascular networks [23]. Here, R is the
universal gas constant, T is the absolute temperature, P is the diffusive permeabil-
ity of the vessel wall. The osmotic reflection coefficient (0 < o < 1) quantifies the
departure of a membrane behavior from semipermeability. For an ideal semiperme-
able membrane (no solute flux due to convection) o = 1, so that the osmotic flow
is maximized, whereas for an unselective membrane there is no osmosis and hence
o = 0. The value of ¢ depends on the relative geometry and size of the specific
molecule and of the membrane pores [4].

According to (2.12), the blood flux across the interface is due both to the hy-
drostatic pressure drop and the osmotic pressure difference, the latter being pro-
portional to the concentration jump for dilute solutions. The drug flux in (2.13) is
the sum of a convective term, proportional to the fluid flux, and a diffusive one,
proportional to the difference in concentration. The term ¢, has the dimension of
a concentration; in [53] it is suggested that it is a non-linear function of the fluid
flux ¢y of the type:

1 1 5= l-0o
Aoy exp(Agp)—1 P
The quantity A¢y (at fixed blood flux ¢y) is often called the transvascular Péclet
number (Pe,), as it expresses the relative importance of convection to diffusion

em = (1= flea+ for; fi=

(2.14)

across the capillary walls. It is worth recalling the linearized analogues of relation-
ship (2.13) when extreme values of Pe, are taken into account, namely:

¢a = (1 —0)cn + Plcy, — ) for Pe, > 1 (2.15)

and
Cp + Ct
2

The relationship (2.13) is widely accepted in the bio-physical literature (see for
example [22, 52]), whereas the approximation (2.16) has been previously adopted,
for example, in [11]. A rough approximation for the drug flux, which rigorously
applies only when the blood flux ¢ is negligible [20], yields a membrane law of the
type:

¢a=¢p(l —0)c+ P(cp, —ct) 5 €= for Pe, < 1. (2.16)

¢a = Plc, — ¢, (2.17)
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which has been proposed in [28, 29].

Remark 2.1. According to the most widely accepted bio-physical literature [see
for example 22|, equation (2.12) should read:

¢y = Ly [(pn — pt) — o(mn — ™), (2.18)

where (7, — m) denotes the osmotic pressure difference due to different concentra-
tions of plasma proteins across the vessel walls. However, the present work is mostly
related to malignant tissue, so that, according to the analysis reported in [23], the
typical capillary pore dimensions (/2 um) are much larger than the hydrodynamic
radius of plasma proteins (for example, the typical radius of albumin is ~ 3.5 nm).
As a result, the osmotic pressure contribution due to plasma proteins is negligible
in tumors. It is worth remarking that this could not be the case, in general, for drug
macromolecules, whose radius can reach dramatically higher values with respect to
plasma proteins (for example, particles characterized by a radius of & 100— 150 nm,
have been recently developed [46]). We then argue that, in tumors, even though the
blood flux is mostly driven by the pressure drop, the most general flux prescription
is of the type (2.12), whereas, in healthy tissues, an accurate blood flux prescription
should account for the osmotic pressure contribution, as in (2.18).

2.5. Interface conditions

We assume continuity of the drug and blood fluxes through the interface boundary
I' = 99, N 99 via the following interface conditions:

un-n:ut-n:ng (2.19)

(cpup, — Dy Vey) -n = (ceuy — DiVey) - n = éd, (2.20)

where n is the outward unit vector normal to the capillary surface, whereas we
denote by

J)b - ¢b(ﬁnaptacnact)) (221)

di = (z)d(ﬁn,pta Cp s Ct) (222)

the fluxes prescriptions (given, in their general form, by (2.12, 2.13)) as functions of
the normal component of the viscous stress, rather than the sole pressure, namely:

ﬁn =DPn — Ne[(n : V)un)} ‘. (223)

Remark 2.2. Although the viscous term in (2.23) is usually neglected in the phys-
iological blood flux formulations, replacing p, with p, in (2.12) does not change
its physical meaning, as it reads, in any case, proportional to the relevant normal
mechanical stresses difference across the vessels membrane. Further, it is well known
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that boundary conditions involving the Stokes’ pressure should include the viscous
contribution as well, as this is necessary to get a coherent variational form of the
problem, which can in turn lead model well-posedness (see, e.g. [10]) and convenient
a priori estimates for justifying the convergence of the homogenization process (as
in [2]).

Remark 2.3. According to the biophysical literature (see, e.g. [22, 23]), the ac-
tually measured physical quantities are the average macroscopic blood and drug
fluxes. For example the blood flux, which is often referred to as J,, reads:

Jo = Sé, (2.24)

where S is the total exchange surface of the capillary vessels and ¢, is given by
(2.12) or (2.18) depending on the actual physical system at hand. Even though it
is more convenient to prescribe the fluxes per unit area in the current formulation,
we still have to account for the correct asymptotic behavior of the various physical
quantities involved in the extravasation process. In fact, it is reasonable to assume
that the actual measured flux (i.e of the type (2.24)) for a fixed portion of the
tissue is finite, even when the number of capillaries (and correspondingly their total
surface) increases within the volume, so that the average distance between them
decreases, that is:

SxNxX—==—-—>¢, Xx — X — =F¢, (2.25)
€

where N is the (estimated) average capillary number in the network. We apply the
heuristic argument (2.25) highlighting the correct asymptotic behavior of both the
blood and drug fluxes per unit area, ¢, and ¢q, via the following definitions:

éb = Eq)b, (lgd = G(I)d, (226)

and for the sake of simplicity, from now on, we still refer to the quantities ®; and
®, as the blood and drug flux, respectively. The interface conditions (2.19-2.20)
then rewrite:

U, N =1 -N=eDy (2.27)

(cntty — DpVey) - n = (ciuy — DiVer) - m = €Dy, (2.28)

The € coefficient appearing on the right hand sides of (2.27-2.28) then reflects the
application of average experimental measures to a local balance law. In fact, this is
the proper scaling to ensure that local fluxes contributions, which are expected to
translate into volumetric contribution on the global scale, are finite in the limit for
e —0.
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To close the problem, we need one more boundary condition for the tangent compo-
nents of the fluid velocity in the capillaries. Since the solid compartment is a porous
medium, following [25], we assume that the following generalized slip conditions [3]
hold

k

Up - T = —£ [(m-V)uy]-TonT, (2.29)
e

where « is a non-dimensional parameter, which depends on the properties of the

porous surface, T is any unit vector tangent to the capillary surface and k is the

tissue permeability, which is related to the hydraulic conductivity « by

K= —. (2.30)
He

3. Non-dimensional form of the equations

Equations (2.3), (2.4), (2.7), (2.8), (2.9), (2.10), equipped with boundary conditions
(2.27), (2.28), (2.29) and proper effective viscosity and fluxes prescriptions (for
example of the type (2.5,2.6) and (2.12,2.13), respectively), represent a coupled
system of partial differential equations in the variables w,, ws, pn, P, Cn, ¢ on the
whole domain €2, which includes both the tumor interstitium ; and the capillary
network €2,,. We now rewrite the system in non-dimensional variables:
2

z=Lr u= CTdu' p=CLp c=C,d t= %t’, (3.1)
where C,., C are the reference concentration and pressure gradient, respectively.
The corresponding system of partial differential equations in non-dimensional form
then reads (the primes have been dropped for the sake of simplicity):

aeVau, = Vp, inQ, (3.2)

V-u,=0 inQ, (3.3)

u; = —kVpy iny (3.4)

V-ou;=0 inQy (3.5)

aaitn +V-(chu, — A, Ve,) =0 inQ, (3.6)
dcy 7 .

N + V- (cquy — AtVer) = —h(ey) inly (3.7)

supplemented by the interface conditions

U, -1 =€, onl (3.8)

Up T =—€p[(n-V)uy]-7 onT (3.9)

u;-n=ed, onl (3.10)

(cnn — ApVe,) n=ed; onT (3.11)

(ctuy — AyVey) -mn=e®y onT, (3.12)
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where @, ®4, h are the corresponding non-dimensional blood and drug fluxes and
reaction function, respectively. Whenever the most general Kedem and Katchalsky
formulation of the type (2.12-2.13) is adopted, the resulting non-dimensional fluxes
read:

Oy = Ly (pn — pt) — I (cn — ), (3.13)

g =(1-0)cn®+ 7T (cn—cr), (3.14)

where p,, is the non-dimensional normal stress given by

P = pn — €R[(n - V)u,] - n. (3.15)

The non-dimensional numbers (functions) introduced above are defined as follows:

/_1,(:1:) = ’ue(w) 7 R = %, A'n, = Dnﬂ 7 At = Dtu ’ ¢ — @7
H d? LCd? LCd? «
- LyL?p —  L,LuocRTC, o  PuL
L, =-F2 I =22 T = ) 1
p d3 ’ Cd3 ) Od3 (3 6)

Here, fi represents the relative fluid viscosity, whereas K, ¢ are the non-dimensional
hydraulic conductivity and slip coefficient, respectively. The number L,, T are non-
dimensional hydraulic vessels conductivity and diffusive permeability, whereas II
measures the relative importance of osmotic vs fluid pressure drop across the vessel
wall. The non-dimensional numbers A,, and A; express the relative importance of
diffusion vs convection, so that they can be written as
L% Ay = i,
Pe,, Pe;
where the capillary and interstitial Péclet numbers Pe,, and Pe; are defined as

LCd?
Pe,,: = ;. Pep: = ¢ .
H Dy

Further remarks about the choice (3.1) of non-dimensional variables and the mean-
ing of the corresponding equations are in order.
The Stokes’ type characteristic velocity

A, = (3.17)

(3.18)

2
o 319

adopted in (3.1) preserves the asymptotic behavior of the interstitial fluid velocity,
as well as in the capillaries (see continuity condition (2.27)) as € — 0. Problem (3.2)
is the typical asymptotic problem which characterizes the flow in porous media in
the multiple scales analysis context, as, for example, in [7, 16, 2]. The transport pa-
rameters, including the tissue hydraulic conductivity and any other transvascular
parameter encoded in the fluxes ®;,, ®; (for example, the membrane conductivity
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L, and the diffusive permeability P), are given by experimental measurements, that
implicitly comprise a dependence on both the geometry and on the tissue and cap-
illary walls material and chemical composition. Here, we claim that the observed
Darcy’s interstitial flow, together with the Kedem-Katchalsky leakage of blood and
macromolecules from the vessels, should be consistent with the Stokes’s type char-
acteristic velocity profile assumed in (3.1). As a consequence, the non-dimensional
tissue hydraulic conductivity given by (3.16) and the non-dimensional fluxes are to
be considered fixed in the limit ¢ — 0. Finally, we assume a formal balance between
diffusion, reaction and convection within the domain, so that the Péclet numbers
(3.18) and the non-dimensional reaction h are fixed in the limit e — 0. This is done
for the sake of generality, as this approach allows us to retain the greatest possible
number of physical phenomena in the asymptotic analysis. However, the relative
importance of the various phenomena can be a posteriori evaluated via an order
of magnitude estimate of the resulting non-dimensional numbers, to account for
specific physical regimes (such as, for example, the advection dominated regime),
depending on the actual physical system at hand.

4. Multiscale formulation

In this section we employ the two-scales technique [43, 17] to derive a continuum
macroscale model for the system of equations (3.2-3.12). Since € < 1, we enforce the
sharp length scale separation between the intercapillary distance d, the microscale,
and the tissue characteristic dimension L, the macroscale, (see figure 1) defining:

Y= (4.1)

Following the usual approach in multiscale analysis, from now on « and y de-
note independent variables, representing the macro and micro spatial scale, respec-
tively. We then assume that any unknown field ¢ defined throughout this work (i.e.
Up, Uty Pr, Pty Cn, C¢) 1S a function of these independent spatial variables:

¥ =(x,y,t)
so that the differential operators transform accordingly:
1 1 2
V = Vo + —Vy; v 6f2vy+gvy-va,.+v3,, (4.2)

For every field ¥ we formally perform the following multiple scales expansion in
power series of e:

=@y, 1) =Y (@, y, 1) (4.3)
=0

The components /() are defined for every @ belonging to the macroscale domain,
whereas y spans only the specific portion of the microscale where 1 is defined. We
assume periodicity in the microscale variable, so that every ¢(") is y-periodic.
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THE LOCAL SCALE THE MACRO-SCALE

Fig. 1. A 2D cartoon representing the micro and macro scales. On the right hand side, the ho-
mogenized domain, where the microstructure is smoothed out, is shown. On the left hand side,
the microscale is shown and the difference between the interstitial and capillary compartment is
pointed out. Two possible examples of periodic units (drawn as blue circles) are depicted, related
to two different macroscale points denoted by « 4 and g, to emphasize that the medium is not, in
general, macroscopically uniform. In fact, the interface position vector r related to the same (ho-
mologous by y-periodicity) local point is varying with respect to @, that is r(xa,vy) # r(zB,y).
Whenever the medium exhibits such variations, one cell problem for every x of the homogenized
domain is to be solved.

Remark 4.1. Only local periodicity is assumed, while macroscale variation in any
field v is allowed. Furthermore, the interstitial and capillary compartments can
also macroscopically vary, that is Q, = Q,(x,y), Q2 = Qi(x,y), so that possible
macroscale changes of geometry are accounted for. This represents a difference with
respect to previous works [2, 48], where the medium is assumed macroscopically
uniform, i.e. the interface between subdomains is assumed to be x-constant, so that
the geometric structure of the medium is globally periodic, even though macroscopic
variations of the fields are obviously still allowed. Note that the latter assumption
is much stronger than local periodicity only, especially for tumor vascular networks,
which exhibit sharp spatial heterogeneities.

We perform power series expansions of the form (4.3) for the relevant fields in (3.2-

3.12); by collecting coefficients of ¢ for I = 0, 1, ..., and exploiting suitable microscale

averages, we derive a closed macroscale model for the leading order fields pglo), pgo),

NORNORWORNO)

n y Ynooy g

Whenever a component of the asymptotic expansion retains a dependence on the
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microscale y, we can take its integral average, defined as follows:
1
<w>5 = 9 / 1/’(33’%15) dy, s = t,?’L (44)
€0 Ja,

where || and [Q,,| stand for the interstitial and capillary volume, respectively, and
integration is performed over the local scale y. Because of the y-periodicity, the
integral average (4.4) does not change if performed over a single representative cell
only (that is, when Q; is replaced by its representative cell portion), so that, from
now on, (4.4) will be regarded as a cell average. Finally, we also permit macroscale
variations of the capillary radius r, such that from now on we assume:

fi = i), (4.5)

that is, iz is y-constant.

4.1. Capillary problem

Assuming that all the fields depend on the independent variables (x, y), derivatives
transform according to (4.2), so that the capillary problem in €, (3.2-3.3), (3.6),
(3.8-3.9), (3.11), rewrites:

ﬂeViun + 2/162Vy -Vatu, + ﬂeg’Viun = VyPn +€VaDn (4.6)
Vy - -up+€eVg-u, =0

5 0cy,

€ ot + Vg - (eQCnun — €A, Vycpn — eQAancn) (48)
+Vy - (ecpuy, — ApVycn — €A, Vge,) =0
equipped with interface conditions on I' of the form:
(ecntty, — ApVycn — €AnVge,) -n = 2®4 onT (4.9)
Uy, - n = edy (4.10)
—ol(n-Vy)up| -7 —€p[(n-Vy)u,] - T=u, -T7onT, (4.11)

where, enforcing (4.2), the general formulation for the fluid and drug non-
dimensional fluxes (3.13,3.14) reads:

Py = Ly (pn — pe) T (e — Ct)*f’pﬁﬁ[(n'vy)un]'nfffpgﬂ[(n'vm)un]'nv (4.12)

Pg=(1-0)cn®+T(ch—cr). (4.13)
Our aim is to determine a closed problem for the zero-th order fields p%o),
<u§10)> , C;O). We start considering the fluid flow in the capillaries; collecting terms

of order € in (4.6) we get

V! =0 — pl® = plO(z,1). (4.14)
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Therefore, the leading order pressure field in the capillaries is y-constant. Equating
coefficients of €' in (4.6) and €® in (4.7), (4.1027 (4.11), we obtain the following
Stokes-type boundary value problem for (u%o), pn1 ):

Vypl — iViul?) = —Vap?) in Q, (4.15)
Vy-u® =0inQ, (4.16)

u® n=0onT (4.17)

—¢ [(n . Vy)ug])} r=u® - 7TonT (4.18)

Now we exploit linearity of equations (4.15-4.18) together with (4.14) to formulate
the following ansatz for the solution:

u?(z,y,t) = ~W(z,y)Vap) (2, t) (4.19)
PP (x,y) = —Pyu(x,y)  VapV (x, 1) + plz, t), (4.20)

where the cell fields (W, P,,) satisy the following Stokes’ type problem:

VyPn=paViWT +1 inQ, (4.21)

Vy - WI =0 inQ, (4.22)
Win=0 onTl (4.23)
—[(VyWTn]r =WTr onT. (4.24)

The above system of partial differential equations is supplemented by periodicity
conditions in y together with suitable conditions that guarantee uniqueness for the
auxiliary vector P, for example:

(Py),, = 0. (4.25)

We are now able to provide a macroscale equation for the average capillary velocity
<u%0)> . Integrating (4.19) over Q,, we obtain:
n

(ul?) = —KVepl? (4.26)
where K is the second order permeability tensor for the capillary flow defined by:

K= (W) (4.27)

n’
or, componentwise,

1
20|

Kij = / Wij dy 1,5 € (1,2,3).
Qp

The average velocity profile in the capillaries thus obeys an anisotropic Darcy’s law
at the macroscale: the flow is driven by the leading order pressure in the capillaries

p%o), whereas the microstructure is encoded in the permeability tensor K.
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To obtain a macroscale equation for pSf’), we collect the coefficients of order € in

(4.7):
Ve -u = -V, ull), (4.28)
hence
1
w0 = WO A 1.
(Ve - uf >ﬂ (Vy - uf >n \Qn\/pu" nds,, (4.29)

where we used the divergence theorem in y and exploited y-periodicity. Further,
the €! contribution in the interface condition (4.10) yields:

ul).n=3" onT, (4.30)

where we denote by @I()O) the zero-th order non-dimensional blood flux, such that

<Vz~u£§>> = _Iﬁl /@,ﬁo) ds,, (4.31)
n r

n

and, when a general presciption of the type (4.12) applies, &)I()o) is given by:

By = Ly (o = pl") 1 (e — V). (4.32)

In order to obtain a scalar equation for the leading order pressure p%o), it is con-

venient to exploit the previously derived linear relationship between the leading
order capillary velocity and pressure (4.26). We first make use of the generalized
Reynold’s transport theorem [16] with respect to @ to relate the cell average of the
macroscale divergence of the leading order velocity field uﬁf’) to the divergence of
its average (which are in principle different because Q,, = Q,(x,y)), that is:

Vo - <u§?>> - <vw-u£?>> +ﬁ / u® - qds,, (4.33)
n n n N

where, according to preexisting literature examples in multiscale analysis (see, e.g.
[7, 34]), we exploited the following notation:

¢ = (Var(z,y)'n, (4.34)
where 7(x,y) denotes the interface position vector [16] (see figure 1). Substituting
equations (4.26) and (4.31) into (4.33) we finally obtain:

1 _
v AaON v . ) — — (0) _ (0
Ve <un >n Ve (Kvan> o /F (39 —u® . q)ds,. (4.35)

The fluid flow in the capillaries compartment is not incompressible at the
macroscale. The effective source term appearing on the right hand side of (4.35)
is firstly due to the leading order blood flux @I()O). Hence, the microscale exchange
between the interstitial and capillary compartment across the interface I' trans-
lates into a volumetric contribution on the global length scale. The second term at
the right hand side of (4.35) is the apparent flux due to possible variations of the
microscale geometry with respect to the macroscale «.
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A macroscale equation for the leading order concentration in the capillaries is ob-
tained collecting coefficients of €® in (4.8), (4.9):

Vi) =0 inQ, (4.36)
Vyc® .n =0 on I (4.37)

This is a Laplace boundary value problem, with periodicity condition in y and
homogeneous Neumann condition on I', whose solution

9 = O (g, 1) (4.38)

is constant with respect to y. Collecting terms of order ¢! in (4.8), (4.9) we obtain

the following differential problem for cg):

Vi) =0 inQ, (4.39)
VeV n=-v,® . n onT, (4.40)

where we accounted for the zero-th order incompressibility costraint (4.16) and for
(4.38) to obtain equation (4.39), whereas (4.17) was exploited to get the interface
condition (4.40). The solution of (4.39-4.40) is unique up to an arbitrary y-constant
function; as the leading order concentration e s locally constant (4.38) and the
problem is linear, we can state the following ansatz for the solution:

M = —a-Vauc® +&(x,t), (4.41)
where the auxiliary vector a(x,y) solves the cell problem:

Via=0 inQ, (4.42)
(Vya)n=n onT. (4.43)

As previously, a further condition for a is required to ensure uniqueness, for example
(a), =0. (4.44)

Now we seek for a macroscale equation for the leading order concentration in the
capillaries cﬁfn. We start by equating €2 coefficients in (4.8),(4.9) to get:

ock” (0)4,(0) () 2 (0) (0) (1)
o T Vo () = A0Va - (Vyel) = AV + Ty (dPul?) (4.45)
+Vy - (c%l)ugbo)) - AHV?IC;Q) — AV, - (Vmc;1)> =0 in Q,,
(CSLO)US) +cDu® — 4, v, — Anvmcg)) ‘n = (i)EIO) on T, (4.46)

where, when a general prescription of the type (4.13) applies, the zero-th order drug
flux é&o) reads

4 - ), (4.47)
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with @l()o) given by (4.32). Integral average of (4.45) over (), when the divergence
theorem together with y-periodicity are enforced, yields:

act)
G (Ve (Pu)) =4, V2

+|an| /Fciff) a8y — Ay (Vo - (vyc;1>)>n —0.

The interface contributions have been evaluated by means of (4.46) and condition
(4.38) has been explicitly exploited. The resulting macroscale equation (4.48) can
be rewritten exploiting the Reynolds’ transport theorem in « and using the solution

for c%l) (4.41), so that, rearranging terms, we finally obtain:

(4.48)

(0)
o Ve (e ()~ D, Vue®) iy - V) =
ot n ) (4.49)
= rncglo) — m A (I)Elo) dSy,
1 . An
Tyt = m/rugo) cqdSy;  Un:= oM /F(Vya)q dSy, (4.50)

Dp: = A, <| - ﬁ /Q (Vya)' dy> , (4.51)

or, componentwise

. 1 da,; 1
DY = A o J — A o o, . 1.2 .
n n <6ZJ |Qn| Qn ayl dy) n (613 |Qn| /Fajnl dSy) Y lv] e ( b 73)

Here, the contributions due to the scalar r, and the vector u, can be viewed as
effective reaction factor and correction transport velocity, respectively, due to slow
modulation of the interface I'. The second order tensor D,, represents the effective
diffusivity tensor for the capillary compartment.

The differential problem given by (4.26,4.35,4.49) (even when (4.19) is used to
express u%o) as a function of pslo)) for the capillaries variables <u$lo)> ,cﬁf”, p%o), is
n

)

variables too. Hence, we proceed to derive the macroscale differential system for

not closed, because the blood and drug fluxes <i>l(70) and @EIO depend on the interstitial

the interstitial compartment, to write down a closed coupled problem for both
interstitial and capillary variables.

4.2. Interstitial problem

The interstitial problem (3.4,3.5,3.7,3.10,3.12) for fluid and drug transport in Q,
after the two-scales reformulations, reads:

eur = —RVypr — €RVgpy in (4.52)
Vy-u+eVg-u, =0 in )y (4.53)
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dc
29 2
Vg - n A, Ve — €AV
8t + (6 CtUuy — € yCt ] € t Ct) (454)
—l—Vy . (ectun - Atvyct - EAtvat) == —62h(Ct) in Qt
with interface conditions
(CCt’U/t — Atvyct — EAtvat) Ny = —EQ(I)d on I’ (455)
up-ny = —e®, on T, (4.56)
where n; = —n is the outward unit vector normal to the interstitial surface. Our

aim is to determine effective differential equations for the leading order interstitial
fields pto) (0), <u,(50)> . We start equating coefficients of €® in (4.52) to obtain:
t

V" =0 p = pi” (1), (4.57)

so that the leading order interstitial pressure is locally constant.

Equating coefficients of ! in (4.52) and of €” in (4.53) and (4.56) we get:
ul” 4.58

4.59

4.60

= —/?;Vypg — I{prt in (4.58)
Y, - u§°) =0in (4.59)
u§0)~nt:00nl“. (4.60)
Now we can substitute relationship (4.58) into (4.59-4.60), such that, since (4.57)

applies, we can write the following Laplace problem for p§1>

v§p§1 —=0in O (4.61)
Vypgl) = —Vmpgo) -mg on I (4.62)

The corresponding compatibility condition

Vepl” -nydS, =0 4
2Py - medSy = (4.63)
r
is satisfied because
/ prt -n;dS, = prt -n;dSy = Vy prt dy =0, (4.64)
00 Q

where we have used y-periodicity and the divergence theorem, as well as the fact
that p§°) is locally constant (4.57).

Now we exploit the linearity of the problem (4.61)-(4.62) to propose a solution of
the form:

i = —Pi(z,y) Vapl” + pi(), (4.65)
where the auxiliary vector P; solves the following cell problems:

VeP,=0 in (4.66)
(VyPt)nt = Ny on I'. (467)
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The above system of equations is supplemented by periodicity conditions in y to-
gether with suitable uniqueness conditions for P;. For example we can impose:

(P¢), =0. (4.68)

An integral averaging of (4.58) over 2; provides the macroscale equation for the
velocity in the tumor interstitium,

<u§0)>t = —REV4p”, (4.69)

where the second order tensor E is defined by:

1

Ei=l—-— [ (V,P)" dy, (4.70)
] Ja,
or, in component notation:
1 op) 1 ;
J J IQtl Q 8% J IQtl - t ) ( )

Also in the interstitial compartment, the average velocity profile is therefore given
by an anisotropic Darcy’s law. Then, the whole system can be viewed as a double
porous medium on the macroscale. As before, the role of the microstructure is
encoded in the permeability tensor, which is given by E in the tissue interstitium.
To close the entire macroscale model, we need a macroscale equation for the leading
order interstitial pressure p§°) and the drug concentration cgo). We recognize that the
interstitial relationships (4.53-4.56) are formally analogous to equations (4.7-4.10),
provided that the following identifications are made:

_ _ _ _ dc, O _
Uy — U, Cp — ;3 Py — =Dy Dy — —Dy; é — % +h(e); An— Ag
|| — €] (4.72)

and
n—n,=—-n. (4.73)

By applying in the interstitial compartment the same asymptotic analysis previously
carried out for the capillary compartment in equations (4.7-4.10) to (4.53-4.56), we
obtain the macroscale equations (of the form (4 35), (4.49)):

B O\ _ o (= <o> _ O _ 4,00
Va < >t Ve (nEVmpt o / (3! @)dS,.  (4.74)

and

b (0)
g (0 <ugo>> 052l — - T -

ot (4.75)
=rel® 417 [ 8 45, - ),
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where

1
Ty = —— UEO) -q dsya t: = ‘Q | / v b (476)
T t

o= (1= s [ w07 ay). (4.77)
€] Jo,

or, componentwise

y 1 ob; 1
DY — A o J A o — M ] ] 1,2,3).
! ' (5” 1] Jo, 0ui dy) ' (6” * 1| /erm dSy)  hie(L2)

The auxiliary vector b(x,y) solves the cell problem (4.42-4.43) in the interstitial
domain, namely:

Veb=0 in (4.78)
(Vybn, =n; onT, (4.79)
where, again, a further condition for b is required to ensure uniqueness, for example

(b), = 0. (4.80)

4.3. Main result and discussion

The system of equations (4.35,4.26,4.49,4.74,4.69,4.75) represents the effective dif-
ferential model for the leading order average pressure, velocity and concentration

fields p(o) < (0)> , (O), p§0), < (0)> (©) , which describe the macroscopic behavior
of the fluid and drug dynamics in vascularlzed tissues. Summarizing, the resulting
equations in non-conservative form are

dely) n (<u(o)>n _ ﬁn) Vel — Y, - (Dnvwc;‘”) = —Ralc}))] (4.81)

at n
6?? (), ~ ) - Voe? = Vo (DiVae” ) = ~Rile”] (482)
Ve ( wpg)) - gi,‘i’z(:o) - |an‘ / u) - q ds, (4.83)
Ve - (R ) _‘ o + m/ : (4.84)
<“”O)>n = —KVap]? (4.85)
<“§O)>t = ~REVap;”, (4.86)

where E(x), K(x), D¢(x), D,,(x) are the effective hydraulic conductivity and diffu-
sion tensors, |2, |(x), |Q|(x) are the capillary network and interstitial cell volume
fractions. We recall the definition of the vector g given by (4.34) in terms of the
interface position vector r(z, y):

q: = (Vor(z,y)) ' n.
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The reaction operators R,, and R, are defined as:

Rp[cV)]: = 5 ‘i)((io) + v, - <u$LO)> — ¥ (4.87)
S - _
Rt[cgo)]: = —mfbgo) + cﬁo)vm . <u§0)>t - rtcgo) + h(cgo)). (4.88)

Since the blood flux (i)[()o) and the drug flux Ci)glo) (given by (4.32,4.47) when a
complete Kedem-Katchalsky formulation is assumed) and the reaction function &

depend on pﬁ{”, pgo), c%o)7 c,EO) only, then they are also y-constant and

S(a) = /F as, (4.89)

is the unit cell capillary walls surface. The system (4.81-4.86) provides a closed
homogenized model for the leading order macroscale variables, as the non-averaged
fields qu’) and u§°> which explicitly appear in (4.83,4.84) and also in the effective
reactions 7y, and r; defined in (4.50,4.76), can be expressed as functions of pS{’) and

p,EO) only as follows:

uwl® = —~Wv,pl¥ (4.90)
u” = = (1= (7, P)") Vap!”, (4.91)

where we exploited (4.19) and (4.58,4.65), respectively.

The fluid dynamics is described by the double porous medium model (4.85,4.86),
with mass exchange between compartments, due to both the blood leakage and by
the effective mass flux driven by spatial heterogeneities, at the right hand sides of
(4.83-4.84).

The drug dynamics is described by the advection-diffusion-reaction model (4.81-
4.82). Both the interstitial and the capillary advection are due to the corresponding
fluid flow, up to a correction factor that accounts for possible lack of macroscopic
uniformity in the system. The reaction operators (4.87-4.88) encode the drug ex-
change between the two compartments, the influence of the blood leakage on the
drug dynamics and the effective reaction related to macroscopic changes of the mi-
crostructure. Chemical reactions occuring in the interstitium are also taken into
account.

The whole model holds over the macroscale, where the difference between inter-
stitial and capillary compartment is immaterial. Nevertheless, the role of the mi-
crostructure can be understood in the model, as the cell volumes fractions |, |(x),
|| (z) and interface area S(x) appear explicitly. Furthermore, the macroscale hy-
draulic conductivity and diffusion tensors E(x), K(x), Di(x), D,(x) defined by
(4.70,4.27,4.51, 4.77), can be obtained after solving the cell problems (4.66-4.67),
(4.21-4.24), (4.78-4.79), (4.42-4.43), respectively.

The unit cell geometry is needed to compute contributions that account for macro-
scopic changes of the microstructure (i.e. any term including the vector g, defined in
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(4.34)). We summarize the steps needed to compute the solution of the differential
problem (4.81-4.86) as follows:

(1) Given a macroscale domain Qy C R?® and a time interval (0,T), T € R*,
fix suitable initial conditions in Qg and provide boundary conditions on

(2) Define the cell geometry as a function of @, such that, in particular, |Q,|(x),
|Q¢|(x), S(x) and r(x,y) are prescribed.

(3) Prescribe material properties to get the proper non-dimensional numbers as
defined in (3.16). According to the specific physical system at hand, choose
the proper functional form of the fluid and drug fluxes and interstitial
reaction to get ®{”, ) and h(c”).

(4) For every & € Qp, solve the cell problems (4.66-4.67), (4.21-4.24), (4.78-
4.79), (4.42-4.43) to compute the auxiliary cell variables Py, W, b, a.

(5) Compute the correction velocities @, @#; and the macroscale coefficients
encoded in the effective tensors E, K, D¢, D,,, using definitions (4.50),(4.76),
(4.70,4.27,4.51, 4.77), respectively.

(6) For every # € Qg and for every t € (0,7), solve the dif-
ferential problem (4.81-4.86), equipped with the macroscale bound-
ary and interface conditions prescribed in step (1), to obtain

), <u$?)>n7 0 pl <U§0)>t, ?,

Remark 4.2. Note that the mathematical model we obtained can be discretized
on a coarse “macro” computational grid, while the relevant physical phenomena
are now captured on the tissue scale. A numerical solution of the original prob-
lem (3.2-3.12) would require an extremely fine grid to capture the detail of the
microstructure, which is characterized by the intercapillary distance d. Instead, as
the effective governing equations (4.81-4.86) are to be solved on the macroscale,
a much coarser grid can be used. The role of the microstructure is now encoded
in standard differential cell problems, to be solved for every macroscale computa-
tional node (see figure 1). Finally, whenever macroscopic uniformity applies, the
representative cell does not depend on the macroscale any longer, and an average
representative radius for the capillaries can be fixed. In this particular case, the sys-
tem dramatically simplifies, as every correction factor due to macroscopic changes
of the microstructure (i.e including the vector q) vanishes, the cell problems depend
on the microscale y only and they are to be solved once for every & € Qp, to give
the constant macroscale coefficients E,K,D,,,Dy.

4.3.1. Comparison with the model proposed by Shipley & Chapman [48]

The fluid and drug transport model reported in [48] can be obtained as a particular
case of (4.81-4.86), under the following simplifying assumptions:
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(1)

Macroscopic uniformity, i.e. the microstructure is unique; hence ¢ = 0, and
Ty Tty Up, U vanish. |, |, ||, S are simply constant numbers.

Fluid flow in the capillaries is assumed as Newtonian, i.e. fi is constant.
Diffusion is negligible compared to advection, i.e. A,,, Ay — 0, hence the
macroscale diffusivity contribution is neglected.

The Starling’s law for the blood flux neglects the osmotic pressure drop due
to the drug concentration and a relationship of the type ¢, = Ly(pn — pt)
is chosen. As a result, we obtain:

o)) =L, (pﬁf’) - pﬁo)) : (4.92)
where
. L,L?u
L,= e (4.93)

is the non-dimensional vessel conductivity. In this case, the fluid and drug
dynamics are decoupled, as the solution for the fluid variables does not
depend on the interstitial and capillary concentrations any longer.

The membrane law for the drug flux ignores the advection of macro-
molecules across the interface and a relationship of the type ¢q = P(c, —c;)
is chosen, leading to:

‘i)g)) =7 (cglo) — cgo)) , (4.94)
where
- PuL
T = 4.
TE (4.95)

is the non-dimensional diffusive permeability of the capillary walls.
Linear uptake in the interstitium, that is h(c;) = ye; and

h(cl?) = Dacl?, (4.96)
where Da is the Damkohler number given by:

_Lp

(4.97)

Whenever the above simplifying assumptions hold, the system (4.81-4.86), in con-
servative form, reduces to:
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ot ST _
8tt T Ve (CEO) <“§O)>t> - m(cﬁo) — ") - Dacf” (4.99)
S -
. O©) = 2 F (O _ O
Va (Kvmpn) o, Lol —pe) (4.100)
Ve - (REV@-pﬁo)) S O RO (4.101)
€2
<u£l°)> = —KVgp" (4.102)
<U§O)>t = —REVap}”. (4.103)

Equations of the form (4.98-4.103) have been derived by [48] for the fluid and drug
transport in vascularized tissues (up to notation issues). The cell problems related
to the solutions for the effective hydraulic conductivity tensors K and E, given by
(4.21-4.24) and (4.66-4.67), respectively, are exactly the same introduced above and
the same is true for the several related non-dimensional numbers, even though in
[48] a different scaling approach is performed. In fact, accounting for relationships
(2.30), (3.19) and (3.16), the non-dimensional numbers appearing in (4.98-4.103)
can be equivalently rewritten as
2

T:%, Da:%, Lp:%, r-;:d%, (4.104)
such that, in our notation, they are defined exactly the same way as their corre-
sponding counterparts in [48].

Remark 4.3. Equations (4.100-4.103) exactly match the double porous medium
model in [48], whereas (4.98-4.99) agree with one of the drug dynamics model de-
rived by the authors P, where the interstitial and capillary concentrations can be
tracked independently. It is worth remarking that their derivation adopts a differ-
ent viewpoint, as every non-dimensional number in their formulation is scaled with
respect to € on the basis of an a priori order of magnitude estimate. It is worth
noting that assumption (3) is not exploited by the authors; diffusion plays a role in
the derivation of their model, but does not appear at leading order. Furthermore,
they discuss different types of interface conditions, including the membrane law,
continuity, and jump between the interstitial and capillary concentrations across
the capillary walls. As a result, they do not obtain a unique formulation for the

aUp to notation issues; indeed, in [48] the diffusive permeability of the membrane P, the reac-
tion uptake rate v and the non-dimensional vessels conductivity Ep are denoted by r, A and R
respectively.

bPage 1484, paragraph 3.2.4, [48].
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drug dynamics, rather, several different options are presented. Nevertheless, the re-
sulting models can be viewed as either particular or limiting cases of equations of
the type (4.98-4.99), as reported in [47].

5. Conclusions

In this work we have considered a system of partial differential equations (in non-
dimensional form) that expresses the balance laws (3.2-3.7) between the fluid and
drug transport in the tumor interstitium and its embedded microvasculature. The
flow coupling across the capillary walls has been enforced by the interface conditions
(3.8-3.12), which account for blood and drug transcapillary exchange across the
vessels walls. By exploiting the strong spatial scale separation between the tumor
characteristic length and the mean intercapillary distance, we obtained a closed

differential problem for the leading order quantities pslo), p§0)7 c%o ), c§°), <u§LO)> ,

n
<u§0)> on the tissue scale, by means of the homogenization technique, under the
assumption of local periodicity only; macroscopic variations of the microstructure
are therefore allowed.

According to the resulting system of equations, the fluid flow obeys a double
porous medium model, where the effective hydraulic conductivity tensors can be
computed solving standard differential cell problems. Mass sources contributions
account for both the effective transport between the capillary and interstitial com-
partments and macroscopic changes of the microvasculature.

The effective governing equations for drug transport comprise a double gener-
alized advection-diffusion-reaction model, where the reaction operators account for
the transvascular exchange of drug across the capillary walls, as well as the influ-
ence of the blood transfer and slow modulation of the microvasculature geometry.
Chemical reactions which might occur in the tumor interstitium are also taken into
account. The role of the microstructure is also encoded in the effective diffusivity
tensors, which can be computed by solving classical differential cell problems on a
single unit cell.

Our main result has been the derivation of a mathematical model that retains
the most relevant physical phenomena of the system at the tissue scale: the role
of the microvasculature is recovered via the effective macroscale coefficients of the
model, which can be calculated solving standard differential problems on a single
cell for every macroscale point . Moreover, an interesting feature of our model is
its computational convenience.

The mathematical model reported in [48] can be recovered under a number of
simplifying assumptions. Remarkable differences are that diffusion plays here a role
at the tissue scale, and the interplay between fluid and drug transport is accounted
for, via a general Kedem-Katchalsky model for the interface fluxes. The osmotic
pressure due to the difference in drug concentrations is retained, yielding a coupling
between blood and drug dynamics. Furthermore, we also allow macroscopic varia-
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tions of the microstructure and compute the arising effective velocities, reactions
and fluxes. In general, the main contribution of the current work is in addressing
more generality in the physics of the biological system, in terms of a fully non-
equilibrium, non-linear formulation for the blood and drug interplay, together with
possibly non-linear reactions that might occur in the tissue. The effective governing
equations do not depend explicitly on specific physical regimes: however, simplified
cases can be obtained performing an a posteriori estimate of the non-dimensional
numbers, depending on the actual system at hand. Finally, local periodicity only
is assumed, and the present model still applies when spatial heterogeneities, which
often occur in tumor vasculatures, appear.

Nevertheless, some simplifying assumptions are enforced. In particular, we did
not account for a fully non-Newtonian rheology of the blood, even though (slow)
variations of the relative viscosity with respect to the effective capillary radius are
allowed. The microstructure can vary over the macroscale, but is fixed in time,
such that we do not account for adaptation or re-modelling issues (see for example
[39, 33]). The elastic deformability of the porous structure is neglected, even though
for a certain class of tissues, the elastic (or visco-elastic) properties of the porous
solid mass cannot be ignored. In this scenario, it has been shown that the hydraulic
conductivity of the tissue depends also on the tissue strains [30], and poroelastic
modeling approaches with anisotropic dependence of the hydraulic conductivity
upon tissue deformation have been recently explored [5].

This work represents a first attempt to test both the impact of the vascular
geometry and the influence of drug parameters on the tumor fluid dynamics. This
mathematical framework can be exploited to simulate numerically the fluid and
drug transport coupling on real tumor geometries extracted from medical images.
Numerical results can be compared to clinical data to achieve validation whereas,
in the long term, predictions from this model could help to improve anti-cancer
strategies.
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