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Abstract

In this work we present a new high order space-time discretization method based on a
discontinuos Galerkin paradigm for the second order visco-elastodynamics equation. After
introducing the method, we show that the resulting space-time discontinuous Galerkin
formulation is well-posed, stable and retains optimal rate of convergence with respect to
the discretization parameters, namely the mesh size and the polynomial approximation
degree. A set of three-dimensional numerical experiments confirms the theoretical bounds.

1 Introduction

Hyperbolic initial-boundary value problems, such as wave propagation phenomena, arise in
many and different engineering disciplines: in sound and vibration analysis, in medical imag-
ing, in sonar or radar detection, in computational seismology and in life and social sciences.
Developing numerical methods for this class of problems has been a constant interest in the
field of computational mechanics and ingeneering. To represent effectively the underlying
physical phenomeneon it is needed: i) an accurate representation of the waves propagating
through the elastic or acoustic medium, ii) a detailed description of the involved geometry
(such as complex surfaces and irregular interfaces) and iii) a considerable amount of compu-
tational effort in order to resolve the problem for all the wavelenghts of interest.

Standard discretization methods in time and space are based on time-stepping methods
(e.g. finite defferences, Newmark or Runge-Kutta type schemes) combined with suitable
spatial discretization techniques, like finite element methods. In this framework we can dis-
tinguish two families of methods: i) the method of lines, cf. [32] (first discretize in space
and then solve the resulting ordinary differential equation) and ii) the Rothe method (first
discretize in time and then solve the resulting partial differential equation), cf. [31].

More recently, discretizations of hyperbolic equations consider the full problem in the
space-time configuration, i.e. the finite element method is also use to discretize the temporal



domain, and aim to overcome limitations of classical approaches such as issues of stability and
convergence with the choice of parameters. Space-time finite element schemes can be divided
in two classes according to which type of mesh they employ, i.e., an unstructured simplicial
or a structured prismatic grid.

The first approach allows for discretization in time and space simultaneously because the
temporal domain is treated as an additional dimension and a d + 1-dimensional partition can
be constructed directly in the space-time domain. In this sense, a one dimensional evolution
problem is hence treated as a two dimensional one by considering, for instance, a triangu-
lar mesh. On the one hand, this approach has become quite popular and has been widely
employed for problems that require deforming and/or moving meshes. See, for instance,
[26, 12], 13, 29]. On the other hand, although recent advances in the generation of unstruc-
tured simplicial space-time meshes, see [43],[20], its construction for realistic three dimensional
problems, hence composed of fourth dimensional polytopes, is still problematic and not easily
achievable. It is mainly for that reason that space-time structured meshes are still preferable
for three dimensional applications. Indeed, these grids can be easily obtained by extruding,
in the time direction, the (generally) unstructured spatial mesh, giving rise to prismatic el-
ements. The approximations built on top of such grids is less flexible that the one made by
generic poytopes, but still allows for adaptivity. Additionally, the construction of space-time
finite elements is very natural in this setting, [15, [41].

Looking only at time discretization, we can distinguish between time continuous space-time
Galerkin method (TcG) and time-discontinuous Galerkin method (TdG). In TcG schemes no
discontinuity in time is allowed in the approximation. In its general implementation, TcG
involves high computational cost because the entire temporal domain has to be discretized.
Relevant applications to the wave propagation problem can be found in [T}, 44}, 24|, [34], 22, [33].
We refer the reader to |27, 28] for an exhaustive review on the subject.

In TdG schemes the time interval is further sbdivided into independent time slabs and
temporal discontinuities or jumps are allowed between the slabs. The finite element approach
is applied in each time slab and the unknowns that are solved in one time slab serve as inputs
for the following one. This formulation is much more efficient than the TcG one for obvious
reasons. In particular, it has been shown that TdG scheme leads to approximations that are A-
stable and high order accurate. In literature, it is possible to find different TdG finite element
formulations that are built upon reformulating the original problem as a system of first-order
equations (see, e.g., [19, 26], 30, 21]) or directly applied to the second-order hyperbolic system,
where a Galerkin least square (GLS) approach is applied to stabilize the numerical scheme,
e.g., [28, [42] 3, 45]).

In this paper we develop a new high-order space-time dG finite element method for the
resolution of the visco-elastodynamics equation on prismatic grids. The scheme that we pro-
pose is the result of a combination between the space dG formulation introduced in [11]
and the time dG approximation presented in [7]. In particular, for the spatial discretization
is employed a combined dG-c¢G approach where the solution is allowed to be discontinuous
subdomain-wise while it is continuous inside each subdomain and approximated with spectral
elements, see e.g., [8, 36, [9]. For the time integration a recently introduced TdG method is
applied to the second-order differential problem, [7] stemming after space discretization. The
obtained TdG method is implicit and unconditionally stable, allowing independent displace-
ment interpolations between different time slabs. This new space-time method is naturally



suited for an adaptive choice of the time discretization parameters, i.e., the use of high-order
polynomials/small time steps only when the solution features a sharp spatial-temporal deriva-
tive.

The remainder of the paper is organized as follows. In Section [2] we formulate the problem,
we describe separately the space and time discretization techniques and their main properties.
Then, we present the space-time dG method and we analyze its well-posedness. In Section
we derive the algebraic formulation while in Section [4 we investigate the stability of the scheme
and we prove an a-priori error estimates. Finally, numerical results are shown in Section
concerning the verification and the validation of the proposed discretization. Throughout the
paper, we use standard notation for Sobolev spaces [2]. The Sobolev spaces of vector—valued
and symmetric tensor-valued functions are denoted by H™(D) = [H™(D)]¢ and H™(D) =
[H m(D)]deXH‘f, respectively. We will use the symbol (-, -)p to denote the standard inner product
in any of the spaces H(D) = L?(D) or H°(D) = L£?(D). For time dependent functions we
define, for any 1" > 0, the spaces

T
L9(0, T: HY()) = {w: (0,T) — H*() / ]l 0t < +o0, 1< q<och,
0
and
T
HY0,T; H¥(Q)) = {w: (0,T) — H*(Q) : / [|w®[Fe dt < 400, 1< g <00, 0<k < g},
0

for any 0 < s < co. We define analogously the spaces C?(0,T; H*(Q2)) for any 0 < ¢ < 00,0 <
s < 0o as well as the corresponding vector-valued counterparts. In the following C' denotes a
generic positive constant that may take different values in different places, but is always mesh
(either in space and time) independent. The notation z < y will represent the inequality
x < Cy for a constant C as before.

2 The visco-elastic wave propagation problem

We consider the general visco-elastic wave propagation problem in an open bounded polygonal
domain Q C R?, d = 2,3, with boundary 992 = I'p UT y such that TpNI'y = (), and [I'p| > 0.
The problem reads as follows: for 7> 0 find w : Q x (0, 7] — R? such that

(pattu+2pg‘8tu+p§2u—V-a(u) =f, inQx(0,7T],

o(u) — De(u) =0, in Q x (0,77,

u =0, on I'p x (0,77, (1)
o(u)n =0, on I'y x (0,77,

du(0) = uy(x), in Q x {0},

u(0) = tp(x), in Q x {0},

where p € L%°() is a positive, bounded function representing the mass density of the
medium, ¢ € L>®(Q) is a positive decay factor whose dimension is the inverse of time,



f € CY((0,T); L*(Q)) is a given source term, Gy € Hé,rD(Q) NHE(Q) and d; € H&FD(Q) are
smooth enough initial conditions and

Hyp, (Q) ={weH'(Q):w=0o0nTp}
HY(Q) = {w € L3(Q) : div(De(w)) € L%(Q)}.

We remark that the damping factor ¢ has been introduced to model viscoelastic effects without
resorting to constitutive laws based on Prony series, which involve time convolutions to express
the stress in terms of the strain history (see e.g. [38,[39]). The main idea is to regard the sum of
(-dependent terms as a viscous displacement-dependent volume force f,, = —2pC0u — pC’u
acting upon a purely elastic body undergoing a displacement field u (see e.g. [§]). It can
be shown that, considering an harmonic excitation, the solution w obtained by adding the
viscous force can be related to the solution o of the corresponding linear elastic problem by
the relation w = e~¢*4. Hence, every frequency component of the solution to the linear elastic
problem is attenuated by an exponential factor.

The second equation in is the Hooke’s constitutive law and relates the strain ten-
sor €(u) = 3(Vu + Vul) to the stress tensor o through the 4" order uniformly bounded
symmetric and positive definite stiffness tensor D defined as follows

De = 2p€ + Mtr(e) 1. (2)

In (2), A and p are the first and second Lamé elastic coefficients, respectively, while tr(-) is
the trace operator and I € R ig the identity tensor. Hereafter, we suppose that A and pu
are uniformly bounded positive functions in Q, i.e., A\, u € L>=(Q), A\, u > 0. Next, we consider
the variational formulation of problem (I]): for all ¢ € (0,7 find u € H(l)’FD (€2) such that:

(puee, V)a + (2060w, V)a + (p¢Pu, v)o + (0 (u),e(v))a = (f,v)a Vv eH;r, (Q), (3)

supplemented with the initial conditions u(0) = Gy and u;0 = 0;. Under the above regularity
assumptions problem has a unique solution u € C?(0,T;L?(Q2)) N C1(0,T; H(l]ID(Q)) N
Cc%(0,T; H(l),rD (Q) NHP(Q)), see for instance [5, Theorem 3.1].

2.1 Space discretization based on a dG spectral element method

We consider a (not necessarily conforming) decomposition 7, of € into L nonoverlapping
polyhedral sub-domains €, i.e., Q = UpQy, QN Qy = 0 for £ # /. On each €, we build
a conforming, quasi-uniform computational mesh 73, of granularity h, > 0 made by open
disjoint elements IC% , and suppose that each IC? € )y is the affine image through the map
Fg K — ICZ of either the unit reference hexahedron (resp. square) or the unit reference
tetrahedron (resp. triangle) K ford =3 (resp. d = 2), see Fig. Given two adjacent
regions 0+, we define an interior face F as the non-empty interior of 9T N IK—, for some
K+ e ’77% i, K* C Qu+, and collect all the interior faces in the set .7-",{ . Moreover, we define
]-"}? and ]-'}]LV as the sets of all boundary faces where displacement and traction are imposed,
respectively. Implicit in this definition is the assumption that each boundary face can belong
to exactly one of the sets ]-"}? or ]-"}]LV . Finally, we collect all the boundary faces in the set ]:g.
To carry out the analysis, we suppose that the following shape-regularity mesh assumption
holds, see [37, 23].
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Figure 1: Two dimensional example of the domain decomposition partition. Non-conforming
subdomain partition 2 = Uy, and conforming quasi-uniform computational mesh within
each €.

Assumption 2.1. Mesh assumption. For any element K € Ty, and for any face FF C 0K, it
holds hic < hp.

Assumption 2.2. Local bounded variation. Mesh-size hy and polynomial degree Ny have local
bounded variation, i.e. hpyr < hy— < hyr and Npr < Ny— < Nyt for any pair of neighboring
elements Qpx,

We refer to [16], for example, for the weakening of the above assumptions and to [15}, 6, [10]
for the use of polyhedral-shaped elements.

Let KT € Th,s be two elements sharing a face F' € .7-'}{ , and let n* be the unit normal vectors
to F pointing outward to KT, respectively. For (regular enough) vector and tensor-valued
functions w and 7T, respectively, we denote by w* and 7% the traces of w and 7 on F, taken
within the interior of K*, respectively, and set

[w] =wton® +w on", [rl=r'nt+r 0, {w}= “’+‘2“" {r} = T+;T
where w ©n = (wi'n + nTw)/2.

Now, to each subdomain €2, we assign a nonnegative integer Ny, and introduce the finite
dimensional spaces for £ =1,..., L,

V() = {fw e CO(Q) : w‘q o F/ e MN(K)? YV K} €Ty, w=00onTp}, (4)

where MV (I/C\) is either the space IP)N’“(E) of polynomials of total degree at most Nj on I/C\, if
K is the reference tetrahedron (resp./\triarAlgle), or the space Q™ (K) of polynomials of degree
Ny, in each coordinate direction on [, if K is the unit reference hexahedron (resp. square) in
R3 (resp. R?). We then define the space V;N as V;¥ =], Vth(QZ). The semi-discrete dG
spectral element approximation of problem (3)) reads: V¢ € (0,77, find uj, = up(t) € V;» such



that

Mh

puh, + (2PCUha ’U)Qg + (p€2uh7 ’U)Qg] + Bh(uhvv) - Fh(’v) Vo € VhN7 (5)
(=1

subjected to the initial conditions uy(0) = g and a(0) = Gy p, where gy, and 1y, are

suitable approximation to Gy and 1, respectively. In the right-hand side Fj,(-) is defined

as
L

Fa(w)=> (fv)g, wveW, (6)

(=1
while the bilinear form By (-, -) is given by

L

Bu(u,v) =) (o(u), (), — ({o(w)}, [v]) 71 — ([ul. {o(v)}) 71 + (lul, oD 7. (7)
=1
for any u,v € V;» and where we have used the short-hand notation (w, v);}{ = ZFGI}{ (w,v)p.
In the facewise stabilization function n € L°°(F}) is defined as

maX{ 04 Ne2—}

VE € FL, F C Q. NoQ,_ 8
mln{thr,hf,} 5 eJ:hv = 0+ l—> ( )

nlr=a{D}u

where « is a positive constant to be properly chosen and, for a piecewise constant tensor D,
(n*)"D*(n*))(n")" D" (n"))

(nT)TD*(nt)) + ((n7)"D~(n7))

Remark 2.3. If L = 1, i.e., if there is only one subdomain and .7:}{ = 0, formulation

corresponds to the classical spectral element method, see e.g. [17,[18]. On the other hand, if
Qp for £ =1,..., L consists of only one element, the dG paradigm is employed elementwise.

{D}m =2

We next introduce the following (mesh-dependent) norms

lwll = ZIIDI/2 w)lI220,) + 112wl 22 rr) Yw € HY(Ta), o)

llewll = HwHi + I~/ {De(w)} 725, vw € H*(Tq),

with the convention that ||w||? = re Fi Jwl|3, (). Using the trace-inverse inequalities

1.2 ]:I
[14, 40, 17] and Assumption [2.2] it can be proved that the norms || - ||, and [[-]|, are equivalent
when restricted to the space VhN . The well-posedness of the semi-discrete formulation
follows from the following result, cf. [4] for the proof.

Proposition 1. The bilinear form By(-,-) : VhN X VhN — R defined as in satisfies
Bu(w, v)| < [wl<|vll«, Bu(v,v) 2 [o]? vo,we VT,

where the second estimate holds provided that the parameter o appearing in the definition of
the stabilization function is chosen sufficiently large. Moreover,

B (w,v)| < llwlllvll Yw e HX(Ty), Yo € V.



We now recall the stability and convergence properties of the semi-discrete solution to .
We refer the reader to [8] for the detailed proofs. For any real s > 0, we denote by H*(7Tq)
the space of piecewise H?® vector-valued functions, we introduce the space-energy norm

||w||§ = [|Vpw ||2L,2 o T ||\[PCU’H2L2 ot ||U7H3 w € Hl(;h)- (10)
(@) (@)
and assess the following results.

Theorem 1. [8, Theorem 3.3] For any time t € (0,T), let un(t) € ViN be the solution of
problem . If f € L*(0,T; L?(2)), then

T
lun(®)lle < llun(0)lle +/0 1f(T)lL2@ydr, 0<t<T.

Theorem 2. [8, Theorem 3.6] Assume that, for any time t € (0,T], the solution u(t) of
problem together with its two first temporal derivatives satisfy u(t)‘w, u(t)kle’ 7'.'L(t)|QZ €
H*¢(Qy), £ =1,...,L, sy > 2. Let up(t) be the corresponding solution of the semi-discrete
formulation with a sufficiently large penalty parameter o in (8)) and let ey, (t) = w(t)—wup(t)
for any t € (0,T]. Then,

L h2ﬁg*2 (

T
o, len(1E 3= Voo (o 70+ [ T@ar). e @

te[0,7]

T(w) = [ ) + 0]
and By = min{sy, Ny + 1}, for all ¢ =1, ..., L.
Now, we introduce the algebraic formulation of that will be the starting point of the

time discretization we will discuss in the next section. We denote by Nyor = dim(VhN ), by
introducing a basis {(bz-}f-vzdff for VNV, we write

Naot

)= Uit)p;(x), (11)
j=1

where Uj(t) are the expansion coefficients of uy,(t) in the chosen basis. By taking v = ¢;, Vi =
.y Ngof, in and using we obtain the following system of second-order differential
equations

MU(t) + CU(t) + EU(t) = F(t), (12)

with U (0) = Uy and U(0) = Uy, where U(t) € RNt contains the expansion coefficients U;
in . The elements of the matrices M, C and E can be expressed as

~

L L
Mij = (pbj, pi)oy = (20C;, pi)o = (pCbj, bi)a, +Buldj, i), (13)
/=1 /=1

/=1
for any i,j = 1, ..., Nqof, while the right-hand side F;(t) = Fp(¢;) for any i = 1, ..., Ngof.

Remark 2.4. Problem 1s well posed and admits a unique solution U € HQ(O,T] in the
interval (0,T)], provided that F € L2(0,T), see [35].



2.2 dG time discretization

In this section we briefly review the time integration scheme introduced in [7] that is used for
the time integration of the system . Notice that the following approach is independent
from the choice of finite element discretization applied to the general problem .

We consider a partition 7 of the time interval I = (0,7] made by Np time-slabs such that
O0=ty<t; <---<tp<-- <tn, =T and define I,, = (t,—1, t,,] having length k,, = t,,—t,,_1,
see Fig. [2l We define for (a regular enough function) w, the time jump operator at ¢, as

‘ ‘ ‘ [n ‘ In+1 ‘ ‘ ‘
0 - ta tn tai1 - T t

A ki t, ty (2

Figure 2: Example of time domain partition (top). Zoom of the time domain partition: values
t} and ¢, are also reported (bottom).

[w], = w(t) —w(t,), for n > 0,
where
w(ts) = hI(I)l w(t, + €), for n > 0.
€E—

Moreover, we use the symbols w;" = w(t}) and w, = w(t,,) to represent the trace of (a
regular enough) w, taken with the interior of I,,41 and I, respectively. Finally, we introduce
the functional spaces

Wi ={w: I, — RN w € [P™(I,)] M},

and
W ={we L*0,T) : w|;, € W Vn=1,...,Nr}.

Next, by multiplying equation by a test function V' € W] and integrating it with respect
to time we obtain the problem: find U, € W] such that

Nr—1

ZT (MU V)i, + (CUL V), + (BUL V)L |+ Y [MIU - V(5D + E[Ua - V()]
n=1 n=1
Nr
+MUL(0T) - V(01) + EUL(0Y) - V(07) = Y (F, V), + MU, - V(0%) + EU, - V(0),
n=1

(14)

for any V' 6 W/,C Note that, thanks to the regularity assumption on U, cf. Remark . we
added to (12) the null terms E[U],, and [U], for any n = 1, ..., Ny, see also [7]. Finally, we
recall the following stability and convergence results of the time discretization . We refer



the reader to [7] for an exhaustive analysis of the method and for the complete proofs of the
main results. We firstly introduce the energy norm

NT NT
IWle =) _IICY*W |, + §(M1/2W(0+))2 +3 > (MVPW),)? + §(M1/2W(T )?
n=1 n=1
1 1 1
15172 2, t 1/2 2, Lm1)2 —\\2
F QU WO+ 5 3 E WL (B PW ) (19

for any W € W}

Theorem 3. [7, Proposition 3] Let F € L?(0,T] and Uy, Uy € RNaot. Then, the solution
U, € W[ of satisfies

NI

101e S (1ICY2F I ) + (B0 + (20

Theorem 4. Let U be the solution of such that U\, € HI¥(I,), for anyn =1,...,Np
with g, > 2, and let Uy, € W] be the solution of . Then, it holds

Nr ,28,-3
kz
U -UlIE <D 20 U || man (1,,)» (16)

n=1"'"

where By, = min{r, + 1,q,}, for any n = 1,..., Np, and the hidden constants depend on the
infinity norm of the matrices M, C' and E.

2.3 dG space-time discretization

In this section we present a space-time discontinuous Galerkin approximation that combine
the discretization techniques described in Section [2.1] and Section We consider a domain
partition 7 of the domain (Q = € x I obtained as the tensor product of space and time
mesh grids, i.e, 7 = T, ® Tx. The general mesh element Qg, € T is a polytope of the
form Qy,, = K) ® I, where K} is either a tetrahedron (resp. triangle) or a hexahedron (resp.
square) in Qy C Ty, and I, is the n—th time-slab. Notice that within this discretization we can
allow for discontinuous approximation both in the space domain, i.e., across the hypersurface
Fr® I, for n = 1,..., Ny, and in the time domain, i.e., along the interface T, ® {t,} for
any n = 1,..., Np. A sketch of a three dimensional (space-time) domain discretization is
represented in Fig.

The space-time dG finite element space Vpg = VhN ® W/ is defined based on the previous
domain decomposition in the following way

Vpa = {w(x,t) = wi(x)wa(t) : T X T — R3: wi(x) € VhN and wq(t) € W[} (17)

Now, we consider the first equation in in the cylinder Qp, = 2 ® I, we multiply it
by a test function v, with v € Vpg and integrate in space and time over the cylinder @,
obtaining

(pit, i’)Qe,n + (2p¢1, /b)QZ,n + (pC2u, fij)Ql,n —(V-o(u), i))Qf,n = (f, V)Qﬁ,n‘ (18)
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Figure 3: Example of space-time domain partition 7 obtained as the tensor product of space
and time mesh grids 7, and T, cf. Fig[l] and Fig[2, respectively. The general element mesh
K} ® I, € T is also reported.

Next, being u € C*(0, T; L%(Q2)) we add the null terms

(pltn-1,0(tF_))a,  (pC[uln-1, 0t ))e,  (0([uln-1), e(v(t_1)))e, (19)

we integrate by parts with respect to both space and time variables over @)y, and we sum up
over all time slabs and all subdomains obtaining: find upg € Vpg such that

A(upg,'v) = .7:(’0) Vv € Vpg, (20)
where
Nr L
A(wa ’U) = Z Z [(pwlﬂ)?a vl’[)Q)Q/zn + (2p§w1u'12, 'UIQ‘]Q)QM + (p<2w1w27 U1@2)an]
n=1 {=
Ny 1 Np—1
+ Z Bp (w1, v1) (w2, 92)1, + Z B, (w1, v1) [wa]nva(t)) + Br(wr, v1)wa (07 )ve(07)
n= n=1
NT171 L
+ Y [(pwi, v1)q, [thalnia(t)) + (pCPw1, 1), [walnva ()]
n=1 /=1
L
+ Y [(pwi,v1)0,12(0%)2(07) + (p¢Pwr, v1)a,wa (07 )va(07)]
- (21)
and
Nr L L
F(v) = Z Z(fyvlf)z)cgnz + Z [(pte1, v1)0, 02(07) + (p¢do, v1)0,v2(07)] + Bi (o, v1)v2(07),
=1 =1 =1
(22)

10



for any w,v € Vpg.
In view of the forthcoming analysis we state the following result.

Proposition 2. The function ||| - ||| : H(0,T; H(l),FD (Q)) = RT defined as

NTl

Nt
1 1 _ .
l[w]l]* = S lw(07)]|2 + E [wnll2 + S [w(T)E+ D 11V20¢0| 2, (23)
9 2 ‘ (Qn)

is a norm on H*(0,T; HO’FD(Q)).

Proof. 1t is clear that homogeneity and subadditivity hold, since ||| - ||| is the combina-
tion of norms. Therefore, we have only to show that |||lw]|]] = 0 <— w = 0 Vw €
H?(0,T; Hyp ().

If w = 0, it is immediate that |||w]||| = 0. Then, suppose that |||w||| = 0. This implies that
all the terms on the right hand side of are null. Therefore, we have that

IV2pCti(®)] 22,y =0 ¥n=1,...,Nr,
that means dyw(x,t) = 0 on each @,. In addition, from
1V/pCw(0%)] 220 = 0,

we have that w(x,0") = 0. It follows that w satisfies

dw(z,t) =0 on Q.

w(z,0") =0,
and so w = 0 on Q1. We proceed by induction and suppose w(x,t) = 0 on @,_1. Using that

1V [wln|lfay =0 Vn=1,...,Np -1,
in , cf. also , and the induction assumption, we obtain
0= [w] (:Ca tn 1) ($,tn 1) = w($,tj{_1)

Therefore, once again we have that

Jw(x,t) =0  on Qy,
w(z,t, 1) =0,

’'n—1

andsow=0on @, Vn=1,...,Np — 1.

O
Remark 2.5. If w € Vpg then we can write the energy norm as
Nr
l[ewl[]* = N (o) [[Vpwi [z iy + Y 2l l1v20¢wi |20 (24)
n=1
+ N (wn) [I1VpCwi | Bago) + lw]?]
where
1 1 Vel
_ +
N(w) = (T~ )12+ Zw(0h)? + = Z (25)
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We are next ready to prove that is well-posed.

Theorem 5. (Well-posedness). Problem admits a unique solution, provided that the
stabilization parameter o in s chosen large enough.

Proof. We first show that A(-,-) is coercive w.r.t. the energy norm (10). Taking u = ujus €
Vbg, we have

Nr L Nr L Nr L
= ZZ puriiz, u1is)Q,, +ZZ (2pCurtiz, wrta)q,, +ZZ [(pCPurug, uitiz)q,, ]
n=1 (=1 n=1 /=1 n=1 (=1
T1 T2 T3
Nr Np—1
+ ) B(uy,wn)(ug, i), + > Br(w,w)[uglnua(t)) + By, ur)up(07)?
n=1 n=1 Ty
Ty Ts
Nr-1 L Nr-1 L
+ Z put, u1)o, o]tz (t))] + Z PGP, uy)q, [uolnus ()
n=1 (=1 n=1 =1
Ty Ty
L
+ Y (pur,ur)o,i2(07)? + (pCPur, ur)o,uz (07)?
=1 >
10
Ty

Integrating by parts with respect to time the term 7T we obtain

Nr L Nr
> D (pwiiiz, urin)g,, = Z [Nz s Z [ (itz, o)1, + dn(t)? — a(ti_)’]
n=1 /(=1 n=1

2 . Lo+ 2
= Z ||\ﬁ'u'1||L2(QZ Z 2“2(tn_1) 5
=1 n=1
and summing it up with 77 and Ty we have
L | N1
T1+T7+T9—Z||\fu1||m () [U2 (07)% + t3 Z St uz(T )?
=1 n—1
Then, we integrate by parts 73 and sum it with Ty and 77g obtaining
L 1 1! 1
_ CYPIE 2 +\2 , * 2, 1+ —\2
Ts+Ts +Tio = ; 1V pCutlliz(q,) [2U2(0 )+ nz:l (fuz])n + Su2(T7)7
and, similarly, for T, Ts and Tg we obtain
NT NT 1
Ty+T5+Ts = ZBh uy, uy)(uz, 2)r, + Z By (w1, wr)[uspua () + By(ui, w1 )us(01)?
n=1 n=1
1 1! 1
_ +12 2 —\2
= By (u1,u1) [2uQ(o )+ 3 ; [ua]5 + Sua(T7)

12



Now, using the coercivity of the bilinear form By (-, ), of Proposition [I} and definition (25)),
we obtain

Nt
Alwu) 2 Na)llypuilay + 3 el 3, V2000 3 g
n=1

TN (uz) [V pCus [z + 2] = [l

We now prove the continuity of F(-). Using definition , the arithmetic-geometric inequal-
ity and the Cauchy-Schwartz inequality we have that

Nt
_1 . ~ .
F@)2 <I@p0) £ 120 IV20C01 2oy S Nal2ar,, + 181125 0y /70120y 52(07)?

n=1

[ l0llZ g V001132 + Baliio, v1)2] 02(07)* ¥ = w102 € Ve
Now, using the continuity of Bj(-,-) in Proposition [1} i.e.,
B (o, v1)| < ([0l /vl

we can easily obtain

1
_1 ~ N N 2
F@) S (120072 FIE2(0) + 18113200 + ol + o] * 0]l

and this concludes the proof.

As a direct consequence of the previous theorem we have the following result

Theorem 6. (Stability). Let upc € Vpa be the solution of and let f € C1((0,T]; L?(%)),
g € Hy 1 () NHE(Q) and oy € Hi (). Then, it holds
_1 ~ N ~
llupcll® S 1(206) 72 FlIT2ig) + lanlle () + 1@ollf ) + ol (26)
where the hidden constant is independent of the discretization parameters.

Proof. The proof follows from the coercivity of the bilinear form A(-,-) and the continuity of
the linear functional F(-). O

3 Algebraic formulation

We derive here the algebraic formulation corresponding to problem for the time slab
I,,n =1,..., Np — 1. Notice that the employment of discontinuous approximation between
different hypersurfaces T, ® {t,} allows to compute the solution of the problem separately
for one time slab at a time. Indeed, the weak formulation restricted to I, reads as: find
Uphg = upG|;, € VhN X W};’; such that

An(uha,v) = Fu(v) Yo € VY x Wi, (27)
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where

Ay (w,v) =

[(pw1, v1)q, (W2, 2) 1, + (2pCw1, w1)q, (e, ¥2)1,, +(pC w1, v1)o, (w2, ¥2)1, ]

&~
IIMh
)

+ By (wi, v1) (w2, 02) 1,, + Br(wr, vi)wa(ty_1)va(t )
L
+ Z [(pw1, v1)ouuia (8t )ia(t) 1) + (pCPwr, v1)o,wa(t) valt) )],
=1
(28)
for any w,v € VIV x W, and
L L
= (F,vri0)q,, + Y [(pult, 1), v)a,ba(ti 1) + (pCu(t, ) v1)o,va(t )]
=1 =1 (29)

+ B (u(t, )vl)v2(t¢f_1)7

for any v € V¥ x x Wi, Notice that in (29) the values @(t,_;) and u(t,_;) computed for
I,,_1 are used as 1n1t1a1 conditions for the current slab. Notice also that, for the slab I, we
set w1(ty) = @1 and wy(ty) = @o. Let us set a basis {¢;(x)y!(t)} for VN x W, where
{¢i(w)}£\§ff, resp. {¢/(t)}; 1! is basis for V;V, resp. W, and fix D = Ngof(ry, + 1). Then,
we can write the trial functlon upg as a linear combination of the basis functions, i.e.,

Ndof rp+1

uDG T, t Z Z am¢] )

7j=1 m=1
where aj' € R for j=1,...,Ngof and m = 1,...,7, + 1. Next, we write equation for
any test functlon oi(x )wg( ),i =1,...,Ngot,£ =1,...,7, + 1, obtaining the algebraic system
A,a, =F,, (30)

where on the interval I,,, 4,, € RP*P is the associated local stiffness matrices, o, € RP the
solution vector and F,, € RP corresponds to the data. We next investigate the structure of
the matrix A,, by defining the following local matrices for £, m =1,...,r, + 1,

= W), N = W), NS = (™4
M= (), NS = )U ().
Then, by using equation we can write
A, =M@ (N1 + Ny)+C®Ny+ E® (N3 + Ns),

where M,C and E are defined in and A ® B denotes the Kronecher tensor product
between the matrix A and the matrix B. On the other hand, the right-hand side F,, can be
expressed as Fn = [Fl,la ceey Fl’rnJrl, FQ,l, ceey F27Tn+1, ceey FNdofJ? ceey FNdof,Tn+1]T7 where

L

L
Fie=> (fi¢it")q, + > [(P’llDG(tﬁq)a ®i)o, W (1) + (pCupc(t,_q), di)a, v ()

(=1 (=1

+ Bu(upa(t,_y), d) " (1)),
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for any i = 1, ..., Ngof and k = 1, ...,7, + 1. We remark that the matrix A,, associated to the
linear system is skew symmetric and, in the general case, has to be built for any time
slab I,,. However, if the time discretization parameter are fix, i.e., the time integration step
ky, = k and the polynomial degree r, = r for any n = 1, ..., Ny — 1, then the matrix A, can
be stored and factorized once and for all, at the beginning of the temporal loop.

4 Convergence analysis

In this section we will prove a space-time a-priori error estimate in the energy norm (23)). To
this aim, we first prove the following result.

Proposition 3. Let w € Vpg be the solution of and let W € W/ be the solution of
problem (14)). Then, |||w||| < [|W]|g, provided that o in is chosen large enough.

Proof. We write w € Vpg as w(x,t) = wq(x)we(t) with wi(x) = ZNd"f W;¢j(x), being {¢;}
a basis for V;¥ and we set W (t) = [Wh,..., Wy, ]Twa(t). Therefore, using the definition of
energy norm ||| - ||| in we can write

Jw(0)lle = VA0 )3y + IVACw(O")2e(gy + (07|l = Tt + s + T,

In particular 77 reduces to

Ndof
Ty = 1b(0%)?[[/pwif2(q) = w2(0%)* Y WilWj(phi, ;)
ij=1
Ndof
= Y Wit (0T) M;Wjin(07) = (MY2W (0™))?,
,5=1

while for T5 and T3 we have

Ty + T3 = 1in(07)? [HVPC w2 +Z 1D 2e(wn)| 72,y + IVlwillZz oy
/=1

—_

L
< w2 O+ [H \% PC w1||L2 Z HDl/2 wl ||[;2 () + H\f[[wl]]H[;?(]:I
/=1

—2({o(w)}, [[wl]])]-‘}{]

Naof

(002 " Wil [(0C i, di)a + (@(¢0), €)oo + (il [6i]) 51

ij=1
~({o(@) 1. [0:D) 5 — (9l {o()D) 5] S (BV2W(07))2

where in the last step we have used a big enough. Proceeding similarly for the remaining

15



terms in we obtain

Nt Nt
1 : 1 . ,
lwll> $ SO0 (0%) + 3 S (MWL) 4+ S OF W )2 + 310 W e,
n=1 n=1
1 1 & 1
+ 5 (EVEW (1)) + 5 Y (BVAW]L) + S (B2 (1))
n=1
= IWI%

We are now ready to prove the following error estimate.

Theorem 7. Assume that the exact solution of problem satisfies uw € H2(0,T; H*(Qy)),
¢=1,...,L, s; >2 and that f € H"(0,T; L?(Q)) ¥n =1,...,Ny. Let upg be the solution
of the discrete DG formulation given in with o sufficiently large. Then, it holds

NT kQ’Yn -3 L 2ﬁ£ 2
[ — umﬂP<§j2%%Umu>m+wmmwmpmﬂ+§ijguHmmﬂm@m

n=1"n
where v, = min{r,, + 1, ¢,} and Sy = min{ N, + 1, s;}.

Proof. Supposing that uy, € VhN is the solution to the semidiscrete problem we can split
the error e = u — upg as the sum of two contributions e, = uw — uy, and e = u, — upg,
being the former the error due to space discretization while the latter the one obtain after
time integration. Then, by triangle inequality we have

Il = upcll* < lllexlll* + [llex]]*.

We first focus on |||es|||. Since e, € H2(0,T; H?(R)), it holds [€x], = [en]n = 0 Vn =
1,..., Ny and then |||ep||| reduces to

1 R
llenllI* = SlIVpen(T )Lz @) + ||\/56h (00)[E2) + Z 1v/20¢enllz2 (0,
1
*H\/ Cen(T)a0) + 51V rcen(07) Iz q)
L
_ 1
= =1

1 e 1 )
+ S IValen(T )z 2y + 5l1ValenO) 2 7).

By using the classical trace inequality, cf. [40], we get

T L
leallP 5 [ [IVAenlRacay + IVrCenlamy + 3 1D elenlizng, + IVlenl ey |+
/=1

T L
+A[W@MﬁmHWW@&WW;QWW¢MﬁmWWW#ﬁ@ﬂJ=

r 2 g 2
— [ lenliz+ [ el
0 0
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We next use the result of Theorem 2 so that

/ lenll? < Z hfzz 5 (/TI(U)(t) dt+T/0TI(u)(t)dt)
/ l€nll? EZL:NZZ’ j(/TI(u)(t) dt>.
=1

with 8y = min{sy, Ny + 1}, for all £ =1,..., L and the following inequalities

T T
| zwar= [ (1Ol + 1Ol < el

T T
|zt = [ (1Ol + 15O, & < lelnorm o,

to obtain
h%r

lllenll® S Z NKQSZ —llu ||H2 (0,T;H2(Q))" (31)
(=1

Now we estimate |||ex|||. By using the result in Proposition [3| and Theorem [4| we obtain

Nt QBn—3
lewlll S I1ElIZ < Z sl

Nt 25,173

NZ 6/ (MmO 2 + i (1) By + -+« + Il ()2 )

where 8, = min{r,, +1,¢,}, for any n = 1,..., Ny. Finally, using the result of Theorem [1| we

get
T
[ hn®eat < [ unlde ST (a2 + [ 170sq 7).

and .
[ 1 i / |ru%>||2<T< AT dv)-
Then
2 ki ? 2 2
el <Z s (1en ()12 + 1F ron 0.22(0) ) (32)
n=1 n

with 3, = min{r, + 1, ¢, }. Putting together estimate and we obtain the thesis. [

Corollary 4.1. Under the same assumption of Theorem/[7, suppose moreover that the solution
to problem is reqular enough with sy =s¥¢=1,...,L and ¢, =qVn=1,...,Np. If we
sethy=h, Nyo=NWY.=1,....,.Land k, =k, rg=rV¥n=1,..., Np, then it holds

v—3/2 o1 )
=3 [l (0)le + 11 Fll oo, L(2)] + WHUHHQ(O,T;HS(Q[))v (33)

llw —upclll S
where vy = min{r + 1,q} and § = min{N + 1, s}.
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5 Numerical results

In this section we present a set of numerical experiments to verify the theoretical bounds.
The numerical results have been obtained with the open-source software SPEED (http:
//speed.mox.polimi.it/), see [36].

5.1 Verification test

We set I = (0,T], T = 10, and = (0,1)3 with homogeneous Dirichlet boundary conditions,
ie. 'y =0, I'p = 092. We set the external force f and the initial conditions ug, u; so that
the exact solution of is

sin(mrx)? sin(27y) sin(272

)
u(t) = cos(3nt) |sin(27x)sin(ry)?sin(27z) |, t€[0,T). (34)
sin(27z) sin(27y) sin(7z)?

On the one hand, we consider a decomposition 7; of 2 made by a single macro element,
i.e. Q = Qq, we introduce a conforming hexahedral mesh of granularity h in €, and choose
a polynomial degree Ny = N > 2 for the spatial discretization. On the other hand, we
use a uniform time domain partition of step size At and set a polynomial degree r > 2 for
the temporal discretization. We compute the error |||lupg — u||| by employing the energy
norm , and verify the error estimate separately in space and time. We firstly set
h = 0.0125 corresponding to 512 elements and fix N = 4, and let the time step At varying
from 0.4 to 0.00625 for r = 2,3,4. The computed energy errors are shown in Figure [d We
can observe that the numerical results are in agreement with the thoeretical ones. We note
that with r = 4, the error reaches a plateau for At < 0.025. However, this effect could be
easily overcome by increasing the spatial polynomial degree N and/or by refining the mesh
size h.

Now, we fix the time step At = 0.001, the polynomial degree r = 5 and we use increasingly
refined spatial grids with h = 0.5,0.25,0.2,0.125,0.0625, for different choices of the polynomial
degree N = 2,3,4. The results are shown in Figure We observe that there is a perfect
correspondence between the numerical results and the theoretical error estimates predicted
by Corollary

Finally we fix a grid size h = 0.25, a time step At = 0.1 and make vary together the polynomial
degrees, N = r = 2,3,4,5. Figure [0 shows the decay of the error, that is again in agreement

with .

5.2 Validation test

The second experiment is aimed at comparing the performance of our method with a DGSE
space discretization coupled with leap-frog time integration scheme for the solution of .
We consider a plane wave propagating along the vertical direction in a (horizontally strat-
ified) heterogeneous domain having dimensions 2 = (0,100) m x (0,100) m x (—1850,0) m,
cf. Figure[7] and Table[I] The source plane wave is polarized in the x direction and its time
dependency is given by a unit amplitude Ricker wave with peak frequency at 2 Hz. The
subdomains are discretized in space with a cartesian hexahedral grid having size h ranging
from 15 m in the top layer to 50 m in the bottom layer. We impose a free surface condition
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Figure 4: Computed errors |||e||| = |||upg—u||| as a function of time-step At, with r = 2,3, 4,

h =0.125 and N = 4.
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Figure 5: Computed errors |||e||| = |||upac —u||| as a function of mesh size h, with N = 2, 3,4,

At = 0.001 and r = 5.
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Figure 6: Computed errors |||e||| = |||lupc — ul|| as a function of polynomial degree N = r,
with At = 0.1, h = 0.25.

on the top surface, absorbing boundary conditions on the bottom surface and homogeneous
Dirichlet conditions along the y and z direction on the remaining boundaries.

In Figure [§] (left) we report the computed time history of the first component of the
displacement field, namely u,, on a receiver located at (50 m,50 m,0 m) on the free surface.
We compare the results obtained with the space-time dG method (with N, = N = 2 V/,
r, =1 =2 V¥n and At = 1072s) and the DGSE method coupled with the leap-frog scheme
(with N = 2 and At = 10~%) with a reference semi-analytical solution ury obtained with the
Thomson-Haskell propagation matrix method, [25]. As one can see the three different curves
overlap each others and are in a good qualitative agreement. To have a quantitative measure
of the misfits with respect to the semi analytical solution we report in Figure (8] (right) the
time evolution of the error e, = |upg, — urH |- We notice that both numerical methods
achieve the same level of accuracy. Finally, in Table 2 we compare the efficiency of the
schemes here denoted as “time to solution”. From the second row in Table [2l we can conclude
that the space-time dG scheme is as good as the leap-frog time integration. However, due to
the assembly phase of the linear system in it becomes much more expensive (third row
in Table . In addition, if one employs a direct solver, this reveals to be a great limitation
concerning the dimension of the problems that we can consider due to the amount of memory
required to store the entries of the matrix. In this situation, a suitable iterative algorithm is
preferrable. This will be a topic for a future research.
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_ @ 0, ’ Layer ‘ Height [m] ‘ plkg/m3] ‘ cplm/s] ‘ cs[m/s] ‘ ¢[1/s] ‘

O 15 1800 1064 236 | 0.261
Qo 15 1800 1321 294 | 0.216
Q3 20 1800 1494 332 | 0.190
Qy 30 1800 1664 370 | 0.169
Qs 40 1800 1838 408 | 0.153
1850m 0 60 1800 | 2024 | 450 | 0.139
Q7 120 2050 1988 523 | 0.120
Qg 500 2050 1920 600 | 0.105
0, Qg 400 2400 3030 1515 | 0.041
Q10 600 2400 4180 2090 | 0.030
1 & Q11 50 2450 5100 2850 | 0.020
10% 40m
Table 1: Mechanical properties for the considered test. Here,
Figure 7: Computational the Lamé parameters A and p can be obtained through the
domain Q = UL, Q relations p = pc? and A = pc2 — p.
8 10° T i
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Figure 8: Left: time evolution of the first component of the displacement field u, at
(50 m, 50 m,0 m) computed with the DGSE method coupled with leap-frog scheme (N = 2,
At = 107*) and the proposed space-time dG method (N = r = 2 and At = 1072s). The
results are compared with a reference semi-analytical solution obtained with the Thomson-
Haskell propagation matrix method, [25]. Right: the time evolution of the error e, =

lupG,z — UTH |-

Leap-frog Time-DG
N=r At | Exec. time | error At | nnz(A) | Mat. build | Time loop | error
2 101 180s | 0.065 || 10~ | 8.6-10° 39s 31s | 0.104
2 1071 180s | 0.065 || 1072 | 8.6 - 10% 39s 171s | 0.065

Table 2: Comparison of the performance for the resolution of plane wave case test. Total
execution time of the DGSE method coupled with the leap-frog scheme versus the space-time
dG method. The accuracy of the methods is compared using the £2-norm of the error in the
x component of the displacement u,, computed using the semi-analytic solution
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6 Conclusions

In this work we have presented a space-time Discontinuous Galerkin method for the numerical
approximation of visco-elastic wave propagation problems. We have built an energy norm that
naturally arose by the variational formulation of the problem, and that we have employed to
prove well-posedness, stability and error bounds. We have implemented our method in the
open-source software SPEED and we have verified and validated the proposed numerical
algorithm on some three dimensional benchmarks.
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